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Numerical Study on the Buckling Behavior of
Austenitic Stainless Steel Unequal-Leg
Angle Columns

EDWARD J. SIPPEL and HANNAH B. BLUM

ABSTRACT

A computational-based parametric study on stainless steel unequal-leg angles with various end conditions was conducted to assess the
buckling behavior and comparison to ANSI/AISC 370 provisions. Experimental work completed at the University of Wisconsin-Madison
subjected hot-rolled Grade 304 austenitic stainless steel unequal-leg angles, ranging in length from 10 to 148 in., to uniform compression
with fixed supports. The angles failed in flexural-torsional buckling with variable degrees of flexural and torsional deformations. This paper
reports on the finite element modeling validation of the flexural-torsional buckling failures and subsequent 2,880-model parametric study.
The finite element analysis utilized a simplified approach that isolated the angle column with perfect fixed-fixed boundary conditions and
incorporated measured material properties, cross-section dimensions, and geometric imperfections. This method accurately simulated
the appropriate nonlinear stiffness, deflection patterns, and ultimate capacities associated with the torsion-dominated buckling failures.
Flexure-dominated failures of the long specimens were not as accurately predicted by this modeling; however, the assumption of continu-
ous positive contact and a perfect bearing surface was noted to be inaccurate. Further investigation noted that accounting for imperfect
bearing and plastic deformation of the base plates from previous tests captured the reduced ultimate capacity and ductility of the column,
similar to what was observed in testing. Therefore, the base modeling technique was adequate to conduct a parametric study that utilizes
perfect supports. The evaluation of 12 nonslender-element unequal-leg angles, considering both nominal and measured material proper-
ties supported by fixed-fixed or pinned-pinned boundary conditions, provided additional data to qualify the behavior of unequal-leg single
angles. Considering the nominal stress-strain response indicated in AISC 370, flexural-torsional buckling is consistently observed as the
overall failure mode with transitions from flexural buckling dominated to torsional buckling dominated behavior. Comparisons to existing
AISC 370 strength provisions indicated that the direct consideration of flexural-torsional buckling was necessary to conservatively predict
the capacity. However, accounting for the measured stress-strain response resulted in a substantially higher tangent stiffness before yield-
ing compared to the nominal response, which led to a change in overall behavior. Similar flexural-torsional buckling failures were observed,
but the increased stiffness reduced the impact from the onset of increased torsional buckling participation at maximum load. The reduced
design capacity from considering flexural-torsional buckling was not needed to obtain a conservative result. Instead, the flexural buckling
provisions alone resulted in reasonable predictions of strength for the nonslender-element cross sections. This result is not enough evi-
dence to change ANSI/AISC 370 provisions; however, it highlights the importance in confirming the nominal stress-strain behavior of hot-
rolled stainless steel angles for compression design as this assumption could alter the importance of considering flexural-torsional buckling.

Keywords: stainless steel, unequal-leg angles, flexural-torsional buckling, flexural buckling, compression member.

INTRODUCTION AISC 370 provides an approved design procedure to evalu-
ate members in compression, including nonslender-element,
equal-leg single angles. Unlike carbon steel members
designed according to the AISC Specification for Structural
Steel Buildings, ANSI/AISC 360 (2022), hereafter referred
to as AISC 360, the stainless steel provisions incorporate a
three-stage buckling model that separates the response into
full member yield, inelastic buckling, and elastic buckling.
Another difference introduced to the stainless steel design
procedure is the consideration of flexural-torsional buck-
ling with single angles. This is a change from guidance

he recent release of the AISC Specification for Struc-
tural Stainless Steel Buildings, ANSI/AISC 370, (2021),
hereafter referred to as AISC 370, has provided additional
opportunities to implement stainless steel members and
take advantage of their corrosion resistance, thermal prop-
erties, and aesthetics among other benefits (Houska, 2014).
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design (Galambos, 1991). There is interest in expanding the
available data for unequal-leg angles subjected to uniform
compression such that the new provisions can be properly
assessed with regard to the capacity and the types of failure
modes checked.

Material Properties

Stainless steel exhibits a nonlinear stress-strain response,
as shown in Figure 1, unlike typical structural carbon
steels. While carbon steels have a well-defined yield behav-
ior, stainless steels have no definitive yield point. Stainless
steel behavior is characterized by a departure from the lin-
ear elastic response at low stresses, which varies with the
exact material alloy. The yield point is alternatively defined
using a specified offset strain, commonly 0.2% strain as
highlighted in Figure 1.

Various models (Dundu, 2018) have been consid-
ered to capture the nonlinear behavior of stainless steel,

A
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with the most popular ones being based on the modified
Ramberg-Osgood model (Hill, 1944). While this model has
been shown to effectively capture stresses below the yield
stress, it regularly overpredicts observed stresses at higher
strains as shown in Figure 2. Researchers have addressed
this issue in different ways (MacDonald et al., 2000; Ols-
son, 2001; Mirambell and Real, 2000; Rasmussen, 2003;
Gardner and Nethercot, 2004; Gardner and Ashraf, 2006;
Quach et al., 2008; Hradil et al., 2013); however, one of the
more common solutions is the application of a two-stage,
modified Ramberg-Osgood stress-strain relationship as
shown in Equation I:
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Fig. 1. Typical stress-strain curves of carbon and stainless steels (Dundu, 2018).
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Fig. 2. Comparison of modified Ramberg-Osgood model and experimental stress-strain curves (Ashraf et al., 20006).
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where € is the current strain, f is the current stress, fy, is the
0.2% offset yield stress, E is the initial modulus of elasticity,
Ey
1+0.002nE, /fo_z
is the tangent modulus of elasticity at f( 2, fax 1S the maxi-
mum reference stress, €,,,, is the maximum reference strain,
and 1¢ 2,4y 1s the Ramberg-Osgood strain-hardening coef-
ficient for the second stage.

n is the strain hardening exponent, Ej, =

Compression Testing

The buckling behavior of concentrically loaded angles has
been studied for a number of years. The majority of research
has been conducted on carbon steel equal-leg angles. Some
research has been conducted on carbon steel unequal-leg
angles and stainless steel equal-leg angles. Research on
stainless steel unequal-leg angles was not found in the lit-
erature search.

Stainless Steel Equal-Leg Angles

In recent years, research on stainless steel equal-leg angles
subjected to uniform compression has become an active
topic. Before this, Kuwamura (2003) and Sun et al. (2019)
provided some of the limited relevant results. Kuwamura
was primarily concerned with the local buckling behavior
of thin-walled stainless steel sections. As part of that study,
12 cold-formed austenitic equal-leg angle stub columns
were tested to failure with nominally fixed-fixed end condi-
tions. Flexural-torsional buckling was observed at failure of
the columns with nonslender cross sections having ultimate
loads greater than the yield strength of the column (£,A,).
As the slenderness of individual legs increased, the buck-
ling load decreased and was found to be less than the yield
strength for slender legs. Sun et al. investigated hot-rolled
stainless steel equal-leg angles subjected to constrained
bending where two angles were tested as a pair, clamped
together at the quarter points with a spacer, to limit rotation.
Of particular interest from this work, Sun et al. completed
a series of stub column tests on 9.5 and 12 in. members to
obtain material properties. All 10 tests were also found to
fail by flexural-torsional buckling with most exceeding the
nominal yield strength.

Reynolds (2013) investigated the behavior of laser-welded
duplex equal-leg angles. Thirty-three specimens were sub-
jected to concentric compression with the ends pinned
for weak-axis bending, fixed for strong-axis bending,
and fixed for warping. Weak-axis flexural buckling was
observed in 28 of the specimens, while the remaining 5
were found to exhibit flexural-torsional buckling. Consid-
ering a draft version of the first edition of the AISC Design
Guide 27 (Baddoo, 2013), Reynolds found that the evalua-
tion of flexural-torsional buckling design provisions, which
existed in that draft, resulted in overly conservative results,

while the accuracy of flexural buckling provisions varied
among different specifications. A parametric study using
shell finite elements indicated the flexural-torsional buck-
ling became increasingly critical as the cross-section slen-
derness increased.

Liang et al. (2019) subjected 16 fixed-ended hot-rolled
austenitic stainless steel equal-leg angles to concentric
compression. All members depicted flexural-torsional
buckling, but longer members also incorporated an inter-
action with flexural buckling. Liang et al. used the experi-
mental results to develop a complementary finite element
parametric study. When comparing these results with exist-
ing design provisions, flexural-torsional buckling was con-
servatively predicted. They also compared the results to
proposed carbon steel direct strength method provisions
for flexural-torsional buckling, which resulted in improved
accuracy in terms of capacity. However, approximately half
of the estimated direct strength method capacities were
unconservative due to not accounting for the softer mate-
rial response of stainless steel relative to carbon steel. A
comparable study completed by Sirqueira et al. (2020)
with 18 fixed-ended, hot-rolled, austenitic stainless steel
equal-leg angles obtained similar conclusions. Additional
numerical work with slender-element equal-leg angles
noted that observed local buckling did not correspond with
the behavior indicated by the Eurocode 3 provisions (Sar-
quis et al., 2020).

An extended series of compression tests were completed
at the University of Belgrade, including hot-rolled (Filipovi¢
et al.,, 2021a), laser welded (Filipovi¢ et al., 2021b), and
cold-formed (Dobri¢ et al., 2020) stainless steel equal-leg
angles. All columns were fixed for strong-axis bending
and torsion while pinned for weak-axis bending. The mea-
sured yield strength was consistently found to exceed the
specified nominal value with the largest variation of 55%
noted for the hot-rolled sections. The shorter stub column
tests were found to fail in flexural-torsional buckling. The
slender-element cold-formed section exhibited failure below
the yield stress, while the laser welded and hot-rolled spec-
imens exceeded the yield stress. Flexural-torsional buck-
ling was observed throughout the shorter specimens with
a gradual transition to flexural buckling behavior at long
lengths. The test results indicated that existing design pro-
cedures in the Eurocode and the first edition AISC Design
Guide 27 (Baddoo, 2013) resulted in safe, but inaccurate
strength predictions. For the AISC calculations, only flex-
ural buckling was considered as recommended in the first
edition of the AISC Design Guide 27. Another test series
of 24 hot-rolled, stainless steel equal-leg angles, including
short and long member lengths studied by Zhang, Y., et al.
(2020; 2021), observed similar global buckling behaviors
and inaccurate strength predictions by the Eurocode and
AISC Design Guide 27 design procedures.
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Table 1. Flexural Buckling Coefficients for Stainless Steel (AISC, 2021)

Member Type Curve o Bo B1 B2
Rolled or built-up I-shaped sections buckling about the minor A 0.56 0.759 0.409 0.690
axis, and other sections not specified in this table
Rolled or built-up I-shaped sections buckling about the major B 0.58 0.891 0.455 0.820
axis, welded box sections, and round HSS
Rectangular HSS C 0.69 1.195 0.501 0.820

Behzadi-Sofiani et al. (2021) completed an experimental
and numerical study on fixed-ended stainless steel equal-leg
angle columns. The flexural buckling controlled capacities
were reasonably estimated using existing Eurocode design
provisions, but flexural-torsional buckling controlled design
predictions varied significantly ranging from near capacity
to less than 20% of the expected strength. They noted that
current Eurocode flexural-torsional buckling design proce-
dures effectively double counted the reduction in strength
from flexural-torsional buckling and local buckling as the
two phenomena are mechanically equivalent in equal-leg
single angles.

Unequal-Leg Angles

Despite the growing database for equal-leg angles, only
minimal published research on unequal-leg angles sub-
jected to uniform compression was located, and none for
stainless steel members. Early work by Liu and Chantel
(2011) considered 26 carbon steel unequal-leg angles sub-
jected to compression with varying amounts of eccentric-
ity. All five concentrically loaded angles failed primarily in
flexural buckling at less than 40% of the yield stress. Dinis
et al. (2015) evaluated four carbon steel unequal-leg angles
to investigate the elastic flexural-torsional response in
asymmetric sections. Experimental results and subsequent
modeling were in agreement with the standard theoretical
elastic buckling capacity used in the AISC Specifications.
Ojalvo (2011) summarized the results of three fixed-end
aluminum unequal-leg angles tests (Liao, 1982; Wu, 1982).
The inelastic response of the fixed-ended columns captured
additional post-critical strength excluded in standard elastic
buckling assumptions. Recently, Y. Zhang and colleagues
(2020, 2021) tested a combined 22 pinned-end aluminum
unequal-leg angle columns. Experimental results consis-
tently exhibited flexural-torsional buckling. The response
was dominated by torsional behavior at short lengths with
a gradual transition to significant flexural behavior at long
lengths.

Design Provisions

In the late 1800s, Engesser demonstrated how inelastic
buckling capacity could be determined by considering the
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tangential stiffness of a perfectly straight column, which
was in agreement with experimental results (Timoshenko
and Gere, 1961). This approach still serves as the basis
behind current methods included in AISC 370 (2021). These
provisions capture this phenomenon by converting the elas-
tic buckling stress, F,, into the critical buckling stress, F,,
using a three-stage response. Similar to carbon steel, low
compressive stresses correspond to an elastic buckling
behavior with a minor reduction for member imperfections.
As the stress increases, the response transitions to include
inelastic buckling behavior. Unlike carbon steel, designs
with stainless steel allow for full yield in compression at
short lengths. Based on existing research, Meza et al. (2021)
developed the current flexural design provisions for com-
pression members, given by Equation 2:

2
()
F,

where o, Bo, B1, B2 are flexural buckling coefficients that
vary based on the member type as shown in Table 1. Mul-
tiple column curves have been adopted to capture the
increased strength associated with different cross sections
buckling.

When applying AISC 370, single-angle compression
member design is currently limited to equal-leg, nonslen-
der cross sections. Despite the buckling coefficients being
based on flexural buckling, the design procedures require
the determination of the minimum controlling elastic global
buckling behavior, including flexural-torsional buckling,
which is then adjusted using Equation 2 with Curve A
coefficients from Table 1. The singly symmetric geome-
try of equal-leg angles normally exhibits flexural buckling
about the weak axis at longer lengths with a transition to
flexural-torsional buckling at short lengths. This transition
is typically associated with a significant drop in buckling
capacity compared to the flexural buckling response. While



Table 2. Experimental Mechanical Properties
Specimen Ej (ksi) fy (ksi) f1.0 (ksi) n Ng21.0
C-1-A 28750 52.6 64.7 5.35 2.57
C-2-B 27780 38.9 50.9 4.23 2.20
C-3-C 28350 43.4 46.2 10.45 1.51
C-4-A 25760 54.9 63.5 8.78 2.12
C-5-A 27800 54.5 62.3 9.13 2.55
C-6-B 27760 46.1 53.7 8.83 2.29
Average 27700 48.4 56.9 7.80 2.21
not covered by the AISC 370, an asymmetric unequal-leg EXPERIMENTAL DATA

angle would behave similarly, in that flexural behavior
dominates at long lengths, which then transitions to tor-
sional dominated behavior at short lengths. However, the
controlling response is always a flexural-torsional buckling,
which means there is consistently an additional reduction
applied to the buckling capacity.

An interesting phenomenon in single angles is the equiv-
alency of flexural-torsional buckling and local buckling,
both in terms of the deformed shape and buckling capac-
ity for equal-leg angles (Rasmussen, 2005; Behzadi-Sofiani
et al.,, 2021). As a result, existing design provisions run
the risk of double counting the same effect when evaluat-
ing flexural-torsional buckling and local buckling in sin-
gle angles. This issue is addressed in AISC 360 for carbon
steel members (AISC, 2022) by not requiring the consider-
ation of flexural-torsional buckling in compression member
design for most single angles, except if they are very slender
cross sections. Galambos (1991) demonstrated that carbon
steel single angles, both equal-leg and unequal-leg cross
sections, could safely be designed using the flexural buck-
ling capacity reduced for local buckling concerns. This pro-
vision was carried forward to the first edition AISC Design
Guide 27 (Baddoo, 2013) as it was modeled after AISC
360 with additional reductions for the nonlinear behavior
of stainless steel. However, that exception was not incor-
porated into the current AISC 370 or second edition AISC
Design Guide 27 (Baddoo and Meza, 2022).

-

This computational study utilized the hot-rolled stainless
steel unequal-leg angle compression testing program com-
pleted at the University of Wisconsin-Madison (Laracu-
ente et al., 2022; Laracuente, 2022; Laracuente et al., 2023).
As part of the preliminary investigation, the stress-strain
behavior of the Gr. 304 stainless steel angles was measured
via six tensile coupon tests. The coupons, C, were labeled
with the overall test numeric identifier and a second letter
based on the position around the cross section as illustrated
in Figure 3. Table 2 summarizes the best fit of the experi-
mental results using a two-stage modified Ramberg-Osgood
model using a 1% maximum strain as reference point in line
with Arrayago et al. (2015).

The main experimental series evaluated 18 hot-rolled
stainless steel L3x2x% columns, which included three nom-
inally identical specimens, each at six different lengths.
Each specimen, S, was given a unique name that identi-
fies the nominal length in inches and a numeric identifier.
Prior to testing, the dimensions of the angles were mea-
sured by hand. Table 3 summarizes the measured dimen-
sions, where L is the length of the specimen; b and & are
the width and height of the section, respectively; and 7, and
t;, are the corresponding leg thicknesses as depicted in Fig-
ure 4. The imperfections along the length of the specimen
were measured using noncontact laser methods (Laracuente
et al. 2022; Sippel, 2022) with the maximum imperfections

| B

[ A

)

Fig. 3. Coupon position around cross section.
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Table 3. Measured Geometric Properties of Test Specimens
Specimen L (in.) b (in.) h (in.) ty (in.) t, (in.) Area (in.?)
S10-1 10 2.049 2.979 0.257 0.266 1.251
S10-2 10 2.055 2.977 0.258 0.243 1.191
S10-3 10 2.052 2.966 0.258 0.244 1.192
S20-1 20 2.030 2.981 0.253 0.253 1.203
S20-2 20 2.063 2.958 0.258 0.241 1.182
S20-3 20 2.063 2.965 0.259 0.243 1.190
S36-1 36 2.019 2.985 0.251 0.253 1.198
S36-2 36 2.014 2.991 0.251 0.253 1.198
S36-3 36 2.076 2.964 0.259 0.241 1.190
S72-1 72 2.005 2.987 0.250 0.250 1.185
S72-2 72 2.010 2.985 0.251 0.249 1.184
S72-3 72 2.034 2.980 0.253 0.256 1.214
S100-1 100 2.057 2.957 0.258 0.252 1.210
S100-2 100 2.067 2.933 0.258 0.252 1.208
S100-3 100 2.063 2.939 0.258 0.253 1.209
S148-1 147%e 2.006 2.999 0.249 0.254 1.199
S148-2 147%e 2.033 2.972 0.256 0.244 1.182
S148-3 147%e 2.020 2.989 0.255 0.254 1.210

summarized in Table 4. As illustrated in Figure 4, dx and dy
are the lateral imperfection in the x- and y-direction at the
heel of the angle, and d0 is the rotation of the cross section.

