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GEORGE PINGUS 

A RECENT DESCRIPTION OF the method of combining 

mechanisms in plastic analysis has been presented.1 

Further refinements in the use of the method have been 
developed and are presented herein. These include the 
use of a sign convention in determining plastic rotation 
angles and a tabular arrangement for the ultimate load 
of independent and combined mechanisms arising out of 
two independent mechanisms. Constant comparison of 
the magnitude of the ultimate loads is then possible 
while the use of the sign convention in calculating the 
ultimate loads of composite mechanisms immediately 
eliminates some of the possible combinations from con­
sideration. 

INTRODUCTION 

Several textbooks on plastic analysis describe the super­
position of independent mechanisms method in calcu­
lating the ultimate load of combined mechanisms.2- 3> 4> 5 

The method consists of adding appropriate independent 
mechanisms, noting cancelled hinges, and subtracting 
the corresponding internal work from the right side of 
the work equations. I t may be shown that whenever a 
hinge cancellation occurs, the ultimate load of the com­
posite mechanism is smaller than the ultimate load for 
any or all of the component independent mechanisms. 
This means that if a hinge cancellation occurs when 
combining any number of independent mechanisms, the 
particular combination must be investigated. If no hinges 
are cancelled, then the resulting ultimate load is no 
smaller than the individual ultimate loads and no 
analysis is necessary. Deciding if a cancellation can take 
place is greatly simplified using a convenient sign con­
vention for the plastic hinge rotations. 

The sign convention consists of placing a dashed, line 
on one side of all the members in the structure sketch. 
If the plastic rotation is such that the original member-
to-member or member angle decreases on the side of the 
dashed line, the rotation is negative. If the original angle 
increases, the rotation is positive. Since the internal 
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plastic moment always acts in the direction of the 
corresponding plastic rotation, the internal work at each 
plastic hinge (plastic strength times plastic hinge rota­
tion) is always positive. 

It should be noted that generally the independent 
mechanism geometric configurations and work equations 
must both be multiplied by appropriate factors to obtain 
the desired cancellations.1 

EXAMPLE 

The superposition method is used to find the failure load 
for the gable frame shown in Fig. 1. The dashed line is 
arbitrarily drawn for use as a sign convention for the 
rotations. 

The failure load is first calculated for the four inde­
pendent mechanisms shown in Fig. 2. The plastic hinge 
rotations, with appropriate signs, are also shown in the 
figure. For example, in Mechanism 4, Fig. 2(d), the total 
rotation at the corner 6 is the algebraic sum of the rota­
tion of the column 6-7, —6 because the angle on the side 
of the dashed line decreases when the column rotates, 
plus the rotation of member 4-5-6 about its instantaneous 
center of rotation, —6 because it also decreases the angle. 
The total rotation at the corner 6 is then —26. At the 
gable, the total hinge rotation will be + 2 0 ( + 0 due to 
the rotation of member 4-5-6 plus -\-6 due to the rotation 
of member 2-3-4, both increasing the original inside 
gable angle). 

L L L L 

Fig. 7. Gable frame 
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The work equations for the independent mechanisms 

are: 

Mechanism 1 

Mechanism 2 

Mechanism 3 

Mechanism 4 

2P6L = AMPd 

2P6L = AMP6 

POL = 2MP6 

AP6L = SMPB 

(1) 

(2) 

(3) 

(4) 

The ultimate loads for these four independent mecha­
nisms are listed in Table I at the intersection of 1 and 1; 
2 and 2; 3 and 3; 4 and 4. 

The combination 1-2 is seen to produce no cancella­
tion, since only the top gable hinge is common to both, 
and the individual rotations are both negative at that 
point (see Figs. 2(a) and 2(b)). A symbol NC is then 
entered in line 1, column 2, meaning no cancellation 
occurs when superposing mechanisms 1 and 2 and no 
further calculation is necessary. 

