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T he authors of the paper are to be commended for studying 

various issues related to the use of moment gradient co-

effi cients for estimating lateral-torsional buckling strength. 

By comparing approaches used in different specifi cations 

(historically and in other countries’ codes) and by quanti-

fying defi ciencies in empirical formulations, they have pro-

vided an opportunity for practicing engineers to understand 

the limitations of the 2005 AISC Specifi cation (AISC, 2005). 

An important conclusion of the paper is that empirical rela-

tionships for estimating moment gradient coeffi cients can be 

unconservative in some cases and may be too aggressive for 

design purposes.

Clark and Hill (1960) elegantly presented the use of coef-

ficients to extend the uniform moment case. This extension 

had a theoretical basis corresponding to the minimum poten-

tial energy solution for the buckling moment. It also includ-

ed tabular data for common cases, which have been widely 

published. The formulation was completely general in that it 

provided a means of calculating coefficients without placing 

any assumptions on the beam twist and lateral displacement. 

However, direct evaluation of the required definite integrals 

is practically limited to cases that are closely approximated 

by a single half-sine or half-cosine curve (corresponding to 

either fixed or free torsional-rotation boundary conditions). 

This approach is adequate for the majority of cases in com-

mon use, but it is not necessarily accurate in cases that are 

largely anti-symmetric. Historically, the specifications have 

relied on empirical relationships for estimating the moment 

gradient coefficient Cb in order to bypass the need for evalu-

ation of definite integrals.

Wilkerson (2005) presented a family of approximate re-

lationships with varying accuracy that have estimable error 

and are therefore suitable for general use. The basis for the 

method was a form of quadrature, or numerical integration, 

which was tailored for the application by choosing weighting 

constants so that the error was exactly zero if the integrand 

was piecewise-equal to the function in the assumed quadra-

ture rule (either the trapezoidal rule or Simpson’s rule). It 

was shown in that paper that two approximate relationships 

would be sufficient for the estimation of Cb for cases of (1) 

linearly (or nearly linearly) varying loads and (2) concen-

trated loads. The latter expression recognized nonsmooth-

ness in the moment diagram and the potential for large errors 

when using only moment data, and thus included the use of 

shear data to increase the accuracy. Abrupt discontinuities in 

the moment diagram were not addressed (no current method 

other than finite element modeling is able to give accurate 

results in these cases).

Both expressions were derived as “quarter-point” methods 

to simplify the procedure, but the derivations were general 

enough to be used for the development of more refined mod-

els. It was determined by studying the error in estimation of 

the definite integrals that the use of higher order derivative 

information (i.e., shears) had a greater effect on reducing 

the error than could be realized by adding additional mo-

ment data. Using the terminology of the original paper and 

the 2005 AISC Specification, the recommended expressions 

were as shown here:

For cases with linearly varying loads only:
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where VA, VB, and VC were shears corresponding to the 

quarter-point moments, and the sign convention for shears 

and moments followed a “strength of materials” approach 

consistent with the relationship M(z) = ∫zoV(x)dx. It was dem-

onstrated by comparison with 10 cases from Clark and Hill 

that the use of an upper bound on Cb of 2.6 was sufficient to 

limit the error to no more than 10% for various linear and 

nonlinear moment diagrams.

Additionally, Wilkerson (2005) made recommendations 

on the use of a second coefficient to include the effects of 

load position when not located at the shear center of the 

beam. It was demonstrated through the use of finite ele-

ment modeling that the recommendations in the 2005 AISC 

Specification for the consideration of an unbraced beam 

loaded at the top flange were sometimes unconservative. 

Moment strength was overestimated by as much as 43% in 

cases reviewed. The paper gave approximate expressions for 

evaluation of the load position coefficient, Ca, in cases with 

linearly varying and concentrated loads. The expressions for 

this coefficient were derived similarly to those for Cb by ap-

proximating the definite integrals developed by Clark and 

Hill. The incorporation of load position into the evaluation 

of moment strength requires an extension to the usual equa-

tion for critical moment. A preliminary section in Wilker-

son (2005) included a derivation of this expression based on 

the differential equations for lateral-torsional buckling of a 

transversely loaded beam.

It is the writer’s hope that this discussion will further en-

courage adoption of a more rigorous approach to the estima-

tion of coefficients that extend the uniform moment strength 

solution to the more general cases needed for everyday 

design. Because approximate relationships are clearly nec-

essary to allow for a practical implementation of this exten-

sion, the writer advocates the use of methods that have a 

basis in theory with reliable error estimates, such as those 

derived in Wilkerson (2005).

REFERENCES
AIS  C (2005), Specifi cation for Structural Steel Buildings, 

ANSI/AISC 360-05, American Institute of Steel Con-

struction, Chicago, IL.

Cla rk, J.W. and Hill, H.N. (1960), “Lateral Buckling of 

Beams,” Journal of the Structural Division, American So-

ciety of Civil Engineers, Vol. 86, No. ST7, pp. 175–196.

Wilkerson, S.M. (2005), “Improved Coeffi cients for Elas-

tic Lateral-Torsional Buckling,” AIAA 2005-2352, 

46th AIAA/ASME/ASCE/AHS/ASC Structures, Struc-

tural Dynamics & Materials Conference, April 2005, 

Austin, TX.

Won  g, E. and Driver, R.G. (2010), “Critical Evaluation of 

Equivalent Moment Factor Procedures for Laterally Un-

supported Beams,” Engineering Journal, American Insti-

tute of Steel Construction, Vol. 47, No. 1, pp. 1–20.

279-280_EJ4Q_2010_23D.indd   280279-280_EJ4Q_2010_23D.indd   280 2/21/11   4:58 PM2/21/11   4:58 PM



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
    /Frutiger-Bold
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF0053007500700070006f0072007400730020006c0061007900650072007300200061006e00640020007400720061006e00630070006100720065006e00630079>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