Compression Tests

The full-scale compression tests were conducted using a
Southwark Emery Testing Machine with a 1-million-pound
capacity. As illustrated in Figure 5, the tests were completed
with nominal fixed-fixed boundary conditions using reus-
able ASTM A572/A572M Gr. 50 (2021) carbon-steel top
and bottom bearing plates. Before starting the test series,

O

=

§
I
i

Fig. 4. Unequal-leg angle conventions
for dimensions, axes, and displacements.
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the 10x10x1%4 bottom plate, the 14x14x1% top plate, and the
end of each angle were milled flat to provide full end bear-
ing. Three ¥-in.-thick, ASTM A36/A36M (2019) clamp-
ing brackets were then used to laterally position the angle
and provide lateral restraint at the base of the member since
there was no positive connection to the bearing plates. All
test specimens were observed to exhibit flexural-torsional
buckling at the failure loads summarized in Table 5. The
buckling response was dominated by torsional deforma-
tions for short specimens and transitioned to flexural bend-
ing for longer specimens.

COMPUTATIONAL STUDY

Modeling Methodology

Using the experimental series just discussed, the model-
ing approach for an unequal-leg angle was validated before
conducting a finite element-based parametric study. The
reference L3x2x% specimens were evaluated using finite
element analysis (FEA) via Abaqus (Dassault Systems,
2015b). The unequal-leg cross sections were modeled as
S4R shell elements, which has a four-node linear formu-
lation with reduced integration, hour-glass control, and a
general formulation that includes both thick and thin shell
behavior (Dassault Systems, 2015a). This approach aligned
with previous works (Reynolds, 2013; Liang et al., 2019;



Table 4. Maximum Measured Imperfections

Measured Normalized
dx dy 0
Specimen (in.) (in.) (deg) dx/(L/1000) dy/(L/1000) | 6/tan""(L/1000h)

$10-1 -0.014 -0.007 -0.20 -1.434 -0.705 -1.05
$10-2 0.003 0.002 0.04 0.347 0.197 0.21
$10-3 0.003 0.002 N/A' 0.300 0.150 N/A!
$20-1 -0.016 -0.013 -0.22 -0.787 -0.639 -0.56
$20-2 -0.006 -0.003 0.04 -0.288 -0.160 0.09
$20-3 0.005 -0.009 0.05 0.236 -0.442 0.13
$36-1 0.018 -0.018 -0.12 0.494 -0.499 -0.17
$36-2 ~0.011 -0.036 -0.18 -0.299 -1.000 -0.26
S36-3 -0.048 -0.022 -0.21 -1.339 -0.603 -0.31
S72-1 0.063 -0.064 0.26 0.873 -0.893 0.19
S72-2 -0.142 -0.134 0.15 -1.978 -1.857 0.1

S72-3 0.035 -0.037 0.10 0.483 -0.520 0.07
$100-1 0.218 0.070 -0.30 2.183 0.695 -0.16
$100-2 0.086 -0.073 -0.37 0.858 -0.732 -0.19
$100-3 -0.037 -0.126 0.35 -0.369 -1.259 0.18
S148-1 -0.070 -0.141 -0.20 -0.472 -0.955 -0.07
$148-2 0.470 0.206 -0.33 3.178 1.389 -0.12
S148-3 0.287 -0.070 -0.20 1.943 —0.474 -0.07

" Results from scanned data not available due to poor scan quality.

Table 5. Experimental Failure Loads for All Test Specimens
Specimen Load (kips) Specimen Load (kips) Specimen Load (kips)
S10-1 62.1 S36-1 571 S100-1 19.2
S10-2 69.5 S36-2 52.7 S100-2 18.4
S10-3 68.8 S36-3 53.3 S100-3 18.0
S20-1 61.3 S72-1 30.8 S$148-1 7.8
S20-2 66.8 S72-2 24.8 S148-2 5.6
S20-3 65.4 S72-3 34.4 S148-3 6.7
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Sirqueira et al., 2020; Behzadi-Sofiani et al. 2021; Zhang, L.,
etal., 2019, 2020, 2021; Dinis et al., 2015; de Menezes et al.,
2019) that have shown shell elements can be used to accu-
rately model single angles in compression.

The unequal-leg geometry was modeled using the center-
line model shown in Figure 6(b) using centered elements,

Load cell

which has been shown to provide similar computational
results compared to solid element models (Reynolds, 2013;
Dinis et al., 2015). Based on a refinement study, the member
was modeled using a square mesh with 16 elements across
the short flange with equivalent sized elements on the
long flange as indicated in Figure 6(c). The end boundary

Alignment
strain gauges

Top plate

Optical trackers

Strain gauges

Alignment
strain gauges

Optical trackers

Optical trackers

Base plate

Fig. 5. Typical compression testing setup.

| .— Modeled area

. — Centerline

_— Node, typ.

| __— Element, typ.

D—

(a) Actual cross section

(b) Modeled cross section

(c) Meshed cross section

Fig. 6. Typical model of unequal-leg cross section.
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Table 6. Imperfection Distributions Considered in the Validation Study
Translations Rotations
Label Smooth Sine Smooth Sine
IV-1 x
V-2 X x
IV-3 X X
V-4 X X

condition for the unequal-leg angle models was applied
using a single reference node at the angle centroid that was
connected to all nodes across the end of the angle through a
rigid tie constraint. As a result, the angle ends were always
fully constrained against warping, and the flexural bound-
ary condition could be readily defined as fixed or pinned in
the geometric orientations. For the validation analysis, the
end of the member was fixed for bending about both axes.

The material model for this study was selected from
the experimental results listed in Table 2. Evaluating the
axial response of the 10 in. columns, which correspond to
typical stub column test geometry, stress-strain curve 5
(C-5-A) from Table 2 was selected as it best captured the
ultimate capacity, initial modulus of elasticity, and inter-
mediate stiffness as depicted in Figure 7. Due to the vari-
able stress-strain behavior captured within each leg in the
initial coupon tests, this comparison included the average
strain result at the middle of each leg to confirm that the
selected model was appropriate for both legs. This behav-
ior was implemented in the finite element analysis using
an elastic-plastic model that ignored the initial (0.5 ksi)/Eq
plastic strain to minimize the concerns of underestimating
capacity noted by Schafer et al. (2010).

Four variations of the measured imperfections were
evaluated, as summarized in Table 6, where IV represents

imperfection variation, to investigate the effect of the imper-
fection shape. Rotation and translations were treated as dis-
tributions that could be separately applied to determine
the importance of including the rotation imperfection that
is occasionally excluded in parametric studies. Addition-
ally, the imperfection profile was applied as a “Smooth” or
“Sine” profile as shown in Figure 8. The Sine profile applied
a traditional half-sine curve profile based on the maximum
imperfection value noted in Table 4. The Smooth profile
accounted for the variable imperfection along the length of
the specimen. The profile was interpolated from the mea-
sured profile to fit the underlying finite element mesh. This
process included a smoothing filter to eliminate localized
kinks that created unrealistic stress concentrations.

Validation Results

The results of the validation study are provided in Table 7.
The computational models matched well with the exper-
imental results for all specimens 72 in. and shorter. The
finite element analysis was able to replicate the torsional
buckling dominant response in short columns as shown in
Figure 9. The inclusion of additional flexural movement as
the column length increased was also captured as depicted
in Figure 10. However, as the buckling transitioned to a

70 - B LT
X~ ‘5."'
L 7 X A ==
60 / = < ~r,h
é 0 NN N Source 2”Leg 3" Leg
= Exper., —m— =-----
= 40 p
g Curve]l —— -----
Tj 30 L Curve2 ——— =-----
% Curve3 ———— =-----
< 20 - Curve 4
Curve 5 ——— =-----
10 + Curve 6 ——— -=----
Average ——— -----
0 2 4 6 8 10 12 14

Compressive Strain (x1073 in /in.)

Fig. 7. Applied axial load-strain response of S10-2 column.
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Table 7. Ultimate Failure Loads for Validation Modeling with Variable Imperfections
Test Ultimate Load (kips) with
Specimen (kips) V-1 V-2 V-3 V-4
S10-1 62.1 70.3 69.5 69.5 69.6
S10-2 69.5 68.9 68.4 68.4 68.4
S10-3 68.8 69.1 69.1 69.1 69.1
S20-1 61.3 62.0 61.4 61.5 61.6
S20-2 66.8 63.4 63.5 63.6 63.3
S20-3 65.4 63.5 63.5 63.3 63.0
S36-1 57.1 53.0 53.1 53.2 53.7
S36-2 52.7 54.4 54.0 53.9 52.9
S36-3 53.3 51.7 51.3 51.4 51.3
S72-1 30.8 33.2 33.0 32.9 33.4
S72-2 24.8 28.3 28.3 28.4 28.4
S72-3 34.4 35.1 35.1 35.0 36.7
S100-1 19.2 1941 19.1 191 19.2
S100-2 18.4 22.9 22.9 23.0 22.9
S100-3 18.0 22.4 22.6 22.7 22.2
S148-1 7.8 10.4 10.4 10.4 10.2
S148-2 5.6 9.1 9.1 9.1 9.0
S148-3 6.7 9.9 9.9 9.9 9.9
Full series Mean 112 1.12 112 1.12
CoV 0.17 0.17 0.17 0.17
0in—72 in. series Mean 1.02 1.02 1.02 1.02
CoV 0.06 0.06 0.07 0.07

0 01 02 03 04 05 06 07 08 09 1

><'L
Measured — = Exact Fit = = = = Smooth Fit Sine Approx.

Fig. 8. Initial imperfections as adjusted for finite element modeling for S36-3.
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primarily flexural buckling response at long lengths, signif-
icant variations between the modeled and actual response
were noted. The FEA captured the overall behavior, but at
higher magnitudes than the experimental results, as shown
in Figure 11.

While investigating the deviation noted in the FEA results
for longer specimens, it was observed that the larger flex-
ural deformation of the buckled column combined with the
fixed boundary condition caused tension to develop at the
end of the specimens in the finite element analysis. While
reasonable, this behavior was not possible in the existing
test setup because bearing would be lost if tensile flexural

60 1 -

50 b~ f

P (kips)

20+ -

10 + -

stresses exceeded the axial compression. Exploratory work
to directly account for contact at the base plate confirmed
that uplift did occur at buckling for the longer specimens
due to the lack of a positive connection to the bearing plate.
It was found that the angle lifted at the heel, which increased
the bearing stress at the tip, causing more localized yield-
ing of the angle as shown in Figure 12. The loss of bear-
ing was not visually confirmed during testing due to the
lateral clamping plates, but the direction the angle moved
while buckling corresponded with the tensile stresses at the
heel from bending. The FEA results with contact exhib-
ited a reduced ultimate capacity and less post-buckling
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Fig. 9. Torsion dominated buckling displacement of S20-1.
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Fig. 10. Intermediate flexural-torsional buckling displacement of S72-3.
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ductility from the perfect support, but not enough to match
the experimental results.

Upon closer inspection of the base plates after the com-
pression tests, it was noted that there was permanent defor-
mation as shown in Figure 13. While it was not anticipated
that the base plates would plastically deform under ultimate
loads based on the nominal stainless steel yield strength,
the actual experimental yield strength of the angles was
measured as 60% greater than nominal (Laracuente et al.,
2022), which caused small impressions on the base plates
under the tips of each angle leg. While the high stresses
of the short columns affected the entire bearing area, the
primary concern was the tips of each leg where roughly
the end 0.6 in. of each leg was clearly deformed, varying
approximately linearly to a max impression of 0.02 in. at
the tip.

Due to these observations, the finite element model
was refined to account for the imperfect base plate. The
base plate was modeled as a solid body with a perfectly
elastic-perfectly plastic response accounting for the nomi-
nal 50 ksi yield strength. The angle and base plate were
modeled with contact and allowed to separate under ten-
sion. Initial investigations utilized a perfect rectangular
cube for the base plate geometry, but later variations con-
sidered existing initial imperfections by utilizing a trape-
zoidal profile as shown in Figure 14. Multiple profiles were
considered to address the limitations in defining the exact
geometry of the indentations. This modeling incorporating
contact, the imperfect bearing surface, and deformation of
the base plate resulted in only minor changes for shorter
columns; however, the majority of 100 and 148 in. mod-
els captured a significantly reduced capacity, as shown in

EY Y £,
20L / 3 i / 3 i 3 \.,\
PR 1 h
R4 f N
15+ L
2
=S
A~ 10 L
5k L
0 . . | . .
-2 -1 0 -1 -0.5 0 0 2 4
X (in.) y (in.) 0 (deg)
Test ===== V-l === IV2 = = = [V3  coeeeeeees 1v4

Fig. 11. Flexure dominated buckling displacement of S100-3.
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Fig. 12. Typical changes in bearing stress when allowing for uplift of angle specimen at support.
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Figure 15; less overall deflection at ultimate capacity; and
partial bearing, which occurred with both the perfect cube
or modified deformed base plate geometry. These results
indicated that the longer-length specimens were sensitive to
the bearing support condition and, therefore, explained the
discrepancy between the experiments and modeling results.
The validation study demonstrated that the modeling
approach was capable of depicting the behavior of stainless
steel unequal-leg angles with perfect boundary conditions,
and thus was acceptable to implement in a FEA-based para-
metric study.

PARAMETRIC STUDY

A parametric study was conducted to expand the available
data for unequal-leg single angles. In total, 12 represen-
tative nonslender, unequal-leg angle cross sections, listed
in Table 8, were selected to cover typical h/t, bjt, and h/b
ratios of the 50 nonslender-element cross sections that are
currently available for purchase or listed in the AISC Steel
Construction Manual (AISC, 2017).

Each cross section was evaluated with nominal dimen-
sions; nominal imperfections; and an effective slenderness
ratio, L,/r., ranging from 5 to 200. The nominal imperfec-
tions were half-sine wave imperfections with a magnitude
of L/1000 in the negative x- and y-directions and a rota-
tion of —tan'lL/(IOOOh), but limited to 1°. All cross sec-
tions were modeled for both a fixed-fixed, L, = 0.5L, and
pinned-pinned, L, = 1.0L, boundary condition. The angles
were then modeled with either the measured material prop-
erties, matching the validation study, or nominal material
properties for 304 or 304L based on AISC 370 nominal val-
ues (2021) listed in Table 9. These parameters created 960
models that were evaluated for each of the three material
models, resulting in a total of 2,880 models. In these models,
flexural-torsional buckling was consistently observed. Sim-
ilar to the experimental results, flexural deformations were
dominant at high slenderness ratios, and as the slenderness
ratio decreased, torsional deformations became more domi-
nant. Due to the selected imperfection, a few geometries
displayed a deviation from the typical flexural buckling
response as shown in Figure 16; however, this consistently

Fig. 13. Base plate after final compression test series.

Angle Profile, typ.
(For Reference)

Initial gap

Base Geometry

Deformed Geometry

Fig. 14. Base plate geometry (not to scale).
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Table 8. Angles in Parametric Study
Section h/t b/t h/b
L1¥ax1%xVs 12.0 10.0 1.20
L2x1x% 8.0 4.0 2.00
L2x1 Vx4 8.0 6.0 1.33
L3x1axl4 12.0 6.0 2.00
L3x2x% 12.0 8.0 1.50
L3x2x%s 8.0 5.3 1.50
L4x3x% 10.7 8.0 1.33
L4x3xY2 8.0 6.0 1.33
L5x3xY2 10.0 6.0 1.67
L6x3xY2 12.0 6.0 2.00
L6x4xY2 12.0 8.0 1.50
L6x5x72 12.0 10.0 1.20
Table 9. Nominal Material Properties
Grade E (ksi) fy (ksi) f, (ksi) m
304 28000 30 75 2.12
304L 28000 25 70 2

corresponded with an increase in capacity relative to the
design flexural buckling curve, not the decrease typically
associated with including flexural-torsional buckling.

The initial parametric study comparison, shown in Fig-
ures 16 and 17, considered all three AISC 370 flexural
buckling curves as identified previously in Equation 2 and
Table 1. If unequal-leg angles were covered by AISC 370,
the section would be evaluated with Curve A values. The
other alternatives were included to investigate whether the
capacity increase associated with Curves B or C could be

10 Pdadad N B

considered for unequal-leg angles as the section has not
been thoroughly investigated.

DISCUSSION

As shown in Figure 17 [see Sippel (2022) for plots of each
angle individually], a consistent result of the paramet-
ric study was that neither Curve B nor Curve C (refer to
Table 1) were conservative estimates of strength for the
buckling response. Therefore, the possible increase in
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Fig. 15. Effect of changing support on buckling behavior of S148-3.
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Fig. 17. Buckling behavior with different material properties versus AISC 370
buckling curves using corresponding yield strength. All sizes from Table 8 included.
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capacity associated with these curves was deemed unlikely,
and the remainder of this study focused on comparisons to
buckling capacities calculated using Curve A, the applica-
ble parameters for single equal-leg angles. The parametric
study showed different behavior depending on the mate-
rial properties considered. The FEA results with measured
material properties were found to be normally greater than
Curve A [Figure 17(a)], while a number of FEA results with
nominal material properties were lower than Curve A [Fig-
ure 17(b)]. By comparing the effective stiffness included
in each model in Figure 18, there is a distinct variation
between the nominal assumed material behavior, AISC
370-304 and AISC 370-304L, and the measured material
behavior, Measured 304. The increased strain-hardening
coefficient, n, from the measured material properties in this
study, which agrees with previous research on hot-rolled
sections (Behzadi-Sofiani et al., 2021; Liang et al., 2019;
de Menezes et al., 2019; Sun et al., 2019), caused a stiffer
material response.

This dissimilarity of results within the parametric study
between FEA with measured and nominal material proper-
ties is further highlighted when comparing the simulated
FEA column capacity, Pgpy, to the compression capacity
from AISC 370 design provisions with the corresponding
yield strength and considering flexural buckling, Pgg, or
flexural-torsional buckling, Pprg—that is, Figure 19 nor-
malizes the FEA results from nominal material proper-
ties with buckling capacities based on the nominal yield
strength, and Figure 20 normalizes the FEA results from
measured material properties with buckling capacities cal-
culated using the measured yield strength. For the nominal
material properties with results summarized in Figure 19,
the flexural buckling capacity alone was observed to

underestimate the capacity of multiple sections at shorter
lengths [Figure 19(b)]. Including flexural-torsional buckling
effects caused the buckling capacity to be reduced for all
cross sections, which included a maximum change between
5% and 24%. As shown in Figure 19(a), this change resulted
in a conservative estimate in all cross sections except for
the pinned L2x1x% and L5x3xY2 columns. This contrasts
with the measured material property results, Figure 20, that
indicate that flexural buckling alone was an adequate pre-
dictor of strength [Figure 20(b)]. Note that the unconserva-
tive results using the flexural buckling prediction would be
eliminated in most instances, except for a narrower range
of the same pinned L2x1x% and L5x3xY2 columns if local
buckling was considered, which is shown in Figure 20(c).
The measured yield strength would reclassify some cross
sections as slender.