The combined mechanism 1-3 must be considered, 
since a left top column cancellation results ( — 6 + 9 = 
0). Using the superposition method: 

Mechanism 1: 

Mechanism 3 : 

2P6L = AM PB Mpd 

POL = 2MpO - Mpd 

3P0L = AMPS 

and this ultimate load is also entered in Table I. 

(5) 

(6) 

(7) 

Table I. Ultimate Loads of Independent and Complex 
Mechanisms Derived from Any 2 Independent Mechanisms 

Mechanism 1 2 3 4 

IMp/L NC 

2MP/L 

AMP/3L 

NC 

2MP/L 

9MP/$L 

9MP/8L 

MP/L 

5MP/4L 

The combined mechanism 1-4 must be considered 
since a top gable cancellation is possible. However, 
either mechanism 1 must be multiplied by a factor of 2 
or mechanism 4 must be multiplied by a factor of 3^2: 

2 X Mechanism 1: 

Mechanism 4: 

AP6L = 8MP0 

AP6L = 5MPd 

2MP6 

2MPd 

SPBL = 9MPd 

(8) 

(9) 

(10) 

The corresponding ultimate load is entered in Table I. 
By the same procedure, the combinations 2-3 and 2-4 

are analyzed and the ultimate loads entered in the table. 
Since the reverse combinations yield the same ultimate 
loads, the spaces below the diagonal in the table will have 
the same values as the symmetrical ones above the 
diagonal and may be left blank. 

2P 2P 

a) Mechanism 1 b) Mechanism 2 

^ L ? 

c) Mechanism 3 d) Mechanism A 

Fig. 2. Independent mechanisms 
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The combinations of any three independent mecha­
nisms must also be considered. The calculation is sim­
plified by eliminating those combinations that do not 
produce additional cancellations beyond those in a two-
mechanism combination. For example, 1, 2 and 3 need 
not be investigated because 1 and 2 produce no cancella­
tion while 1-3 and 2-3 have been investigated. However, 
others must be investigated. For example, the combina­
tion of 1, 3 and 4 will produce hinge cancellations at the 
top left column and at the gable. The factors that must 
multiply the geometry and the corresponding work 
equations are found by noting the canceling conditions. 
(Mechanism 1 is multiplied by a factor M while Mecha­
nism 3 is multiplied by a factor N.) In order to obtain a 
cancellation at the top left column and at the gable, the 
following conditions must be t rue: 

Top left column: M(-6) + N(+d) + ( - 0 ) = 0 (11) 

Gable: M(-6) + N(0) + (2(9) = 0 (12) 

from which M = 2 and N = 3. The first term in each 
equation is the rotation in mechanism 1, the second term 
is the rotation in mechanism 3, and the third term is the 
rotation in mechanism 4. The modified equations are : 

2 X Mech. 1: AP6L = SMP6 - 2MP6 - 2MP6 (13) 

3 X Mech. 3 : 3P6L = 6MP6 - 3MPd (14) 

Mech. 4: AP6L = 5MP6 - MPd - 2MP6 (15) 

WPBL = 9MP6 (16) 

A I S C E N G I N E E R I NG J O U R N A L 

All other combined mechanisms may be analyzed in an 
analogous manner. The combination 1-3-4 happens to 
yield the smallest ultimate load and is therefore the true 
failure mechanism. 

CONCLUSIONS 

A sign convention for plastic hinge rotations may be used 
in calculating the ultimate loads of combined mecha­
nisms when using the superposition method. One major 
advantage of the sign convention is clear identification of 
those combined mechanisms where canceled plastic 
hinges do not occur and can therefore be immediately 
eliminated. A tabular arrangement of the magnitude of 
ultimate load for independent and two-independent 
mechanisms combinations is also useful. A gable frame 
solution has been presented to illustrate the use of the 
sign convention and as a review of the general super­
position method. With the additional features, the 
method becomes an extremely powerful tool in calcu­
lating the ultimate loads of complex mechanisms. 
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