The varied results of the parametric study highlighted
the importance of correctly defining the material proper-
ties and stress-strain response for the advanced FEA. With
carbon steel sections, the majority of steel grades used for
structural design exhibit a consistent material behavior
that is readily simplified to an approximate elastic-plastic
response. Despite a simple, consistent material model, mul-
tiple compression design curves have been developed that
vary with the cross-section shape being analyzed (Ziemian,
2010). This issue is complicated for stainless steel mem-
bers because the variability of the nonlinear constitutive
relationship adds an additional dimension. The nominal
stress-strain relationship has experimental backing that it
is appropriate for the baseline behavior of 304/304L stain-
less steel in a very broad range of applications. However,
additional research, including the testing related to this
study (Laracuente et al., 2022, 2023), has regularly noted

1.0
0.8+
 06F
% L
Mo04+
0.2}
0.0 . . . .
0 0.2 0.4 0.8 1.0 1.2
Measured 304 - — - Behzadi-Sofiani et al. (2021)
----- AISC 370-304 ---—--= Y. Sunetal. (2019), Liang et al. (2019)
ERETE T AISC 370-304L - == Y. Sun et al. (2019), Liang et al. (2019)

de Menezes et al. (2019)

Fig. 18. Effective modulus of elasticity within material models.
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Fig. 19. FEA capacity versus design provision strength calculations with nominal material properties. All sizes from Table 8 included.
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significant increases in strength and stiffness when inves-
tigating structural stainless steel sections as highlighted in
Figure 18. As a result, the three design curves in AISC 370
are attempting to balance the impact of different geometries,
including the variable cross sections and typical imperfec-
tions as had been done with carbon steel, as well a realistic,
average response of typical stainless steel members.

Based on the results of this study, if the nominal AISC
material properties are an accurate depiction of a conser-
vative stress-strain relationship and corresponding tangent
modulus of elasticity, the design provisions need to include
flexural-torsional buckling provisions to determine conser-

stress-strain curve would allow

a worst-case design envelope to

vative predictions of capacity in compression. However, if

the nominal response is underestimating the tangent mod-
ulus of elasticity before yield for typical structural stain-
less steel sections as observed with the experimental data,
the same procedure could result in excessively conserva-
tive predictions. Along those lines, an expanded paramet-
ric study including slender cross sections and the nominal

for a fundamental under-

standing of how existing buckling provisions align with the
behavior of unequal-leg single angles, which would provide

incorporate them into the

specification. Yet, additional investigation into the appro-
priateness of the nominal stress-strain curve specified in
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Fig. 20. FEA capacity versus design provision strength calculations
with measured material properties. All sizes from Table 8 included.
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AISC 370 could warrant later simplifications to the design
provisions of unequal-leg angles.

The complex buckling behavior of stainless steel
unequal-leg angles makes it difficult to establish a straight-
forward set of design provisions that accurately predict
the true response. A central component of this challenge
is accounting for the flexural-torsional buckling response,
which is expected to control in all instances, in a form suit-
able for practicing engineers to apply. The current approach
requires consideration of all global elastic buckling modes
and then applying the same equations that were developed
for flexural buckling to determine the nominal capacity
of the column. As currently implemented, the inclusion of
flexural-torsional buckling in the design provisions is a sig-
nificant reduction from the flexural buckling capacity at
short lengths as shown in Figure 21. This comparison was
completed using the nominal yield strength but follows a
similar pattern when using the measured yield strength.

As mentioned previously, this reduction was necessary
when using nominal material properties to match finite
element simulations. However, the simulations using mea-
sured material properties did not need the same reduc-
tion despite these models still exhibiting flexural-torsional
buckling. When evaluating the same design equations
for any global buckling mode, it should be noted that the
assumed behavior reflects that the shear stiffness of stain-
less steel angles reduces proportionally with the longitu-
dinal stiffness, which is not observed in carbon steel for
axially loaded members (Galambos, 1991). The consider-
ation of the actual shear stiffness can result in a smaller
reduction from flexural buckling to the flexural-torsional

response. Based on this reduced difference, not including
the global flexural-torsional buckling reduction for carbon
steel angles was determined to be acceptable as long as
local buckling reductions were included to capture extreme
cases of slender cross sections.

Determining the significance of the overestimated capac-
ity requires knowledge of the realistic capacity of single
angles. The flexural buckling coefficients given in Curve A
were determined to be conservative for the physical stain-
less steel angles in this study; however, additional data are
needed to determine if this is a trend or a unique result. An
equivalent investigation can be extended to various stain-
less steel angle cross sections to consider implementing a
similar methodology.

CONCLUSIONS

This study investigated the flexural-torsional buckling
behavior of stainless steel unequal-leg single angles. A
finite element modeling procedure was developed and
validated by comparison to experimental results from 18
fixed-fixed Grade 304 stainless steel L3x2x%4 columns with
lengths ranging from 10 to 148 in. The subsequent finite
element-based parametric study considered 12 cross sec-
tions, nonslender-element for nominal material properties,
with a L,/r, ratio ranging from 5 to 200 to incorporate elas-
tic and inelastic failures. Each cross section was evaluated
for a fixed-fixed and pinned-pinned flexural end restraint
and one of three material models: nominal Grade 304,
nominal Grade 304L, or the measured material properties
determined through the validation study. A total of 2,880
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Fig. 21. Current design provision normalized by the flexural buckling
only result using nominal material properties. All sizes from Table 8 included.
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finite element models were run, and the simulations cap-
tured flexural-torsional buckling of all cross sections with
both flexural and torsional dominated failures. It was deter-
mined that using the existing Curve A buckling coefficients
in AISC 370 with nominal material properties required the
consideration of flexural-torsional buckling design provi-
sions to obtain results that were consistently conservative
compared to the finite element results. Only consider-
ing flexural buckling resulted in an average 7% less con-
servative prediction in the worst-case instance, and half
the models exhibited an unconservative prediction. While
flexural-torsional buckling was also consistently observed
when considering measured material properties, evaluation
of the same flexural-torsional buckling design provisions
resulted in excessive conservatism for most finite element
results with measured material properties. The evaluation
of flexural buckling with local buckling reductions, similar
to the design provisions for carbon steel single angles, was
found to approximate most flexural-torsional buckling con-
cerns for the stainless steel single angles in this part of the
study. Additional work should focus on verifying the appro-
priate stress-strain response for modeling stainless steel
and expanding the study to include more slender-element
cross sections to validate the consistency of this result and
to determine if a limiting element slenderness of the cross
section is applicable.
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Review and Evaluation of the
Separation Factor Approach for
Structural Reliability

ISABELLE M. JOLLYMORE, KYLE TOUSIGNANT, and JEFFREY A. PACKER

ABSTRACT

Studies have indicated that resistance factors calculated using a first-order second moment reliability method that uncouples the load effect
from the resistance, termed the “separation factor approach” (SFA), differ considerably from those calculated using more accurate methods
that also consider statistical variations in both the load effects and resistance. This can be attributed, in part, to the SFA implementing a
separation factor, o, equal to 0.55, which was determined from tentative loading criteria and statistics in the 1970s. This paper amalgamates
the disparate literature/background on the SFA and investigates its sources of error to illustrate its inherent assumptions and limitations.
Three studies are conducted whose results are used to recommend appropriate separation factors (with associated bounds) for use in the
SFA when determining resistance factors for steel components.

It is found that oo = 0.55 was calibrated to an atypical range of live-to-dead load ratios and small values of Vg, which undermines its appli-
cability when used in conjunction with modern-day statistics. Despite this, oo = 0.55 is found to perform well when the reliability index, B, is
equal to 3.0. For B =3.5and B =4.0, . = 0.70 and o = 0.80, respectively, give results that agree with more accurate reliability methods at a

live-to-dead load ratio of 3.0.

KEYWORDS: structural reliability, first-order second moment method, reliability index, resistance factors, separation factor.

INTRODUCTION

he load and resistance factor design (LRFD) philosophy

uses load and resistance factors to achieve an accept-
ably small notional probability of failure for steel mem-
bers, connections, connectors, and whole structures. Load
factors are used to increase the load effect, and resistance
factors are used to decrease the resistance to emulate a
worst-case scenario. Load and resistance factors are chosen
such that, if the LRFD design criterion is satisfied under
these worst-case conditions, then the notional probability of
failure is deemed acceptably small. LRFD is an alternative
to the allowable strength design (ASD) philosophy, which
aims for the resistance to be greater than the load effect by
a factor of safety.
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Various reliability methods are used to calculate resis-
tance factors for steel components. A resistance distribution
is developed for the component using a representative sam-
ple of adequate size, and the statistics pertaining to this are
extracted; the same is done for the loading if it is assumed to
contribute to reliability. Then, for a target level of reliability
(embodied by the reliability index, which corresponds to a
specific probability of failure over the component’s design
life), the resistance factor can be calculated. These methods
can also be employed to calculate and compare reliability
indices for a given resistance factor.

The separation factor approach (SFA) is a reliability
method that arose from the work of Galambos and Ravindra
(1973). They derived an equation for the resistance factor, 0,
that conveniently simplifies the calculation by uncoupling
the load effect from the resistance in the ultimate limit state
design equation, thereby establishing the inherent assump-
tion that resistance alone determines reliability according
to the SFA. This simplification was achieved by introduc-
ing a separation factor, o, as proposed by Lind (1971), for
the resistance and each load component. Historically, the
separation factor has been taken to be 0.55, as per the rec-
ommendation of Galambos and Ravindra.

As recently as 2010, use of o = 0.55 was endorsed by the
Structural Stability Research Council (SSRC) in Appendix
B.10 of the SSRC Guide (Ziemian, 2010). This factor con-
tinues to be used in conjunction with the SFA for reliabil-
ity analyses in academia and by some material standards
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technical committees for resistance factor calculations
(CSA, 2011). It has come to light more recently that resis-
tance factors calculated using this approach can differ from
those calculated using more accurate methods, particularly
for the case where oo = 0.55 is adopted. As a result, CSA
S408-11 (2011) stipulates that this approach should not be
used for the calculation of resistance factors. On the other
hand, the SFA equation is specified in Commentary Section
C2.3.5 of ASCE 7 (2022) to derive resistance factors, using
a separation factor of approximately 0.7.

This paper addresses the need for a comprehensive
review of the SFA by gathering significant literature on the
topic since its inception and explores the implications of
the governing assumptions and simplifications of the SFA
to establish its merits, shortcomings, and potential sources
of numerical error. Following this, three studies are carried
out: (1) a recalibration of separation factors using modern
statistics, (2) a comparison of the performance of the SFA
in modern reliability studies to a more accurate reliability
method that considers the loading in addition to resistance,
and (3) a numerical experiment in which the SFA using the
optimal separation factors determined from the previous
two studies and the more-accurate reliability method are
equated. The results of these three studies are then used to
propose new separation factors with associated bounds for
use in the SFA; this paper focuses specifically on reliability
of steel components.

LOAD AND RESISTANCE FACTOR DESIGN

The LRFD philosophy may be expressed by the equation
(Ziemian, 2010):

OR, = X 0; )]
A
Qn Rn
g Q\ Y0, | OR, |
>
pr=P(O>R)

(a) Load effect, Q, and resistance, R

which states that the factored resistance (or available
strength), OR,, must equal or exceed the effect of the fac-
tored loads, Xy;Q;.

The nominal resistance, R,, is the strength of an ele-
ment computed based on nominal material and geometrical
properties, and the resistance factor, ¢, is a dimensionless
factor <1.0. The product 0R, embodies the uncertainties
associated with the resistance, R, of a structural compo-
nent. The products of each specified load effect, Q;, and its
corresponding load factor, ¥;, are summed to constitute the
load effect side of the design criterion expressed by Equa-
tion 1. The term Zy;Q; reflects the possibility of overloading
and the uncertainties inherent in the calculation of the load
effect(s), Q. The probability of failure of a structural com-
ponent (i.e., the probability that the component will reach a
specified ultimate limit state) is equal to the probability that
the cumulative load effect, Q, exceeds the resistance, R (i.e.,
R < Q), as shown in Figure 1(a).

LRFD in North America can be traced to the work of
Cornell (1969), and the postulate that the probability of fail-
ure, pr, may be accurately determined from the probability
density curve for the safety margin (or limit state function),
Z =R — Q, where pr is equal to the area under the curve
where Z < 0, as shown in Figure 1(b). If R and Q are consid-
ered random variables and the arbitrary probability density
curve of the safety margin Z is known, then a standardized
variate, U (of Z), can be defined as:

Z—-7Z,
Oz

U= @)

where Z,, is the mean of Z and oy is the standard deviation
of Z. The expression that describes the probability of fail-
ure, pr, can then be written as (Melchers and Beck, 2018):

»
>

Frequency

pr=P(Z<0)
(b) Safety margin, Z

Fig. 1. Symbol, variable, and model definitions.
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Pr= P[U< _Z_,,,:| (3a)
Oz
pr=Fy |:— Zn :| (3b)
Oz

where Fy is the cumulative distribution function of U.

The above-mentioned postulate, combined with the prin-
ciple of constant reliability (Lind, 1971), comprises the
basis of first-order second moment reliability methods.
Such reliability methods involve (1) linear (i.e., first-order)
limit state functions and (2) computing a notional reliability
measure, which is a function only of the means and vari-
ances (first and second moments, respectively) of the ran-
dom variables (e.g., R and Q) rather than their probability
distributions (Ellingwood et al., 1980). First-order reliabil-
ity methods are often used because of their simplicity and
ability to treat all uncertainties in a design problem in a
consistent manner; hence, first-order methods have been
used to develop LRFD criteria for steel components.

The ratio Z,,/c, in Equations 3a and 3b is referred to as
the reliability index, B; it is a unitless measure of safety
(or reliability) that represents the number of standard devia-
tions between the mean value of Z (Z,,) and the failure con-
dition (Z = 0) (Cornell, 1969). The reliability index has also
been called the “safety index” or “performance index”; the
term “reliability index” is adopted herein (Ang and Cornell,
1974; Galambos and Ravindra, 1973). The greater the value
B, the greater the reliability, where the reliability is quanti-
fied as 1 — pr (Allen, 1991). In other words, if G, remains
constant, then a positive (right-hand) shift in Z,, will reduce
pr; this holds true for practically all probability distribu-
tions used for Z.

Equation 3b can therefore be written as:

pr=Fy[-B] @)

According to Equation 4, 3 provides a direct measure of
pr (or, conversely, reliability) if the probability distribution
of Z (and hence, the real values of Z,, and o,) is known.
In practice, however, the distributions of R and Q (and Z)
are invariably estimated. When this is done, pr (calculated
from Equation 4) is referred to as the “notional” probability
of failure, indicating that it should be interpreted, at best, in
a comparative sense (e.g., to evaluate the relative safety of
various design alternatives) (Ellingwood et al., 1980).

To estimate the statistics for Z=R — Q (i.e., Z,, and Gy)
from corresponding estimates of those statistics for R and Q
(i.e., R, and Q,,; the mean values of R and Q, respectively;
and o and Gy, the corresponding standard deviations), the
following statistical laws must be realized (Benjamin and
Cornell, 1970):

1. If R and Q are random variables, Z,,= (R— Q),,=R,,— Q...

2. Provided that R and Q are independent random variables,
GZZ = GR2 + GQ2.

3. Vz cannot be directly represented as a function of Vi and
Vo

Vk and V,, are the coefficients of variation (COVs) of R and
0, respectively. The COV of a random variable is a normal-
ized measure of the dispersion of the probability distribu-
tion about the mean value and is equal to the ratio of the
standard deviation to the mean. A relatively high COV is
undesirable in the context of reliability because it is indica-
tive of greater variation and, thus, lower certainty.

If R and Q are considered independent normal random
variables, the probability density curve for Z=R — Q is a nor-
mal curve with mean Z,, = (R — Q),, = R,, — Q,, and standard

deviation Oz = 0R2 +ch2 (Allen, 1991; Thoft-Christensen
and Baker, 1982). However, according to Allen, a better
model for structural reliability is to replace the distributions
of R and Q by the distributions of their natural logarithms,
InR and InQ, and to fit normal curves to these such that the
two tails overlap (denoting the region in which failure may
occur) in the same way as shown in Figure 1(a). Hence, if R
and Q are log-normally distributed, Z = InR — InQ is taken
as normally distributed, and:

_ InR,,—InQ,,
B= [2 - 162
InR T Omo
[In(rR/Q)]
Jotarote (°b)
GlnR+Gan
In (R, /Q)

B [ 2 2
OnR +Gan

where InR,,, InQ,,, and In(R,,/Q,,) are the mean values of
InR, InQ, and In(R/Q), respectively, and G,z and G, are
the corresponding standard deviations of InR and InQ,
respectively. Log-normally distributed random variables
can take only positive real values, which is true-to-life for
most engineering measurements, and perhaps the benefit
implied by Allen (1991).

By converting the mean values and standard deviations
of InR and InQ to those for R and Q (i.e., through math-
ematical manipulation), Equation 5c for B can be written as
follows (Thoft-Christensen and Baker, 1982; Allen, 1975;
Allen, 1991; Galambos and Ravindra, 1973):

I R 1) 1+ V8) 14V |
B=

\/1n(1+v,%)(1+VQ2)

(5a)

B=

(5o

©)
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Equation 6 is currently used in CSA S6:19 (CSA, 2019)
to calculate [ for bridges and bridge components. However,
if Vg and Vy are small [i.e., according to Ellingwood et al.
(1980), if Vg and Vj are both less than about 0.30], then:

ln (R"‘l Q’Tl)
B = % (7)
A Vi + VQ

Historically, this assumption has been referred to as the
“small-variance assumption,” despite referring to the COVs
and not the variances of the variables R and Q; for the sake
of clarity, it will be termed the “small-COV assumption”
herein. The format according to Equation 7 has long been
the basis of LRFD criteria in North America (ASCE, 2022;
CSA, 2011), as studies have shown that R and Q follow
an approximately log-normal distribution (Xi and Packer,
2021; Ellingwood et al., 1980).

Small-COV Assumption

The accuracy of the simplification in Equation 7 is depen-
dent not only on the magnitudes of Vi and V), but also on
the ratio R,,/Q,,. For adequate reliability, R,, must be greater
than Q,,; however, the distance between these two means,
Zy = R, — O, is not generally known. The effect of the
ratio R,,/Q,, on the relative accuracy of the simplification
in Equation 7 for predicting B (i.e., how the small-COV
assumption affects the calculated B) is shown in Fig-
ures 2(a)-2(c), using R,,/Q,, values of 1.70, 2.00, and 2.50,
respectively. These values are chosen because Appendix E
of the 1969 version of the CSA S16 standard, which was
based on ASD, indicates a basic safety factor (R,,/Q,,) of
1.67. This has been employed in structural steel design for
several decades, and the factor 1.67 has been rounded off to
1.70 here to avoid unwarranted precision. Table E1 of CSA
S16-69 indicates further variations in this factor (from 1.67
to 2.50) based on the type of stress undergone by various
elements (CSA, 1969).

In Figures 2(a)—2(c), the solid lines represent Equation 6,
long dashed lines represent Equation 7, and short dashed
(vertical/horizontal) lines represent the upper limits on Vg
and V), for the small-COV assumption. Plotting with V,, on
the x-axis and V on the y-axis displays the actual equations
as somewhat elliptical curves and the approximate equa-
tions as circles.

It is evident that when Vi < 0.30 and Vj < 0.30 there is
a minimum level of reliability (i.e., value of B) associated
with R,,/Q,,, which increases with increasing R,,/Q,, [and
In(R,,/Q,»)] as this causes the curves to move further from
the origin. It is also clear that for values of Vi that are small
(i.e., approaching zero), the approximation given by Equa-
tion 7 will underestimate {3 for a fixed Vg and V). Similarly,
for values of V,, that are small, the approximation will over-
estimate {3 for a fixed Vg and V.
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To investigate these trends further, a numerical experi-
ment was performed wherein values between 0 and 0.30
were randomly selected for Vg and Vj, and corresponding
values of B and its approximation, denoted 3,, were calcu-
lated using Equations 6 and 7, respectively, to determine the
percent error in the approximation of B, g5 = (B — B,)/B x
100%. This was performed 100,000 times for each of
R,./O,, =170, R,,/Q,, = 2.00, and R,,/Q,, = 2.50. The mean
percent error, €, the variance of the percent error, GEZ, the
maximum percent error, €4y, and the minimum percent
error, €y, were calculated for each R,,/Q,,. These parame-
ters are calculated to illustrate the distribution of €, as well
as best-case (gyy < €p < 0) and worst-case (€y4x) scenar-
ios. It is found that as R,,/Q,, increases, € increases and G
decreases; the exact values from the experiment are shown
in Table 1. Note that € > 0 corresponds to an underestimate
by Equation 7 and gg < 0 corresponds to an overestimate by
Equation 7, and thus for all three cases, the approximation
results in an underestimate on average.

Whenever a small value of Vi was selected, Equation 6
yielded a larger B than the approximation by Equation 7
(i.e., a positive error), proving the earlier point that the
approximation underestimates [3 when Vg approaches zero.
Similarly, whenever a small value of V,, was selected, the
actual equation yielded a smaller B than the approximation
(i.e., a negative error), proving that the approximation over-
estimates 3 when V, approaches zero. Another trend that
is discernable from Figures 2(a)-2(c) and from the numer-
ical experiment is that the approximation improves as 3
increases. Whenever small values of both Vi and V,, were
selected, along with a large value of B, the percent error
due to the approximation by Equation 7 was approximately
Zero.

DERIVATION OF THE
SEPARATION FACTOR APPROACH

The governing criterion for LRFD can be expressed in the
form of a design criterion (Cornell, 1969):

R, 260, @®)

where the central safety factor, 6, combines the uncertain-
ties of resistance and load effects.

If the small-COV assumption discussed previously
(Ellingwood et al., 1980) is valid, Equations 7 and 8 can be
used to express the central safety factor approximately as:

0 =exp (B\/m ) )

where Equation 9 implies that 0 = R,,/Q,,. Otherwise, Equa-
tions 6 and 8 are used to write the equation accurately as:



Table 1. Mean, Variance, Maximum, and Minimum
Error in the Approximation of  Using Equation 7
Rn/Qm E (%) oc” (%) emax (%) em (%)
1.70 0.866 1.7 9.49 -6.50
2.00 0.909 6.99 7.87 -4.34
2.50 0.948 414 6.54 -2.68
— p=15 S [— =15

Equation 6 —— Equation 7 Equation 6 —— Equation 7
(a) ForRp/Qm=1.70 (b) For Ry/Qm=2.00
N )
\ — =15
] — B=20
|
- | — B=3.0
03 — p=4.0
— =45
\
< 02 \
~ \
\
0.1
0 1
0 0.1 0.2 0.3 0.4

Equation 6 —— Equation 7
(¢) For Rp/Qun=2.50

Fig. 2. Approximations to various reliability indices, .
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. eXP(B\/ln(HV,% )(1+V4) )

(10)

The small-COV form of the central safety factor equation
(i.e., Equation 9) is used in the SFA. If the COVs are not
small, and if any of the particular cases addressed in the
previous subsection hold true, use of this small-COV form
can result in excessive error.

The root term in Equation 9 prevents the independent
treatment of the resistance and load terms. It is advanta-
geous to separate the COVs so that when a target B is cho-
sen, the resistance factor, ¢, can be evaluated for different
loading uncertainties. Additionally, this would enable v; for
different load types to be evaluated independent of other
load types and of resistance uncertainties.

Lind (1971) showed that the root expression in Equa-
tion 9, or any two-variable expression in that form, could be
linearized by introducing a so-called separation factor, o.:

JVR +V5 = o(Vg +Vp) (11a)
' 2
G=M (11b)

1+ (Vr/Vo)

where

As shown by the dotted line in Figure 3(a), if Vg/V, is near
unity, o is relatively constant. This is not always prac-
tical; however, if VR/VQ is instead restricted to the range
4 < Vg/Vp < 3, then o can be set equal to 0.75 with less
than 6% error (Lind, 1971), as demonstrated in Figure 3(b).

0.8
0.79
0.78
0.77
0.76

o 0.75
0.74
0.73
0.72
0.71

0.7

VlVo
(a) Values of o. from Equation 1la

Therefore, if Vx < 0.30 and Vy < 0.30 to satisfy the
small-COV assumption, and '3 < V/V < 3, Equation 8 can
be written as

exp(—BaVr) R, = exp(BaVp) On (12)
or as

drexp(—BoVr) R, 2 8pexp(BaVy)Q, (13)

where the bias coefficient for the resistance, O, is the ratio
of the mean resistance to the nominal resistance, R,,,/R,, Q,
is the nominal (or specified) total load effect, and SQ is the
bias coefficient for the total load effect.

Equation 13 takes a similar form as the criterion in Equa-
tion 1. Comparing the two, it follows that:

¢ =0gexp(—ofVzr) (14)

Equation 14 is the basic form of the equation used in many
codes, standards, and guides (e.g., Ravindra and Galambos,
1978; Fisher et al., 1978; Ziemian, 2010; ASCE, 2022) to
calculate resistance factors for a target reliability index (or
reliability indices for a target resistance factor). This equa-
tion clearly demonstrates the philosophy that resistance is
the sole determinant of reliability, which is central to the
SFA. In the next section, the right-hand side of Equation 13
is separated further into constituent load effects.

Consideration of Different Load Types

Equation 13 was derived by treating the load effect, Q, as
if it originated from a single load type acting on a struc-
tural steel component. However, in general, Q arises due to
effects from dead load, D, live load, L, wind load, W, and
other actions.

3.5 T T
1 1
| //

3 F | A
| // |
| A |

25 1 1
1 1

2 r : . :
1 = 1
I // I

15 B ] s ]

1 = 1

1 _1VR2+ VQZ |
Pl [}

o ! —= a(Vr+Vp) !

05 r . .
1 1

0 1 1
0 03 3

(b) Linearization with o.= 0.75

Fig. 3. Variation of o with VR/VQ, and accuracy of a single o.-value.
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In the following, the COV of the total load effect, Vj, and
the central safety factor approximation, 6,, are derived as
shown in Appendix B of Galambos and Ravindra (1973).
From these workings, equations for ¢ and vy; are also
defined. Galambos and Ravindra considered two com-
mon cases for the load effect side of the first-order second
moment design criterion: (1) dead and lifetime maximum
live load and (2) dead, sustained live load and lifetime max-
imum wind load.

Dead and Lifetime Maximum Live Load

Galambos and Ravindra (1973) assumed the load effect, Q,
for combined dead and live gravity load, to have the follow-
ing form:

Q=ET (15a)

where

T=cpAD+c; BL (15b)

and where D and L are random variables representing dead
and live load intensities, respectively, which embody uncer-
tainties due to the idealization of loads that vary randomly
in space and time with equivalent uniformly distributed
or concentrated design loads; cp and ¢, are deterministic
influence coefficients that transform the dead and live load
intensities into dead and live load effects, respectively; A
and B are random variables reflecting uncertainties in the
transformation of the idealized design loads into dead and
live load effects, respectively; T is a random variable denot-
ing the total load undergone by a member; and E is a ran-
dom variable representing the uncertainties in structural
analysis.

Assuming E and T are uncorrelated, it follows from
Equation 15a that:

Vo=~ VE+VE+VEVE (16)

where Vg and Vp are the COVs of E and T, respectively. If
both Vg and V7 are less than 0.30, the error introduced by
eliminating the product term does not exceed 2.2%. Thus,
by neglecting the product term, Equation 16 becomes:

Vo =V + V7 (17)

The equation for V7 can be written as:

B ARDRVE V) + e BL (Vi +V2)
Vi = (18)
cpAn Dy + ¢ B, Ly,

where the numerator represents the standard deviation
of T, denoted o7, and the denominator is the mean of 7,
denoted T7,,. It is difficult to obtain information about the
distributions of the random variables A and B, so it has

been common historically to take A,, = B,, = 1.0, which is
valid for uniformly distributed dead and live loads (Jeong,
1981). Thus, the equation for Vj can be rewritten by insert-
ing Equation 18 into Equation 17, where A,, = B,, = 1.0 and
Cp=CL= 1.0:

, Da(VE+VE)+ L (Vi +VE)
Vo =,|VE+ - (19)
(D +Ly)

The governing criterion for the separation factor can be
carried further to include the effects of multiple load types
(in this case, D and L). Firstly, Equation 12 can be written
as:

exp (_ B 0LRVR) Rm 2 exXp ( B 0LQVQ) Qm (20)

where two distinct separation factors—oi for the resistance
side and oy, for the load side—are introduced to encourage
a better approximation of Equation 8.

Noting from Equation 17 that Vp =4/ V2 +V#, and using
the concept illustrated by Equation 11a, Equation 20 can be
rewritten as:

exp (—BogrVr)Ry 2 21
[exp(Bocro’EVE) Em] [exp (BogotrVr) Tm]

The second exponential term on the right-hand side of

Equation 21 can be approximated further by using the con-

stant and linear terms of a Taylor series exponential expan-
sion [i.e., exp(x) = 1 + x]:

exp(BagarVr) T, = (1+Bogor V) (D, + L) (222)

exp (Boor V)T, = (22b)

Borgorr | DA (VE +V3) + LA(V3 +V2)
+
Dy, + L,

1 (D + L)

where Equation 18 was substituted into Equation 22a to get
Equation 22b. An error is introduced with this simplifica-
tion, which is investigated in the next subsection.

The square root term in Equation 22b can be sepa-
rated as proposed by Lind (1971) (in Equation 23b), and
after rearranging, the final approximation is achieved in
Equation 23d:

exp (BogorVr) Ty =
(D + L)+ Botgotr [ DR (Vi +V3)+ LA (VE +V7)

(23a)

exp(B(xroTVT)Tm =
Dy + L+ Botgoir o (D,,, WVE+V2 + L VB +VE )

(23b)
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CXP(B(XQ(XTVT)Tm = Dm +Lm +

Bogourop Dy, \/V/% +V+ Bogoiroy Ly, Vi +V/E

(23¢)
exp (BogoirVr) Ty, = (1+BaroToc;)JV§ + V,%)Dm +
(1 +Boigorol V2 + V7 )Lm
(23d)

If Equation 23d is substituted into Equation 21, and
the products of the separation factor terms are combined
into individual separation factors (i.e., O = OpQE, Op =
007 0p, and 0y = 0lpOrOU7), then:

exp (_BO(RVR) Rm 2 [exp (BOLEVE) Em]

1+BocD\/m D,, + 1+[30ch L,
( Joe| )

(24)

Given that the first-order second moment design criterion
for dead and live load can be written as:

OR,, 2YEE, (YD D, + YLLm) (25)

where Vg is the load factor accounting for uncertainties in
structural analysis, yp is the dead load factor, and v, is the
live load factor, it is implied that:

0 =38gexp(—orBVr) (26a)

ve =exp(opBVg) (26b)
Yo =1+opB\Vi+V3 (26¢)
Yo =1+ PyVE + V7 (26d)

R,, is obtained by rearranging Equation 24 and writing
it as an equality, as shown in Equation 27a. Assuming 6 =
R,,/O,, dividing both sides by Q,, = E,,T,, = E,(D,, + L,,) =
E,(D,,/L,,+ 1) gives the central safety factor approximation
in Equation 27b:

exp(B(xEVE)Em[(l +BopVE+V) )f’” + (1 +Bo VE+VE )]

R, = m
exp (—BogVk)

(27a)

exp (BougVi) l:(l +BopVE+V3 )?—’" + (1 +Bo\VE+VE ):I

ea =
(IZJ + 1) exp (_B(XRVR)

m

(27b)
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Note that both 0 and 6, are technically approximate. As 6,
introduces two additional assumptions on top of the initial
small-COV assumption (i.e., simplification of the V, equa-
tion using another small-COV assumption, and use of the
linear Taylor series approximation), it is deemed an approx-
imation of 6.

The values of the four separation factors o, Oz, 0lp, and
oy are selected to minimize the error in the approxima-
tion of the central safety factor, which is defined as g =
© - 6,)/6.

Dead, Sustained Live Load, and Lifetime Maximum
Wind Load

For this case, the load effect, Q, was assumed to take the
same form as in the case of dead and live load (i.e., the
form given by Equation 15a). The random variable 7 can be
expressed as:

T =cpAD +cyBL+cyyCW 28)

where W is a random variable representing wind load inten-
sity, cy is the deterministic influence coefficient that trans-
forms the wind load intensity into wind load effect, and C
is a random variable reflecting uncertainties in the transfor-
mation of the idealized design load into wind load effect.
Applying the same rationale and assumptions that were
employed for the case of dead and live load to this case, the
approximation to the central safety factor is derived as:

exp(BousVi) [(HB&D\/VX +V[§j+(l+[5au/v§ +VLZJIL)J+(1 +Bouy V2 +VW2)%}

L W,
1+ +—" |exp(—BorVi)
( D, Dm)

0, =

29

5 AnD (Vi + Vi) + ¢ BaL (Vi + V) + i CaWor (VE + Vi)
Vo =,|Vi+ 5
(CDAm Dm + CLBmLm + Cy Cmvvm)
(30)
andA,,=B,,=C,,=1.0and cp=c;=cy=1.0. The first-order

second moment design criterion for dead, live, and wind
load can be written as:

ORy 2YEEy (YpDo + YL Ly +YwW,) €))

where Yy is the wind load factor. By comparing the form of
Equation 31 to that of Equation 29, it is implied that:

Yw =1+ oy ByVE +Vid (32)

The equations for ¢, Yg, Yp, and 7y, are unaltered by the inclu-
sion of wind load (i.e., the same as Equations 26a-26d).



Linear Taylor Series Approximation

In the derivation of 6, for both load cases, the exponential
term for the load effect was approximated using the lin-
ear Taylor series expansion (for the dead and live load case,
Equation 22a). Since the Taylor series is a summation of
terms [where the series becomes equal to the function it
is approximating as x (i.e., Bopor V) approaches infinity],
this approximation will result in an underestimate for all
x (i.e., BogorVy) greater than zero because it lacks most
of the terms. From Figure 4, it is shown that as BogorVr
departs from zero (i.e., the point about which the Taylor
series is centered), the underestimate becomes greater in
magnitude.

As demonstrated in Figure 4, the linear function deviates
from the exponential function rather quickly. It is useful to
quantify this deviation with typical values of each of these
parameters; these were chosento be 0 < <5.0,0.5< 0y <
07,05<07<07 and 0 < V7 <0.3 (ie., 0 < BogorVy <
0.735). The error does not change with c¢;L,/cpD,,, as
crLin/cpD,, participates as a mere scaling factor in Equa-
tion 22b and is thereby unaffected by the introduction of the
Taylor series approximation.

This investigation found that the maximum approxima-
tion error exceeds 16%. For a more typical range of reliabil-
ity indices (i.e., 3.0 < 3 < 4.0) and the same ranges of 0.,
oy, and Vr as before, BoorVyranges from 0 to 0.588, and
the maximum error is roughly 11.8%.

Error in the Approximation to the
Central Safety Factor

As indicated previously, Galambos and Ravindra (1973)
opted to minimize the error in the approximation to the

central safety factor as a means of determining appropriate
o-values for use in the SFA. To supplement their argument in
Appendix B, Galambos and Ravindra (1973) presented Fig-
ures B-1 through B-6: Figures B-1-B-3 explored the dead
and lifetime maximum live load case at different values of
B, while Figures B-4-B-6 explored the dead, sustained live
load, and lifetime maximum wind load case at different val-
ues of B. This subsection (1) outlines the process that led to
the recommendation of a universal o-value (o0 = 0.55) to be
used in the SFA, and (2) investigates the Figures B-1-B-6
presented in Galambos and Ravindra (1973).

For their investigation, Galambos and Ravindra (1973)
prescribed values (or values with associated frequencies of
occurrence) to the variables which define the design situa-
tion for both loading cases; these are identified in Table 2.

The shorthand notations V4p, Vg, and Vey were adopted

to represent \/VA2 +Vy, \/V32 +V?, and \/ch +Viy,
respectively. Galambos and Ravindra (1973) used Vp, V,
and Vyinterchangeably with Vi p, Vg, and Vy, respectively,
asitwasassumedthatA,,=B,,=C,,= 1.0; therefore, V,=Vg=
Ve=0, which means that Vp =V, p, V. = Vg, and V= Vey.

For Figures B-1-B-3, Vg i = 0.06 (when Vg, V4p, and
Vi are smallest and ¢pD,,/c; L,, is largest) and Vo,max=0.25
(vice versa); because Vj < 0.30, the small-COV assumption
always holds. However, for Figures B-4 and B-6, Vg ,in =
0.22 (when Vg, Vap, Vi, Vew, and ¢pD,, e W,, are smallest
and cpD,,/c; L,, is largest) and Vo,max = 0.60 (vice versa); in
this case, the small-COV assumption does not always hold.

Galambos and Ravindra (1973) carried out an error mini-
mization procedure, whereby various combinations of o,
o, Op, and oy (and oy for the wind case) were tested to
determine the set that resulted in the most optimal (mini-
mized) distribution of error. To do this, one of the three

- eXP(BO‘QOLTVT)
- 1 + BU'Q(X’TVT

0 0.2 0.4
BogarVr

0.6 0.8 1

Fig. 4. Exponential function and the linear Taylor series approximation.
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Table 2. Data Variables as Specified in Appendix B of Galambos and Ravindra (1973)
Frequency of
Variable Figure(s) Range Value Occurrence

Vg B-1, B-2, B-3, B-4, B-5, B-6 0.10-0.15 0.13 1.0

0.05 0.30

Ve B-1, B-2, B-3, B-4, B-5, B-6 0.05-0.15 0.10 0.50
0.15 0.20*

0.02 0.20

B-1, B-2, B-3 0.06 0.60

WV2+V2 =V 0.02-0.10 019 029
AR AR T 0.02 0.30
B-4, B-5, B-6 0.06 0.50

0.10 0.20

0.10 0.20

B-1, B-2, B-3 0.10-0.40 0.25 0.60

\/W _ V 0.40** 020
g e 0.40 0.50
B-4, B-5, B-6 0.40-0.70 0.55 0.30

0.70 0.20

B-1, B-2, B-3 N/A N/A N/A

/—ch TVE =V, 0.30 0.50
B-4, B-5, B-6 0.30-0.40 0.35 0.30

0.40 0.20

1.00 0.20

B-1, B-2, B-3 1.00-4.00 1.60 0.50

Dy fouL 4.00 0.30
Co%m/CLEm 010 0.30
B-4, B-5, B-6 0.10-0.30 0.20 0.50

0.30 0.20

B-1, B-2, B-3 N/A N/A N/A

0.25 0.50

D W,

SoDrm/CuWrm B-4, B-5, B-6 0.25-1.00 0.50 0.30
1.00 0.20

B-1, B-4 3.0 1.0

B B-2, B-5 3.0-4.0 3.25 1.0

B-3, B-6 3.5 1.0

* In the parameter list for Figure B-1 in Galambos and Ravindra, this was mistakenly written as 0.10.
** In the parameter list for Figure B-1 in Galambos and Ravindra, this was mistakenly written as 0.60.

prescribed values of Vg, Vip, Vg, and c¢pD,,/ciL,, (and
Vew and ¢pD,,JewW,, for the wind case) were randomly
sampled according to the frequencies indicated in Table 2;
the values selected were used to calculate Vp, 6, 6,, and
€g in sequence. This process was repeated to an acceptable
degree of convergence and for different values of . For the
dead and lifetime maximum live load case, Galambos and
Ravindra found that o = 0.52, o = 0.60, op = 0.70, and
oy = 0.60 resulted in the least error, yielding a mean error
of zero and a standard deviation of 3%; a confirmatory
study by the authors found that the mean error was 0.075
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and the standard deviation was 3.22%, which corroborates
the claims by Galambos and Ravindra. The characteristics
that signify an optimal error distribution were not explicitly
defined in Galambos and Ravindra, so these are inferred to
be (1) a mean error sufficiently close to zero and (2) a rea-
sonably small standard deviation.

Galambos and Ravindra (1973) found that the separa-
tion factors were relatively insensitive to changes in the fre-
quencies of occurrence of the varying parameters listed in
Table 2, and used this observation as grounds for using a
single constant separation factor, o, as opposed to multiple,



independent separation factors, in favor of simplicity. Thus,
they explored the case where o = 0.55 and produced histo-
grams that depicted the distribution of €q for different values
of B. To confirm the results from Galambos and Ravin-
dra, the authors repeated their error minimization process
herein using 10,000 iterations, which resulted in accept-
able convergence of the error distribution. Figures 5(a)—
5(f) show comparisons of Figures B-1-B-6 as depicted in
Appendix B of Galambos and Ravindra and the remakes of
Figures B-1-B-6 resulting from the authors’ error minimi-
zation process.

From Figures 5(a)-5(f), it becomes evident that Fig-
ure B-2 and Figures B-4-B-6 presented in Appendix B
of Galambos and Ravindra (1973) do not align with the
assigned values and frequencies of the parameters shown
therein. The disparity between these histograms and their
corresponding parameter lists was investigated by consider-
ing the following errors in the latter:

* For Figure B-2, the values of ¢pD,,/c;L,, used to generate
the histogram were the reciprocals of the cpD,,/ciL,,
values identified in the parameter list (i.e., instead of
cpDpjerLy, = {1.00, 1.00, 1.60, 1.60, 1.60, 1.60, 1.60,
4.00, 4.00, 4.00}, cpD,,fc L., = {1.00, 1.00, 0.625, 0.625,
0.625, 0.625, 0.625, 0.25, 0.25, 0.25} was used).

e For Figures B-4-B-6, the values of cpD,/ciL,, and
cpD,yJewW,, used to generate the histograms were the
reciprocals of the ¢pD,,/c;L,, and cpD,,jcwW,, values
identified in the parameter lists; instead of cpD,,/ciL,, =
{0.10, 0.10, 0.10, 0.20, 0.20, 0.20, 0.20, 0.20, 0.30, 0.30}
and cpD/eyW = {0.25, 0.25, 0.25, 0.25, 0.25, 0.50, 0.50,
0.50, 1.00, 1.00}, cpD,fciL,, = {10.0, 10.0, 10.0, 5.00,
5.00, 5.00, 5.00, 5.00, 3.33, 3.33} and cpD,/ewW,, =
{4.00, 4.00, 4.00, 4.00, 4.00, 2.00, 2.00, 2.00, 1.00, 1.00}
were used.

 For Figure B-5, the values of V; and Vy used to generate
the histograms were completely different from the values
identified in the parameter lists; through an iterative
investigation by the authors, it was found that V; = {0, 0,
0, 0,0, 0.08,0.08, 0.08, 0.14, 0.14} and Vy = {0, 0, 0, 0, 0,
0.02, 0.02, 0.02, 0.16, 0.16} produced a distribution much
like that which Galambos and Ravindra presented.

Figures 6(a)-6(d) show that the aforementioned alterations
result in error distributions that sufficiently match those of

Galambos and Ravindra (1973).

Several of the statistical values that Galambos and Ravin-
dra (1973) prescribed (i.e., the ranges and values in Table 2)
are not in agreement with the accepted statistics of today;
these differences are discussed in greater detail later. Most
notably, the range of live-to-dead load ratios they assigned
differ greatly from the values used in modern day. A typical
live-to-dead load range for steel components at the ultimate

limit state is 1.0 < ¢;L,,/cpD,, < 3.0. The upper limit (i.e.,
ciLifcpD,, = 3.0) is of notable significance, as in AISC
360, the safety factors in ASD were calibrated to give the
same structural reliability as resistance factors in LRFD at
a live-to-dead load ratio of 3.0 (AISC, 2022).

Galambos and Ravindra (1973) assigned the range 1.0 <
cpDfer L, < 4.0 to Figures B-1 and B-3 and 3.33 < ¢pD,,/
crL,, £10.0 to Figures B-4—-B-6; these correspond to 0.25 <
ciLijcpD,, <1.0and 0.10 < ¢, L, /cpD,, < 0.30, respectively,
which are atypical ranges for steel components at the ulti-
mate limit state. Figure B-2 was the only figure to which
Galambos and Ravindra prescribed a reasonable live-to-
dead load range: 1.0 < ¢;L,,/cpD,, < 4.0 (or as they had
written, 0.25 < ¢pD,,/c;L,, < 1.0). However, the mean and
variance of the error for Figure B-2 is much higher than the
mean and variance of any of the other figures, which sug-
gests that the selection of oo = 0.55 was based on the more
unusual live-to-dead load cases (though still subject to the
variability of the other parameters).

INVESTIGATING THE PERFORMANCE
OF THE SEPARATION FACTOR APPROACH

In this section, a series of studies is performed on the SFA
to investigate its performance with o = 0.55 and when
modified to reflect modern statistics. A recommendation
is made based on the collective findings of these studies.
These studies focus on the dead plus live load case only;
counter to the dead, live, and wind load case, this case is
not only prevalent in literature, but is generally more appli-
cable to the steel components considered within the scope
of this paper.

Separation Factor Recalibration

This study employs a methodology to recalibrate the sep-
aration factors used in the SFA. Using updated statistical
values, optimal o-values are determined through a similar
iterative process as was used by Galambos and Ravindra
(1973), for B =3.0 and B = 4.0, as well as 8z = 1.00 and O =
1.30 (i.e., four times for each combination of these).

Firstly, V= 0.0 (and similarly, V4 =0.0 and V5= 0.0) was
chosen for the recalibration of oz. Most modern reliability
studies of steel members and components assume that the
method of structural analysis is devoid of error (i.e., E =
1.0), manifested by no mention of V. Furthermore, accord-
ing to the CSA S6:19 Commentary, statically determinate
analysis has an associated bias coefficient and COV of 1.0
and 0.0, respectively (CSA, 2019).

To begin the recalibration, the values or ranges of discrete
values with associated frequencies of occurrence shown
in Table 3 were assigned to each of the design parameters
(COVs, bias coefficients, etc.). The distributions for Vg and
Or were based on the results of 21 modern reliability studies
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Fig. 5. Comparison of the current study results to original error distributions from Galambos and Ravindra (1973).
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and statistical data collections, where 8z = 1.30 represents
the mean of the & distribution. Random sampling was then
used to calculate gg 50,000 times to produce an error dis-
tribution for all combinations of relevant o-values (i.e., 0p,
oy, and o) using increments of 0.01. The bounds of these
are shown in Table 3. Here, 50,000 iterations were chosen
because there are more possible combinations of design
parameters than before, and thus more iterations were
required for adequate convergence.

It is worth noting the difference between the values
used by Galambos and Ravindra (1973) (i.e., the values in
Table 2) and those in Table 3, as these generally demon-
strate how the statistical values that are widely accepted
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among researchers have changed over the past 50 years. It
was established that Galambos and Ravindra adopted an
atypical range for cpD,,/c;L,, in their calibration of the SFA
and that 1.0 < ¢;L,,/cpD,, < 3.0 (i.e., 0.33 < ¢pD,,fcrL,, <
1.0) is a typical range; this is adopted in the recalibration
study herein. Another notable difference can be found in
Vk. Modern literature revealed a distribution of V akin to
the simplified distribution adopted in Table 3, which con-
tains values much higher than the upper limit adopted by
Galambos and Ravindra. As a high Vi is indicative of a
relatively poor correlation between nominal and measured
resistance, Galambos and Ravindra essentially adopted
a somewhat optimistic range of Vy in their calibration of
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ENGINEERING JOURNAL / THIRD QUARTER / 2025 / 117



Table 3. Data Variables for Recalibrating the Separation Factor(s)
Variable Value Frequency of Occurrence
0.06 0.02
0.10 0.20
0.14 0.24
v 0.18 0.10
R 0.22 0.16
0.26 0.18
0.30 0.05
0.34 0.05
Ve 0.0 1.0
Va 0.0 1.0
Vb 0.10 1.0
Vg 0.0 1.0
y 0.27" 0.33
L 0.3211 0.67
N 1.00 1.0
A 1.30 1.0
dp 1.05 1.0
0.67
5 0.78't (when V, = 0.32)
L 0.90" 0.33
(when V, =0.27)
0.33 0.40
coDm/ciLm 0.50 0.20
1.00 0.40
T Value from Bartlett et al. (2003)
T Value from Schmidt and Bartlett (2002)

the SFA, which may contribute to why ok = 0.55 produces
less conservative (more optimistic) values of ¢ compared to
more modern methods.

Combinations of a-values that meet the criteria for mean
error, €, and coefficient of skewness (COS) of the error, v,
shown in Table 4 were chosen during the iterative process.
Then, of the qualifying o-values, optimal combinations
were selected based on those that yielded the minimum
variance.

The values and thresholds shown in Table 4 are based
on extensive numerical experiments performed on the data/
statistics used by Galambos and Ravindra (1973) in the ini-
tial calibration of the SFA. With these data, it was found
that a relatively small negative € (i.e., slight overestimate
on average), a limit on the positive skew (i.e., data form-
ing a rightward tail), and sufficiently minimized variance
were optimal distribution characteristics, which resulted
in approximately <25% probability of positive error val-
ues (i.e., underestimates). Thus, using adjusted ranges of
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a-values, an optimal set of o-values that repeated these
results for modern statistics was investigated.

The amount of positive skew was limited by defining an
upper threshold for the COS, which is a measure of skew
in a set of data, where a positive COS indicates positively
skewed data. The COS is defined as follows:

3(e-¢
G
GE

(33)

where € is the median of the percent error and G is the
standard deviation of the percent error. As seen in Table 4,
only a slight positive skew was considered permissible, as
greater skew to the right increases the magnitude of under-
estimates, which is unconservative. Recall that Galambos
and Ravindra (1973) did not consider the COS as a crite-
rion for error minimization, only mean error and standard
deviation (variance). The results of implementing the above
process are shown in Table 5.



Table 4. Thresholds for Separation Factors and Statistical Parameters
Lower Limit Upper Limit
Bias Coefficient, g Parameter (Inclusive) (Inclusive)

OR 0.60 0.90

0p 0.10 1.50

1.00 oy 0.10 1.50

Mean, € -3.00 -1.00

COS, v N/A 0.50

oR 0.80 1.20

op 0.50 2.00

1.30 oy 0.50 2.00

Mean, € -9.00 -7.00

COS, v N/A 0.50

Table 5. Optimal Separation Factors
Reliability Index, B | Bias Coefficient, 8 oR Op ol Variance
1.00 0.70 0.45 0.95 7.65

30 1.30 0.80 1.00 1.65 1.8
40 1.00 0.70 0.30 1.05 13.1
1.30 0.85 0.50 1.55 33.3

The results in Table 5 can be illustrated in histograms,
like those used by Galambos and Ravindra (1973), to depict
the distribution of error; these are shown in Figures 7(a)—
7(d). As before, the statistical data in Table 3 and 50,000
iterations were used.

For each of the experiments used to produce Fig-
ures 7(a)-7(d), the percentage of iterations that gave an
error value greater than zero was 16.4%, 1.91%, 17.3%, and
13.9%, respectively. Thus, in all cases, the percentage of
positive error values (i.e., underestimates) was confirmed
to be <25%.

Evaluating the SFA with Different Separation Factors

This study evaluates the performance of the SFA using dif-
ferent values of oz when applied to four unique, published
reliability studies (henceforth referred to as case studies).
The aim of this study is to discern how the results vary
between methods to hypothesize the scenarios in which the
SFA deviates from the “true” value of ¢, as well as the sce-
narios in which it converges on an acceptable value. Three
calibrations of the SFA are utilized in this study:

1. Equation 26a using o = 0.55 (i.e., the SFA as it was
originally conceived).

2. Equation 26a with ok = 0.70 when 3 = 3.0 and when B =
4.0 (i.e., the o-values for p = 1.00).

3. Equation 26a with o = 0.80 when 3 = 3.0 and o = 0.85
when  =4.0 (i.e., the a-values for dz = 1.30).

Another existing reliability method is also presented in
this study: the “approximate first-order reliability method”
(or approximate FORM), which is outlined in Appendix B
of CSA S408-11 (CSA, 2011). Contrary to the SFA, approx-
imate FORM couples the load and resistance terms when
calculating ¢ (CSA, 2011). The general equation for calcu-
lating ¢ using the approximate FORM methodology is:

¢=8R%e><p(—ﬁrm) (34)

where Br is the target reliability index (CSA, 2011). The
preceding equation can be rewritten for the case of dead
and live load, in terms of the live-to-dead load ratio, L,,/D,,
(Schmidt and Bartlett, 2002):

_ YD +YL(Lm/Dm) _ 2 2
0 =3 SD—+ 5, (Lm/Dm) exp( BT\/VR +V5 ) (35)
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V is calculated using Equation 36, and like Equation 35, it
also varies with L,,/D,, (CSA, 2024):

_ \/(SDVD)2 + [SLVL (Lm/Dm)]2
Ye= 8p +8 (L /D)

(36)

Work by others (e.g., Rudman et al., 2022) has demon-
strated that approximate FORM and Monte Carlo simula-
tion (MCS) yield a similar plot of ¢ versus L,,/D,,. MCS
is widely regarded as the most accurate method for deter-
mining resistance factors, but it comes at the cost of added
complexity and computation time. Thus, it makes sense
to compare the SFA using different o-values to approxi-
mate FORM, and for the sake of this study, to assume that
approximate FORM gives “correct” resistance factors.

The case studies are derived from Driver et al. (2006),
Tayyebi and Sun (2021), Rudman et al. (2022), and Fidalgo
and Packer (2022). These publications contain reliability
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analyses of specific steel components, and select values were
extracted from each to be used in this study. The selected
values are shown below in Table 6. Using the approximate
FORM and the SFA as described above, ¢-values were cal-
culated for each column of parameters in Table 6, and the
results are shown in Table 7.

Driver et al. (2006) and Tayyebi and Sun (2021) had Br=
4.5 and Br = 2.6, respectively, which are B-values for which
optimal o-values were not calculated in the preceding reca-
libration. Thus, the optimal o-values for f =4.0 and B =3.0
were used for Driver et al. and Tayyebi and Sun, respec-
tively. It should also be emphasized that 3 = 2.6 as used by
Tayyebi and Sun corresponds to small-size, light-gage HSS
and should not be used as a reliability index in applications
pertaining to overall structural reliability.

Recall that the approximate FORM ¢-values (hence-
forth denoted OrorMm) are assumed to be the true ¢-values
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Fig. 7. Error distributions using new statistics and optimal o.-values.
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Table 6. Parameters from Case Studies

Driver et al. Tayyebi and Sun Rudman et al. Fidalgo and Packer
Variable (2006) (2021) (2022) (2022)
Vo 0.10* 0.10* 0.10 0.10*
VL 0.32* 0.32* 0.32 0.32*
Vi 0.091 0.237 0.247 0.335
Br 4.5 2.6 3.0 4.0
Yol 1.2 1.2 1.2 1.2
Tt 1.6* 1.6 1.6 1.6*
Sg 1.32 1.20 1.32 1.75
Sp 1.05* 1.05* 1.05 1.05*
5. 0.78* 0.78* 0.78 0.78*

T All values from ASCE 7 (ASCE, 2022)

* Value was assigned for this study as it was not specified in the original study

Table 7. Resistance Factor Comparison

Driver et al. Tayyebi and Sun Rudman et al. Fidalgo and Packer

Method (2006) (2021) (2022) (2022)

Approx. FORM (L,/Dpm = 1.0) 0.924 0.888 0.851 0.619
Approx. FORM (L,,/Dp, = 2.0) 0.843 0.910 0.865 0.625
Approx. FORM (L,/Dp, = 3.0) 0.790 0.911 0.861 0.619
SFA(i) 1.054 0.855 0.878 0.838

SFA(ii) 0.991 0.780 0.786 0.685

SFA(iii) 0.932 0.733 0.730 0.560

in this study. A ¢-value calculated using the SFA (hence-
forth denoted (sga) is unconservative if it exceeds Grorm
and is conservative if it falls below Ororm. All uses of con-
servative and unconservative will pertain to these defini-
tions. Note that “slightly unconservative” isn’t necessarily
problematic, and “more conservative” does not necessarily
equate to “better.”

The results in Table 7 reinforce that the SFA generally
requires a greater value of o to give conservative ¢-values
for higher reliability indices, which was originally demon-
strated in the recalibration study. Both Driver et al. (2006)
and Fidalgo and Packer (2022) had higher By and demon-
strated that SFA() (i.e., og = 0.55) yielded the least conser-
vative Osga Of the three calibrations. Conversely, when By <
3.0, SFA(i)-SFA(ii) generally gave conservative results
compared to approximate FORM (i.e., Ospa < Oporm), With
SFA(i) giving the closest agreement.

Vg had a noticeable impact on the results, particularly
on OporMm. When Vi is small (less than 0.10), drorm varies
noticeably with L,,/D,,, and when Vy is large (approaching
or exceeding 0.30), dporm varies minimally with L,,/D,,.

Because ¢spa does not vary with loading, this variation
makes it more difficult for ¢gga to agree with drory Over a
range of L,,/D,, when Vy is smaller.

To ensure that these observed trends are not anomalous,
it is important to proceed with a more general approach to
identify whether these conclusions hold over an array of
cases.

Equating the SFA and Approximate FORM

The SFA and approximate FORM both serve the same pur-
pose but are built on differing key assumptions: the for-
mer assumes that resistance alone determines reliability,
while the latter assumes that both loading and resistance
impact reliability. As such, ¢rorm and Osga tend to differ
for a given set of statistics; this was shown quite clearly in
the previous subsection.

In this final study, the value of oy is adjusted continu-
ously such that Ospa = Qporm Over a specified range of
Vg-values. The values of the other parameters utilized in
this study are shown in Table 8. Note that the only signifi-
cant difference between these values and the values used
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Table 8. Data Variables for Equating the SFA and Approximate FORM
Variable Value or Range
Vg 0.00-0.40
Vp 0.10
A 0.327
Yo't 1.2
'YLTT 1.6
OR 1.00
) 1.05
& 0.78"
T Value from Schmidt and Bartlett (2002)
T Values from ASCE 7 (2022)

in the recalibration study (i.e., the Table 3 values) is that
a wider range of Vp is utilized in this case, with the intent
of capturing the behavior of the reliability methods outside
the typical range (i.e., for values of Vy exceeding 0.30 and
approaching zero).

As noted before, the typical range for the live-to-dead
load ratio in many steel applications is 1.0 < L,,/D,, < 3.0
(some studies extend the lower bound to zero). This range
is often used to calculate and plot ¢ for a chosen Bz (or vice
versa) using approximate FORM in modern reliability stud-
ies. Hence, this study considers L,,/D,, = 1.0, L,,/D,, = 2.0,
and L,,/D,, = 3.0 as three discrete cases. Given the values
in Table 8, Vj is equal to 0.148, 0.195, and 0.223 for each
L,,/D,, respectively.

To determine values of ok that establish equality between
the SFA and approximate FORM, Equation 26a and Equa-
tion 35 (i.e., the equations for ¢spa and Ororm) are equated
and rearranged for ok:

_ Yp +YL (Lm Dy,) _ 2 2
- In |:8D 5, (Lm/Dm) exp( SNAZ: +Vy ) .
o BVk

Using Equation 37 and the values in Table 8, o-values were
calculated over the specified range of V. Figures 8(a)—8(c)
show the results for B = 3.0, B = 3.5 and = 4.0, respec-
tively, and the aforementioned L,,/D,, ratios.

In the Figure 8 plots, the dotted vertical line represents
the limit on Vy indicated by Ellingwood et al. (1980), while
the dashed horizontal line represents the indicated value
of o (or o as indicated in the figures). For the value of
Vr where the dashed line intersects one of the curves, the
o-value corresponding to the dashed line will give equality
between the SFA and approximate FORM at that L,,/D,,.
When one of the curves falls above the dashed line, this

122 / ENGINEERING JOURNAL / THIRD QUARTER / 2025

means that a higher o-value than that indicated on the line
is required for equality, and thus the SFA using the o-value
on the line (0.55 for B = 3.0, 0.70 for B = 3.5, and 0.80 for
B =4.0) will give unconservative results (i.e., higher values
of ¢). When a curve falls below the line, the opposite is true:
A lower o-value is required for equality, and the SFA using
the a-value on the line gives conservative results (i.e., lower
values of ¢).

The o-values that represent the dashed lines displayed
in Figures 8(a)—8(c) were chosen based on the results of the
previous studies and by inspection of the plot trends. They
represent the o-values that would somewhat minimize the
magnitude of the error between Ospa and ¢rorm for each
B, prioritizing the case of L,,/D,, = 3.0 (given by the blue
curve) at which LRFD and ASD give equivalent struc-
tural reliability (AISC, 2022). This rationale assumes that
the goal is to achieve the best agreement with approximate
FORM, which is not necessarily the ideal result within the
philosophy of SFA, as the aim of the SFA is to minimize
the error in 6,. However, considering the greater accuracy
of approximate FORM, this approach is appropriate.

Figures 8(a)—8(c) both show that, as Vi approaches
zero, the required o for equality diverges, beginning at
around Vi = 0.05 for Figure 8(a) and V; = 0.10 for Fig-
ures 8(b) and 8(c). Because the divergence approaches +eo,
the SFA becomes increasingly unconservative when using
the a-value corresponding to the dashed line. This aligns
with the observation made in the previous study: Because
Vg <0.10, the SFA gave unconservative values compared to
approximate FORM.

The most prominent observation from the two previous
studies is strongly supported by the results found here: that
higher reliability indices warrant the use of higher values
of o for use of the SFA. This and other observations are
reflected in the following recommendation.



Recommendation

Based on the preceding findings, use of the SFA to calcu-
late resistance factors for steel members and components is
recommended as follows:

8zexp(=0.55BV,); 0.05<V, <0.30, p=3.0
0 =1 8,exp(=0.70BV,); 0.10<V, <0.40, B=3.5 (38)
8 exp(=0.80BV,); 0.10 <V, <0.40, B=4.0

The limits imposed on Vg ensure that the SFA will give sat-
isfactory agreement with approximate FORM and prevent
unconservative results. The scope of this work is limited

Separation Factor, o

0 1 1 §
0 0.1 0.2 0.3 0.4

COV of the Resistance, Vj

to steel component reliability and a load case containing
only dead and live loads, so the recommendation should
be utilized accordingly. Beyond these limits, it is recom-
mended to rely on more accurate reliability methods, such
as approximate FORM or Monte Carlo simulation.

CONCLUSIONS

A comprehensive overview of the origin, initial derivation,
and later development of the separation factor approach
(SFA) has been summarized herein. From the amalgama-
tion of this literature, it is found that the SFA was built on a
few key simplifying assumptions that resulted in numerical
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Fig. 8. Required separation factor for equality of the SFA and approximate FORM.
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error of as much as 16% (underestimate) in the central
safety factor, which contributes to the observed inaccuracy
of the SFA in application. It is observed that the single con-
stant separation factor, oo = 0.55, proposed by Galambos
and Ravindra (1973) was not the optimal value according
to the definition adopted by the SFA (i.e., minimization of
the error in the approximation of the central safety factor)
because it was calibrated to an atypical range of live-to-
dead load ratios. Furthermore, it is found that the error in
the approximation of the central safety factor can be better
minimized if all separation factors (0p, 0.7, O, Olg) are var-
ied independently of one another to determine an optimal
combination. When this is performed using more up-to-
date load and resistance statistics combined with a realis-
tic range of live-to-dead ratios, it is found that a value of
o ranging from 0.70 to 0.85 most effectively reduces the
approximation error distribution.

Because the SFA uncouples the load and resistance terms
while more accurate reliability methods do not, it should be
expected that these methods will yield different resistance
factors, even when both are used under optimal circum-
stances defined by their own assumptions. Despite this dif-
fering philosophy, separation factors can be calibrated such
that the SFA will be in relative agreement with more accu-
rate reliability methods under certain conditions. If agree-
ment with more accurate reliability methods at L,,/D,, = 3.0
is the favored result, it is found that oz = 0.55, oz = 0.70,
and ok = 0.80 give adequate results for reliability indices
of 3.0, 3.5, and 4.0, respectively, over specified ranges of
the coefficient of variation (COV) of the resistance, Vg, that
prevent unconservative (overestimated) resistance factors.
If accurate use of the SFA for calculating resistance fac-
tors for steel components is desired, the equation given in
Equation 38 is recommended when operating within the
specified limits of validity. This recommendation provides
a basis for more definitive guidance on resistance factor
determination in accordance with AISC 360 Section B3.1
Commentary.
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SYMBOLS

A Random variable accounting for uncertainties in the
transformation of dead load intensities into dead load
effects

A,, Meanof A
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Vew

Random variable accounting for uncertainties in the
transformation of live load intensities into live load
effects

Mean of B

Random variable accounting for the uncertainties in
the transformation of wind load intensities into wind
load effects

Mean of C

Dead load effect

Mean dead load effect
Nominal dead load effect

Random variable accounting for uncertainties in struc-
tural analysis

Mean of E

Cumulative distribution function of U
Live load effect

Mean live load effect

Nominal live load effect

Total load effect

Constituent load effect

Mean of the total load effect

Nominal total load effect

Resistance

Mean resistance

Nominal resistance

Random variable denoting the total load on a member
Mean of the total load on a member
Standardized variate of Z

Coefficient of variation (COV)

COV of A

COV of the dead load effect accounting for uncer-
tainties in load transformation

COV of B

COV of the live load effect accounting for uncertainties
in load transformation

COVof C

COV of the wind load effect accounting for uncer-
tainties in load transformation



CcL

Cw

PF

o
O

Oy

COV of the dead load effect
COV of E

COV of the live load effect
COV of the total load effect
COV of the resistance

COV of the total load on a member
COV of the wind load effect
COV of the safety margin
Wind load effect

Mean wind load effect
Safety margin

Mean of the safety margin

Deterministic influence coefficient that transforms
dead load intensities into dead load effects

Deterministic influence coefficient that transforms
live load intensities into live load effects

Deterministic influence coefficient that transforms
wind load intensities into wind load effects

Subscript that can take on different load types (e.g., D,
L? W)

Probability of failure

Cumulative distribution function of the standard
normal distribution

Separation factor
Intermediate separation factor
Separation factor for determining the dead load factor

Intermediate separation factor for determining the
dead load factor

Separation factor for determining the load factor
accounting for the uncertainties in structural analysis

Intermediate separation factor for determining the load
factor accounting for the uncertainties in structural
analysis

Separation factor for determining the live load factor

Intermediate separation factor for determining the live
load factor

Separation factor for the total load effect
Separation factor for determining the resistance factor

Separation factor for the total load on a member

Oy

Br

i
Yp
YE

Yo
Tw
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o,
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€
€o
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Gan
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Oz

Separation factor for determining the wind load factor
Reliability index

Target reliability index

Load factor

Constituent load factor

Dead load factor

Load factor accounting for uncertainties in structural
analysis

Live load factor

Wind load factor

Bias coefficient

Bias coefficient for the dead load effect
Bias coefficient for the live load effect
Bias coefficient for the total load effect
Bias coefficient for the resistance
Percent error in the approximation of 3
Percent error in the approximation of 0

Percent error between ¢ using the approximate FORM
and ¢ using the SFA

Mean percent error

Median percent error

Maximum percent error

Minimum percent error

Central safety factor

Approximation of the central safety factor
Standard deviation

Standard deviation of the natural logarithm of the total
load effect

Standard deviation of the natural logarithm of the
resistance

Standard deviation of the total load effect
Standard deviation of the resistance

Standard deviation of the total load on a member
Standard deviation of the safety margin
Standard deviation of the percent error
Coefficient of skewness (COS)

Resistance factor
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Impact of Bolt Pretension on Bearing Strength for
All-Steel Members and Composite Members

JIA-HAU LIU and MICHEL BRUNEAU

ABSTRACT

Bolted connections are widely used in steel structures, and their design for slip-critical resistance and bearing strength is well documented
in past research and current standards. However, the physical behavior that explains how friction and bearing forces interact in a preten-
sioned bolted connection and how these forces evolve under axial deformation remains unclear. This paper investigates the influence of
bolt pretension on bearing strength through finite element analyses of both all-steel and composite splices [the latter one, of the type that
would be found in composite plate shear walls/concrete filled (C-PSW/CF)]. The analyses captured the behavior of bolted connection, show-
ing significant reduction in friction forces as bolt hole elongation increased. A simplified free-body diagram with contact springs was then
employed to explain the yielding and bending of bolts, the loss of clamping forces, and the thinning of plates (due to the Poisson ratio effect),
all of which contribute to the reduction of friction as hole elongation increases. Additionally, the study examines how bolt pretension affects
C-PSW/CF connections under compression, showing that concrete restricts hole deformation and allows friction forces to be sustained until

the concrete cracks and deformation progresses.

Keywords: bolted connections, bolt pretension, composite plate shear wall/concrete filled, finite element analysis.

INTRODUCTION AND BACKGROUND

olted connections are widely used in steel structures

due to their efficiency and ease of construction. The
design of these connections is sometimes governed by
two main limit states: slip-critical resistance and bear-
ing strength. Since the plies in a bearing connection are
required to be in firm contact, pretension may be applied
in a bearing connection, not only in slip-critical connec-
tions, but also in bearing-type connections. The application
of pretension induces friction between the bolts and steel
plates, which complicates the understanding of how fric-
tion and bearing stresses contribute to the overall strength
of the connection. Previous studies have investigated
bearing-type bolted connections, contributing to the devel-
opment of bearing strength parameters as outlined in cur-
rent standards (Brown et al., 2007; Frank and Yura, 1981;
Kim and Yura, 1996; Kulak et al., 1987; Lewis and Zweme-
man, 1996). According to the AISC Specification for Struc-
tural Steel Buildings (AISC, 2022b), hereafter referred to
as the AISC Specification, the calculations for bearing
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strength and slip-critical resistance of a bolted connection
are considered separately.

To compare the effect of bolt clamping forces, Frank and
Yura (1981) conducted a series of tests for specimens with
fully tensioned and not fully tensioned bolts for the bear-
ing and net section failure type connections. The findings
indicated that fully tensioned bolts exhibit a 10% higher
capacity compared to snug-tightened bolts when failure
is defined as the point when hole deformation is equal to
0.25 in. Note that the pretension in snug-tight bolts is not
reported in these studies and that there is no upper limit
on the pretension in a snug-tight bolt (although, techni-
cally, it should be low). However, no increase in capacity
was observed when failure is defined in terms of ultimate
load for the bearing-controlled connections. Kulak et al.
(1987) compared earlier bearing test results from studies by
Back and Bouwman (1959), Frank and Yura (1981), Hirano
(1970), Jones (1958), and Nunse (1959). The test results
indicated that the application of a clamping force some-
what increased the “ultimate bearing strength,” suggest-
ing partial load transmission through friction. Note that the
“ultimate bearing strength” here refers to the failure loads
observed during testing. Consequently, the “actual bearing
strength” (i.e., the portion of the total bearing strength that
is due to the contact stresses acting on a bolt hole) is lower
than the “ultimate bearing strength” calculated based on
the total applied load.

More recently, MoZe (2018) conducted a series of bear-
ing tests on bolted connections with large end distances and
bolt spacings and used finite element analysis to investi-
gate the development of friction force during axial tensile

ENGINEERING JOURNAL / THIRD QUARTER / 2025 / 127



loading of several single-bolt connections. The analyses
also included a preloaded connection with a friction coeffi-
cient of 0.15 for comparison. Results from this latter analy-
sis demonstrated that friction forces are generated between
contact interfaces during axial loading, even without bolt
pretension, and that these forces increase when the friction
coefficient is greater. The friction forces in the preloaded
connections showed no significant difference compared to
those without preload once large deformations are devel-
oped. These analysis results provided evidence that both the
forces in the bolt and the friction force stop increasing once
the bolt has yielded.

Recent research conducted by Franceschetti and Dena-
vit (2021) provides proposed formulas to evaluate tearout
strength of bolted connections. The research summarized
471 specimens of single and multiple bolts in the database
that failed in bearing and tearout. Among these specimens,
only a few of them were fully pretensioned. This study also
contains tension tests of 22 single-bolt butt splice connec-
tions with different hole types and edge distances. The test
bolt was snug-tightened, and the plies were ensured to be
in firm contact except for one specimen where grease was
applied to the faying surfaces. The report observed that the
greased specimen has a less stiff load-deformation curve
compared to the snug-tightened specimen, and the strength
of snug-tightened bolt at '4 in. and ultimate deformation are
13% and 12% greater than the greased specimen.

To expand on this knowledge and better understand the
behavior of bolted splices, research was conducted using
finite element analysis to investigate the impact of bolt pre-
tension on the bearing strength of bolted connections. The
splice components considered as part of these analyses are
steel bolted splice connections with single or double bolts,
relying on the limit state of bolt bearing strength to resist
the tension forces applied to the connected steel plates.
The objective of these analyses was to capture the physical
behavior of such connections under progressively increas-
ing tension loading up to peak bearing strength, with a
particular focus on understanding the evolution of the con-
tribution of friction forces present between the splice plates
due to bolt pretension. The subsequent discussion will high-
light key factors that contribute to the reduction of clamp-
ing and friction forces in bolted splice connections as the
applied loading is increased.

Additionally, the study explores the same behavior in
bolted splices that would be used in composite plate shear
wall/concrete filled (C-PSW/CF). This type of compos-
ite wall, which consists of two steel faceplates with a con-
crete core sandwiched between them, has been extensively
investigated in past research (Agrawal, 2020; Alzeni, 2014;
Alzeni and Bruneau, 2017; Kizilarslan, 2021; Kizilarslan
and Bruneau, 2021, 2023; Sener and Varma, 2014; Shafaei
et al., 2021; Varma et al., 2014), and is detailed in ASCE/
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SEI 7, Minimum Design Loads and Associated Crite-
ria for Buildings and Other Structures (2022), the AISC
Specification (2022b), and the AISC Seismic Provisions

for Structural Steel Buildings (2022a). The national atten-

tion generated by implementations of C-PSW/CF in seis-
mic regions has also led to interest for its use in nonseismic
regions where bolted splices are preferred over welded
splices. Consequently, numerical analyses have also been
conducted to examine the effect of pretension on bearing
strength in bolted composite splices.

FINITE ELEMENT MODELS

The section details the finite element models developed
in LS-DYNA (Hallquist, 2006) to explore the relationship
between friction and bearing in bolted connections for both
all-steel and C-PSW/CF models.

All-Steel Bolted Connections

Analyses were first conducted on all-steel bolted connec-
tions. Figure 1 shows the geometries and finite element
models of bolted splice connections relying on a single bolt
or two bolts to transfer a tension loading applied to the steel
plates, along with the reference coordinate system used for
the analyses (X, Y, and Z directions). These models consist
of faceplates, splice plates, and bolts (the term “faceplate”
is used here by analogy with the splices in C-PSW/CF
that will be addressed later). Table 1 outlines the geome-
tries used in the finite element models considered. The table
shows that the steel plate thickness, ¢ (including faceplates
and splice plates), and width, W, remain constant across all
models. W, is the net width of the connection, n denotes the
number of bolts, d and d), are the diameter of the bolt and
the bolt hole, respectively, e is the edge distance from the
bolt center to the plate edge, and § is the spacing between
bolts. The term BR in the table refers to the bearing ratio,
which can be expressed as shown in the following equation.

_AF. _WaE, W,

= ¢))
ndtF, ndtF, nd

Equivalently, BR can be defined as the net section area, A,,
divided by the total bearing area, ndt. Consequently, for a
steel plate to have a net section rupture strength greater than
a bearing strength of 3.0dtF,, the BR value must be larger
than 3.0.

All steel (plates, bolts, etc.) was modeled using the
plastic_kinematic (MAT_003) bilinear material model with
kinematic hardening, as summarized in Table 2. In all the
bolted connection models considered here, standard hole
was used. The edge distance to bolt center, e, and center-to-
center bolt spacing, S (as shown in Figure 1), have been
chosen to prevent tearout being the controlling limit state.



Table 1. Geometries of Finite Element Models
Model t (in.) W (in.) W, (in.) Rows n dp (in.) d (in.) E (in.) S (in.) BR
1 0.375 6 4.875 1 1 1125 1 4.00 — 4.875
2 0.375 6 4.875 2 2 1125 1 4.00 4.00 2.438
3 0.375 6 5.188 2 2 0.8125 0.75 4.00 4.00 3.458
4 0.375 6 5.313 2 2 0.6875 0.625 4.00 4.00 4.250
Table 2. Material Properties for Steel Parts
Possion's
Part E; (ksi) Ratio F, (ksi) F, (ksi) E; (ksi) B
Faceplates 29000 0.3 55 70 109 0.0
Splice plates 29000 0.3 55 70 109 0.0
Bolts/rods 29000 0.3 120 150 221 0.0

Using the AISC Specification (2022b), calculated strength
for the limit states of bearing strength (2.4dtF, and 3.0dtF)),
net section rupture strength (A.F,), gross section yielding
strength (A.F)), and bolt shear strength are summarized in
Table 3 for the finite element models considered. Single-bolt
(Model 1) and double-bolt (Models 2—4) connections were
considered. Three different bolt diameters were used in

Splice Plate

w

S Faceplate

Splice Plate

double-bolt connections (Models 2—4) to assess the influ-
ence of bending and shear deformation of bolts on the
development of bearing strength. Except for Model 2 where
net section failure occurs shortly after the onset of bearing
deformations, all bolted connection models are governed by
the bearing limit state.

Load

o

Faceplate

(a) Geometries and finite element model of single-bolt connection

Splice Plate

Faceplate

Splice Plate

Load

E

Faceplate

(b) Geometries and finite element model of double-bolt connection

Fig. 1. Finite element models.
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Table 3. Design Limit States of Finite Element Models (Strength for Two Bolts in Cases 2, 3, and 4)

AFy AgFy 2.4dtF, 3.0dtF, Bolt Shear Strength Governing
Model (kips) (kips) (kips) (kips) (kips) Limit State
1 128 124 63.0 78.8 133 Bearing
2 128 124 126 158 265 Gross section yielding
3 136 124 94.5 118 149 Bearing
4 140 124 78.8 98.4 104 Bearing

For all finite element models analyzed, fixed boundary
conditions were applied at one end, and a progressively
increasing axial deformation was imposed at the other
end to induce axial loading on the plates. Additionally, all
bolts were preloaded to a stress equal to 105 ksi before any
axial loading was applied to the plates. Figure 2 schemati-
cally shows the typical contact interfaces in the finite ele-
ment models. These interfaces include the contact surfaces
between steel plates, between bolts and steel plates, and
between nuts and splice plates. All these contact interfaces
in the analysis were specified using the automatic_surface_
to_surface_mortar contact model with a static interface
friction coefficient set to 0.3.

Bolted C-PSW/CF Connections

Three finite element models of bolted C-PSW/CF con-
nections were built to study the clamping effect for bolted
C-PSW/CF connections. Models T1 to T3, illustrated
in Figures 3, 4, and 5, include the corresponding coordi-
nate system (X, Y, and Z directions). These models con-
sist of faceplates, splice plates, bolts or through rods with
pipe-sleeves, tie bars, and infill concrete. The steel mate-
rial model, contact model, and boundary constraints for
these models were consistent with those used in the all-steel
bolted connection models. The material properties for the
steel elements in these bolted C-PSW/CF connection mod-
els are summarized in Table 4. The Winfrith concrete mate-
rial model (MAT_085 in LS-DYNA) was used for concrete
elements, as shown in Table 5.

The material model parameters include the elastic modu-
lus, E,, Poisson’s ratio, the concrete compressive strength,
f7, the concrete tensile strength, f;, fracture energy, FE,
and aggregate size, ASIZE. The same Poisson’s ratio of
0.2 and aggregate size of 0.5 were used in all models. The
material strengths of the steel plates and concrete were
determined from 12 coupon tests and 15 concrete cylinder
compressive tests, conducted during cyclic tension tests of
the C-PSW/CF components with bolted splices (Liu and
Bruneau, 2024). Table 6 provides information on the geom-
etry of the bolted C-PSW/CF connections and includes
details on the bearing ratio (BR), which ranges from 2.6
to 5.9 for the cases considered. The results from Models
T1 and T2 are used to investigate friction development in
scenarios where the connection is primarily governed by
bearing strength. In contrast, Model T3 is utilized for com-
parison in situations where net section yielding occurs
before the bearing strength of 2.4dtF,,.

FRICTION FORCES IN STEEL
BOLTED CONNECTIONS

Single-Bolt Connection (Model 1)

Figures 6(a) and 7(a) show the load-deformation curve
obtained from the finite element analysis of Model 1 with
and without applying bolt pretension. In these figures,
deformation is measured from end-to-end of the model. The

= Between Steel Plates

= Between Nuts and Splice Plates
= Between Bolt Shanks and Bolt Holes

Load
—_—

Fig. 2. Typical contact interfaces in the finite element model.
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Face Plates, Splice Bolts and Nuts
Plates, and Tie-Rods

2
L

T1 FEM Model

Infill Concrete

Fig. 3. Finite element model T1.

Face Plates, Splice Through Rods, Nuts,
Plates, and Tie-Rods and Pipe-Sleeves

T2 FEM Model I:::I

Infill Concrete

Fig. 4. Finite element model T2.
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Table 4. Material Properties of Steel

Possion's
Part E; (ksi) Ratio F, (ksi) F, (ksi) E; (ksi) B
Steel plates 29000 0.3 63.2 83.2 146 0.0
Bolts/rods 29000 0.3 120 150 221 0.0
Table 5. Material Properties of Concrete
Possion's
Specimen E. (ksi) Ratio £¢ (psi) f; (psi) FE ASIZE
T1 4227 0.2 5500 550 0.00187 0.500
T2 4303 0.2 5700 570 0.00180 0.500
T3 4303 0.2 5700 570 0.00180 0.500
Table 6. Geometries of Models T1, T2, and T3
Specimen t (in.) W (in.) W, (in.) Rows n dp (in.) d (in.) e (in.) S (in.) BR
T1 0.375 14 11.750 1 2 1.125 1 4.00 — 5.875
T2 0.375 14 11.750 1 2 1.125 1 4.00 — 5.875
T3 0.375 14 9.875 1 3 1.375 1.25 4.00 - 2.633

T3 FEM Model

2
S

Face Plates, Splice
Plates, and Tie-Rods

07

Fig. 5. Finite element model T3.
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load-deformation curves compare the total axial force in
the connection with the friction and bearing forces obtained
from the contact interfaces. To evaluate the impact of the
inelasticity of bolts on behavior, separate analyses were
conducted, first with the material properties of the bolts
modeled as elastic, and then using the inelastic bolt mate-
rial properties listed in Table 2. Both results considering
regular (i.e., inelastic) and elastic bolt material are shown in
Figures 6(a) and 7(a).

For the bolted connection with bolt pretension (Figure 6),
the preloaded stress is 105 ksi on 1-in.-diameter bolts, and
the pretension force, 75, is:

T, = GJ(] in.)” (105 ksi)
=82.5 kips

Therefore, the calculated slip resistance is:
2(u7,) =2(0.3)(82.5)
=49.5 kips

The value is close to the numerically obtained initial fric-
tion (51.6 kips) marked in Figure 6(a). The effective area
of bolt shanks, accounting for threads, and the D, fac-
tor were omitted for simplicity in calculating slip-critical
resistance. This simplification results in an approximately
15% overestimation of the slip-critical resistance based on
AISC Specification Equation J3-4.

After the connection slid, the bearing force started
to develop. It can be observed that as the bearing force
and deformations increased, the friction force decreased

Model 1 (Pretension=105 ksi}

150
Total
== == Friction
=-=-=-=- Bearing
Total_Elastic Bolt
- = == Friction_Elastic Bolt
----=-=- Bearing_Elastic Bolt W
100 - |
N ¥ e
g |— e TGy,
= o
8 2.4dtFu
g
Initial Friction
50 |
0
o 15 2

Deformation (in.)

(a) Load-deformation curve

simultaneously. At a deformation of 2.0 in., the maximum
axial forces for regular and elastic bolt models reached
104 kips and 109 kips, while the maximum bearing forces
reached 88.7 kips and 80.5 kips, respectively. The resid-
ual friction forces for regular and elastic bolt models were
17.5 kips and 30.4 kips at 2.0 in. deformation, representing
34% and 59% of the initial friction force, respectively. By
comparing the regular and elastic bolt material, there is an
approximate 25% loss (59% — 34%) of friction force due to
the partial yielding of bolts.

For the bolted connection without bolt pretension, as
shown in Figure 7(a), sliding occurred immediately after
applying the axial load. After sliding, the bearing and fric-
tion forces developed simultaneously, with friction induced
as a consequence of bearing. Similarly, the load-deformation
curve shows the analysis results from both regular and elas-
tic bolt models. The maximum axial forces in the regular
and elastic bolt models reached 104 kips and 112 kips at
2.0 in. deformation, while the corresponding maximum
bearing forces were 81.4 kips and 89.2 kips, respectively.
The maximum friction forces reached 28.0 kips at 0.73 in.
deformation and 37.6 kips at 1.03 in. deformation in the reg-
ular and elastic bolt models. The residual friction forces at
2.0 in. deformation were 16.2 kips and 32.2 kips in the reg-
ular and elastic bolt models, respectively, which are values
nearly identical to the case with pretension.

Figures 6(b) and 7(b) show the relationship between total
deformation (labeled “deformation”) and hole elongation
for Model 1 for the case of regular bolt material. Note that
the vertical axis in these figures represents the sum of hole
elongation from both sides of the splice. Both figures show

16 Model 1 (Pretension=105 ksi})

12

08 g

06 1

> Hole Elongation (in.)

0.4 r 1

02r 7

0 1 1 Il
o] 0.5 1 15 2

Deformation (in.)

(b) Deformation vs. hole elongation

Fig. 6. Analysis result of Model 1 (with pretension,).
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that hole elongation contributed to approximately 80% of
the total deformation (measured between the two ends of
the model). With pretension (Figure 6), when the axial load
reached the bearing strength of 2.4dtF,, the total deforma-
tion was 0.16 in, corresponding to sum of hole elongation
of 0.03 in. When the bearing force alone reached 2.4dtF,,
the total deformation was 0.87 in., corresponding to a sum
of hole elongation of 0.6 in. For comparison, without pre-
tension (Figure 7), at the same bearing strength of 2.4dtF,,
the total deformation was 0.43 in, corresponding to a sum
of hole elongation of 0.17 in. When the bearing force alone
reached 2.4dtF,, the total deformation was 0.85 in., corre-
sponding to a sum of hole elongation of 0.55 in. Sum of hole
elongation of 0.55 to 0.6 in. corresponds to individual hole
elongation of half those values. This suggests that without
friction, the bolt hole elongation at the bearing strength
of 2.4dtF, in Model 1 is close to the 0.25 in. elongation
observed in the tests by Frank and Yura (1981).

Further analysis of the results was performed to iden-
tify the causes for this progressive reduction in friction
forces. Figure 8 shows the von Mises stress distribution in
the connection at different deformation stages, illustrat-
ing the growth of the yielding “field” in the faceplate as
hole elongation increases. Figure 9 shows typical deforma-
tions of this single-bolt connection at 2.0 in. deformation.
The observed deformations in both figures around the bolt
include hole elongation, thickness changes in the plates, and
bending of plates and bolts.

A free-body diagram of the connection system showing
contact springs is presented in Figure 10. In this diagram,
nuts, splice plates, and faceplates are interconnected by
contact springs, forming a system of springs in series. The

Model 1 (Without Pretension)

150
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0 0.5 1 1.5 2

Deformation (in.)

(a) Load-deformation curve

spring constant is determined based on the stiffness fac-
tor, k;, defined in the LS-DYNA theory manual (Hallquist,
2006). The stiffness factor, k;, is given in terms of the bulk
modulus, K;, the volume, V;, and the face area, A;, in the
contact interface. Based on the findings from Kizilarslan
and Bruneau (2023) and Polat and Bruneau (2018), it was
recommended that the contact stiffness in the model be set
to 10 (fi; = 10) to prevent slippage of the concrete core under
large deformations. Note there is no gap for the contact
spring in the bolted connection studied here. Upon applying
axial deformations to the connection, relative movements
develop between the plates, and the faceplate undergoes
substantial hole elongation, as illustrated in Figure 11. As
this occurs, the initial contact spring loses contact area and
contact stiffness due to hole elongation and thinning of the
faceplate in tension due to Poisson’s effect (Figure 12). Fig-
ure 13 highlights the thickness change around bolt holes in
the spliced plate at three different positions (P1, P2, and
P3, respectively located at the left, middle, and right end
of the bolt hole), and Figure 14 shows the thickness change
along with the axial deformation of the connection. These
show an increase in the spliced plate thickness as it is com-
pressed by the bolts in bearing. This increase in the thick-
ness of the faceplate at the bolt bearing point increases the
distance between the bolt head and the nut on that one side
of each bolt, resulting in bolt bending and yielding (Fig-
ure 15). These factors collectively influence the behavior of
the contact springs on both sides of the bolt. A net reduc-
tion in contact forces results in decreased clamping and
friction forces. These behaviors contribute significantly to
the reduction in friction observed across all finite element
models.

16 Model 1 (Without Pretension)

1.4

1.2

-
T

2 Hole Elongation (in.)

0 I 1 1
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Deformation (in.)
(b) Deformation vs. hole elongation

Fig. 7. Analysis result of Model 1 (without pretension,).
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Fig. 8. Von Mises stresses of Model 1 at different deformations (bolt shank not shown).
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Fig. 10. Free-body diagram of spring system of bolted connections (preload stage).
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Fig. 11. Free-body diagram of spring system of bolted connections (preload and deformed stages).
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Fig. 12. Deformation of connection Model 1 (bolts not shown).
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Fig. 13. Thickness change around bolt holes (Model 1).
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Figure 16 shows the history of clamping stress vectors
at different values of connection axial deformation. For
the reasons mentioned earlier, the clamping stress vectors
on the right (the side where the hole elongates in that fig-
ure) lost contact area and stiffness, resulting in a signifi-
cant reduction in magnitude of the stress vectors with the
application of axial deformation. Simultaneously, the thick-
ness of the faceplate around the bolt hole became thinner
there, leading to reduced clamping stresses around the bolt
hole. Figures 17 and 18 show the 2D distribution of these
clamping and friction stress vectors on a splice plate and
the faceplate, respectively. Similarly, the clamping stress
vectors are shown to significantly reduce as hole elonga-
tion increase. Figure 19 shows the variation in the clamping

force and bolt tensile force as a function of bolt hole elon-
gation. The clamping force decreased from initial value of
85 kips to 31 kips as the hole elongated to 0.8 in. deforma-
tion, and the axial force in the bolt correspondingly reduced
by the same amount.

Double-Bolt Connection (Model 2 to Model 4)

As mentioned earlier, Models 2, 3, and 4 were used for
investigating the clamping effect considering various bolt
diameters (1 in., 3 in, and % in. in Models 2, 3, and 4,
respectively), with a BR ranging from 2.44 to 4.25. As previ-
ously noted in Figure 9, Model 1 exhibited some bolt bend-
ing behaviors. Consequently, there was interest in exploring
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Fig. 14. Thickness change around bolt holes (Model 1).
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Fig. 15. Bending and yielding of bolts (Model 1).
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Fig. 16. Elevation views of contact interfaces showing clamping stress vectors (Model 1).
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Fig. 17. Normal and friction stresses on the surface of the splice plate (Model 1).
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this behavior under double-bolt connections in Models 2—4.
The aim was to assess whether the bending of bolts will
be mitigated in these configurations and to understand the
influence on the development of friction. Figures 20-22
show the load-deformation curves of the finite element
analysis for Models 2—4. Table 7 provides the calculated
slip resistance for the models.

In Model 2 (Figure 20), the calculated slip resistance
and numerically obtained initial friction force are 99.0 and
97.7 kips, respectively. After the connection slip, the bear-
ing force started to develop, reaching its maximum value at
the end of the analysis (arbitrarily stopped at 2.0 in. defor-
mation). As mentioned in Table 3, the governing limit state
in Model 2 is gross section yielding. Accordingly, the total
axial force reached a plateau near 120 kips after 0.4 in.
deformation, closely approaching the gross section yield-
ing strength. The peak total axial force reached 125 kips
at a deformation of 2.0 in., exceeding the gross section
yielding strength of 124 kips and approaching the bear-
ing strength of 2.4dtF),, set at 126 kips. At 2.0 in. deforma-
tion, the residual friction force is 40 kips, representing a
59% reduction compared to the initial friction force. When
comparing Models 1 and 2, both featuring 1 in. bolt diam-
eters and including single-bolt and double-bolt connections,
it is observed that the residual friction in Models 1 and 2
is 34% and 41% of their initial friction force, respectively.
This suggests that there is a greater reduction in friction
in single-bolt connections compared to double-bolt connec-
tions under large bolt hole deformation due to bearing.

In Model 3 (Figure 21), the calculated slip resistance
and numerically obtained initial friction force are 55.7
and 52.7 kips, respectively. The bearing force developed
after connection slip, and it reached 2.4dtF, at 0.8 in.

Normal

Friction

D=0.2in.

Preload Stage

D=1.0in.

deformation. Concurrently, the total axial force reached the
bearing strength of 2.4dtF, at a deformation of 0.23 in., and
it achieved the bearing strength of 3.0dtF, at a deformation
of 0.89 in. The peak total axial force reached 127 kips at
2.0 in. deformation, which is larger than the gross section
yielding strength of 124 kips. Meanwhile, the residual fric-
tion force was 18 kips, representing a 66% reduction com-
pared to the initial friction force.

Finally, for Model 4 (Figure 22), the calculated slip
resistance and initial friction force are 38.7 and 37.0 kips,
respectively. The bearing force developed after connection
slip, and it reached 2.4dtF, and 3.0dtF, at 0.51 and 0.81 in.
deformations. Meanwhile, the total axial force attained the
bearing strength of 2.4dtF, at a deformation of 0.29 in., and
it achieved the bearing strength of 3.0dtF, at a deforma-
tion of 0.61 in. The peak total axial force attained 126 kips
at 2.0 in. deformation, surpassing the gross section yield-
ing strength of 124 kips. At that point, the residual friction
force was 8 Kkips, representing a 78% reduction compared
to the initial friction force. Table 8 compares Models 24,
which have bolt diameters of 1.0, %, and % in., respectively.
It lists the maximum axial forces at a 2.0 in. deformation
as well as the initial and residual friction forces. Notably,
the residual friction forces in Models 2—4 are 40, 18, and
8 kips, respectively, representing 41%, 34%, and 22% of
their respective initial friction forces. The data show that
smaller bolt diameters lead to greater reductions in friction
due to their increased bending and shear deformations in
bolted connections.

Figures 23-25 show the von Mises stresses distribution
of these models at different deformation stages, highlight-
ing the progressive yielding on the plates. As previously
noted, the peak axial forces in Models 2—4 reached the
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Fig. 18. Normal and friction stresses on the surface of the faceplate (Model I).
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gross section yielding strength, leading to observable
whole section yielding around the inner bolts. In contrast,
Model 1, which features a single-bolt connection and is
shown in Figure 8, did not achieve its gross section yield-
ing strength. In this model, yielding initiated around the
bolt and extended toward the free edge, illustrating a dif-
ferent pattern of bearing stress distribution compared to the
double-bolt connections.

Figure 26 shows the deformation of double-bolt con-
nections (Models 2—4) at 2.0 in. deformation. Recall that
these models have various bolt diameters, equal to 1, 3%,
and % in. in Models 2, 3, and 4, respectively. It is noticeable
that as the bolt diameter decreases, the bolt shanks exhibit
more pronounced bending behavior (although, in Model 2,
behavior was more dominantly governed by plate yielding
rather than bolt bearing). Figure 27 shows the deformation
of Model 3 (design governed by bearing) without show-
ing the bolt shanks, providing a clearer view to observe the
thickness change around bolt holes at locations identified
as Bolt 1 and Bolt 2 in the figure. It can be observed that
the bolt hole elongation is larger at location Bolt 1 (closer
to the edge of splice plates), while the elongation is smaller
at location Bolt 2 (closer to the center of the splice plates).

Recall from Figure 11, that as axial deformations are
applied to the connection, relative movements occur
between the plates, resulting in significant hole elongation
in the faceplate. Figures 28-30 show the history of clamping

stress vectors over axial deformation in Models 2—4. In the
case of Model 2, where the design is governed by gross sec-
tion yielding, the hole elongation of Bolt 2 is significantly
less than that of Bolt 1. Therefore, the reduction of clamping
stress vectors at Bolt 2 is less significant than at Bolt 1. Con-
versely, in Models 3 and 4, where the design is governed by
bearing with smaller diameters of bolts, the bolts experi-
ence more bending, and the bolt holes have larger elonga-
tions, resulting in a more significant loss of clamping stress
vectors. This phenomenon can also be observed by plotting
the clamping force to hole elongation curves as shown in
Figures 31-33. Also, the same conclusions were found by
observing the clamping and friction stress vectors on the
splice plate and faceplate as shown from Figures 34-39.

FRICTION FORCES IN BOLTED
C-PSW/CF CONNECTIONS

Bolted C-PSW/CF Connections in Tension

Six cyclic C-PSW/CF components with bolted splices
were tested by Liu and Bruneau (2024) to investigate the
cyclic axial behavior of such splices in composite mem-
bers. Results from the three specimens (T1-T3), for which
bearing strength was the governing limit state, have been
used here for comparison with the finite element analyses to
investigate the impact of bolt pretension in this application.
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Fig. 19. Clamping force and bolt hole elongation curve (Model 1).
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Fig. 21. Total axial force and friction force of Model 3.
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Table 7. Calculated Slip Resistance for Models 2, 3, and 4

Model Pretension T}, (kips) Slip Resistance (kips)
2 82.5 99.0
3 46.4 55.7
4 32.2 38.7

Table 8. Initial and Residual Friction Forces in Models 2, 3, and 4

Maximum Axial Force Initial Friction Force Residual Friction Force
Model (kips) (Kips) (kips)
2 125 97.7 40.0
3 126 52.7 18.0
4 125 37.0 8.0

Figures 40—42 present analysis results for Models T1-
T3 (defined previously), showing the total axial forces
and friction forces as a function of axial deformation. In
these figures, the blue lines represent the results obtained
from cyclic tension tests of the CPSW/CF components with
bolted splices (Liu and Bruneau, 2024). The FEM analysis
considers different pretension values in the bolts or through
rods of the C-PSW/CF connections, with corresponding

test results included in the figures. More specifically, the
analyses of Models T1-T3 consider three pretension stress
values—namely, 0 ksi (no pretension), 52.5 ksi (50% pre-
tension), and 105 ksi (full pretension). These values corre-
spond to axial forces of 0, 41.23 kips, and 82.5 kips for the
1-in.-diameter bolts/rods used in Models T1 and T2, and 0,
64.4 kips, and 129 kips for the 1%-in.-diameter rods used
in Model T3.
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Fig. 22. Total axial force and friction force of Model 4.
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Fig. 23. Von Mises stresses of Model 2 at different deformations (bolt shank not shown).
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Fig. 24. Von Mises stresses of Model 3 at different deformations (bolt shank not shown).
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Fig. 25. Von Mises stresses of Model 4 at different deformations (bolt shank not shown).
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The behaviors of steel bolted connections and C-PSW/
CF bolted connections in tension show similarities. In both
types, the bearing force begins to develop after connection
slip, and the friction force starts decreasing following the
development of the bearing force. In Models T1 and T2
(bearing-controlled case), the total axial forces reached
2.4dtF, and 3.0dtF, at axial deformations of approximately
1.3 and 1.2 in., regardless of the applied pretension values.
For Model T3 (net section yielding-controlled case), the
peak axial load reached net section yielding strength A F) at
deformations of 0.2, 0.55, and 0.82 in., for the cases of bolts
pretensioned to values of 105, 52.5, and 0 ksi, respectively.
The axial loads in the models plateaued after reaching net
section yielding. Subsequently, regardless of pretension

Model 4

values, the axial load reached the bearing strength of
2.4dtF, at deformation of 1.5 in.

While the curves indicate a significant drop in friction
forces as axial deformation increases, regardless of the ini-
tially assigned pretension value, it can be observed there
is no significant difference in the residual friction forces
among each model under large axial deformation of con-
nections—that is, when the connections reach their maxi-
mum bearing strength. Figure 43 shows the development of
clamping stress vectors in Model T2, exhibiting a reduc-
tion behavior similar to the one described in the case of
pure steel bolted connections. Figure 44 shows the clamp-
ing force versus bolt hole deformation curve for Models T1—
T3, each under a pretension value of 52.5 ksi. The initial
clamping forces for Models T1-T3 are 38, 38, and 55 kips,

Bolt Diameter = 1in.

Bolt Diameter = 3/4 in.

Bolt Diameter = 5/8 in.

Fig. 26. Deformation of double-bolts connections (deformation = 2.0 in.).

Bolt Diameter = 3/4in.

Preload Stage
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Bolt 2

Bolt1

D=2in.

Fig. 27. Deformation of connection Model 3 (bolts shank not shown).
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while the residual clamping forces are 16, 18, and 30 kips,
respectively, representing 42%, 47%, and 55% of the initial
clamping force. Models T1 and T2 show similar reductions
in clamping force, likely due to having identical bolt num-
bers and diameters. Model T3 exhibits a smaller reduction
in clamping force, likely due to its lower BR.

Bolted C-PSW/CF Connections in Compression

When a C-PSW/CF bolted connection is in compression,
the high strength and stiffness of concrete contribute sig-
nificantly to the axial load capacity. Model T1 was chosen
to numerically explore the friction force that develops in
the bolted splice region between the steel components as
well as between the steel and concrete when the C-PSW/CF
connection is in compression. The pretension value of this
model was set at 55 ksi for 1-in.-diameter bolts. To simulate
the lateral confinement in real wall scenarios, an additional
side restraint was applied to the models.

Figure 45 shows the load-deformation curves obtained
from the finite element analysis of Model T1 in compres-
sion in terms of the total axial force, the axial force in steel,
and the axial force in concrete. The steel plates started slid-
ing at a deformation of —0.01 in, corresponding to an axial
load in the steel equal to 100 kips (labeled as P; in the fig-
ure), and the concrete resisted 261 kips (70% of the total
axial load). At this point, the total axial load, Py, reached

1,

—372 kips. For comparison, the theoretical axial load in
steel and concrete, Pg; and P¢, predicted using relative
elastic stiffness are:

PT1 = -372 kips

E A,
Pri———
EA;+E A,
=-85.6 kips

()

P = ©)

E A,
EA; +E.A.
=-286 kips

@

Pei = Pry

where the Young’s modulus of steel and concrete, E; and E,,
are equal to 29,000 ksi and 4,227 ksi, respectively, and the
area of steel and concrete, A; and A_, are 7 in. and 161 in.z,
respectively.

The member axial stiffness did not change signifi-
cantly after sliding of steel plates started, and the concrete
alone resisted the additional axial load. At a deformation
of —0.04 in, when the total axial load reached —993 kips
(labeled as P, in Figure 45), some concrete cracks were
observed at this point as the infill concrete elements reached
its compressive strength (5,500 psi), as shown in Figure 46,
leading to a significant change in axial stiffness. At that
point, the concrete resisted —871 kips, which is 88% of the
total applied axial load. Peak strength for the connection
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Fig. 28. Elevation views of contact interfaces with clamping stress vectors (Model 2).
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Fig. 29. Elevation views of contact interfaces with clamping stress vectors (Model 3).

TopofSP1  Bolt Diameter = 5/8 in.

Bot. of SP1/Top of FP
Top of SP2/Bot. of FP

Bot. of SP2 Pressure Vectors
1.608e+05
Preload Stage 1.447e+05]
W ‘ 1.287e+05 _|
1.126e+05 _
9.650e+04
8.042e+04
coiel b 6.433e+04
D=10in. 4.825e+04
¥ 3.217e+04
, 1.608e+04
0.000e+00

Bolt 2 Bolt 1

'1! ..

¥ Bolt 1

D=20in.

Fig. 30. Elevation views of contact interfaces with clamping stress vectors (Model 4).
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Fig. 31. Clamping force and bolt hole elongation curve (Model 2).
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Fig. 32. Clamping force and bolt hole elongation curve (Model 3).
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Fig. 33. Clamping force and bolt hole elongation curve (Model 4).
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Fig. 34. Normal and friction stresses on the surface of the splice plate (Model 2).
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Fig. 35. Normal and friction stresses on the surface of the faceplate (Model 2).
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Fig. 36. Normal and friction stresses on the surface of the splice plate (Model 3).
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Fig. 37. Normal and friction stresses on the surface of the faceplate (Model 3).
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Fig. 39. Normal and friction stresses on the surface of the faceplate (Model 4).
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Fig. 40. Force-deformation curve of Model T1 with different pretensions.
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Fig. 41. Force-deformation curve of Model T2 with different pretensions.
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was 1,126 kips, reached at —0.2 in. deformation. For com-
parison, the nominal axial strength of the connection can
be calculated as:

Pr, = AyF, +0.85A.f/ 5)
=—1,194 kips

where the compressive strength of concrete, f/, is equal to
5.5 ksi. The peak strength reached by the numerical model
is less than this value because the strength of the steel splice
is governed by bearing, which developed at stresses over
the plate cross section, Ay, of less than Fy. For comparison,
at peak total strength in the numerical model, the average
stress developed in the steel and concrete area was —17.5 ksi
and —6.32 ksi, respectively. At that deformation level, bolts
are bearing on the bolt holes but have not produced large
hole deformations yet, as shown in Figure 47.

To investigate the load-transfer mechanisms that develop
in the splice region, Figures 48 and 49 provide global and
local free-body diagrams of the forces between steel plates
and between steel and concrete there. All force components
shown in the free-body diagrams are plotted in Figures 50
and 51. The force equilibrium formulas are presented below,
and Figure 52 shows the results of these formulas, confirm-
ing compliance with force equilibrium.

sumGl = Ppp — Fy.5 + Fs — Pspy — Pspy 6)

sumG?2 = Ppp + F,1 + Foy — F5 — (7
B+ By + B3 — Psp1 — Pspa

sumLl = F.  + F.4 + B — Psp; 8)

sumL2 = Ppp — By — F;o — F3 &)

suml3 = F,3 + F,4 — F.5+ Prp + B3 — Psp> (10)
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At the initial stage (before connection slip and at—0.01 in.
deformation), the axial forces Pgp, Pspy, and Pgp, were 46.2,
27.6, and 22.0 kips, respectively. At this stage, the friction
forces F,, and F,3, each contributing 23.1 kips, reached their
slip-critical state. Meanwhile, the friction forces F,; and F4
were —0.9 and 4.2 kips, respectively. After the connection
slip, the axial forces Ppp and Pgp;, and the friction forces
F,, and F,; remained unchanged as they were in plateau.
However, the axial force Pgp, and friction force F,4 kept
increasing and plateaued at 42.7 and 20.0 kips at a deforma-
tion of —0.05 in. At this point, the contact force Fg acting on
the nuts reached 17 kips.

It can be observed that the bearing force B initiated at
a deformation of —0.12 in. and continued to increase until
it plateaued at 45 kips at —0.17 in. deformation. During this
period, the axial force Ppp increased to 87 kips, and the
axial force Pgp; rose to 42 kips, approaching the magni-
tude of Pgp,. Concurrently, the friction force F,; changed
from —3.3 to 20.7 kips, reaching its plateau at deformation
of —0.17 in. Furthermore, the contact force Fs changed from
11.3 to -2 kips. At a deformation of —0.23 in., the bearing
forces acting on splice plates (B, and B3) began to develop.

In other words, the sequence of events can be described
as follows: When the axial load on the faceplate, Ppp,
increased to the slip-critical resistance of bolts at a defor-
mation of —0.01 in., the sliding intended to occur on the
friction forces between faceplate and splice plate (F,, and
F,3). However, the sliding was prevented because the nuts
embedded inside concrete could not move. Between defor-
mation of —0.01 to —0.05 in., the friction force between
the bolt nut and inside splice plate, F,4, the contact force
between the bolt nut and concrete, Fg, and the axial force
on the inside splice plate, Pgp, continued to increase to a
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Fig. 42. Force-deformation curve of Model T3 with different pretensions.
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plateau at a deformation of —0.05 in. After the bolt shank
started touching bolt holes at a deformation of —0.12 in.,
the axial forces on the faceplate and splice plate, Prp and
Pgp1, bearing force on the faceplate, By, and friction force
between the bolt head and the outside splice plate, F,q,
started to develop. These forces increased to a plateau until
the bearing force on the faceplate, B, reached its plateau at
a deformation of —0.17 in. Finally, at —0.23 in. deformation,
the axial forces on the faceplate, Prp, and the axial forces
on the splice plates, Psp; and Pgp,, increased again as the
bearing forces splice plates, B, and Bs, started to develop.

During the preceding compressive deformation, the fric-
tion forces did not experience a significant reduction com-
pared to the connection subjected to tension because the
hole elongations are limited due to the presence of the
concrete.

SUMMARY AND CONCLUSIONS

This study explored the effect of bolt pretension on bearing
strength in bolted connections of all-steel and C-PSW/CF
models through finite element analysis. Finite element mod-
els and simplified free-body diagrams with contact springs
were used to examine the relationship of the clamping and
bearing stress development in bolted connections. For con-
nections under tension, friction forces generally decrease as
the bolt hole elongation increases due to combined effects
of the inelastic deformation and bending of bolt shanks, loss
of contact area and stiffness in the initial contact springs,
and thinning of the faceplates in tension due to Poisson’s
effect. These factors significantly impact the development

of friction, indicating that for design, the bearing strength
and slip-resistance strengths cannot be combined to calcu-
late the overall strength of a bolted connection. In a bolted
C-PSW/CF connection subjected to compression, the elon-
gation of bolt holes due to bearing forces is restricted. Ini-
tially, the friction force reaches its slip-critical resistance,
after which the axial force is transferred to the concrete.
As the concrete reaches its compressive strength and begins
to crack, its contribution diminishes, leading to the devel-
opment of slip in the steel connection. The friction forces
remain at a plateau before significant slip deformation
occurs. While the creep effect of concrete is beyond the
scope of this study, it is not anticipated to have a significant
effect other than possibly slightly delaying the transfer of
axial force to concrete once the friction force reaches its
slip-critical resistance. Creep should not impact pretension
when the material within the grip of the bolts is all steel, but
it is unknown whether it could lead to a loss of pretension
for the case of through rods with pipe-sleeves. This does not
affect the conclusions of this study but may be investigated
in future research.
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