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A Comparison of the Krawinkler and Scissors Models  
for Including Beam-Column Joint Deformations  
in the Analysis of Moment-Resisting Steel Frames

FINLEY A. CHARNEY and JUSTIN MARSHALL

The significance of beam-column joint deformations on the 
overall flexibility of steel moment resisting frames has 

been known for some time (Bertero, Popov, and Krawinkler,  
1972; Becker, 1975). This is true for elastic response and 
particularly for inelastic response when shear yielding occurs  
in the panel zone region of the joint. Structural analysis 
should always include such deformations. This point is 
clearly stated in the latest design provisions for seismic anal-
ysis and design of structures (ASCE, 2002; FEMA, 2000; 
FEMA, 2004). Unfortunately, these provisions provide no 
explicit recommendations for mathematical modeling of the 
joint, even when the joint remains elastic. 

Other design documents provide ambiguous or even mis-
leading guidance. For example, FEMA 356 (FEMA, 2000c), 
states that panel zone flexibility may be modeled by add-
ing a panel zone element to the mathematical model or by 
adjusting the beam flexural stiffness. Again, no details are 
provided on how a panel zone element would be used. Fur-
thermore, the notion that the beam flexural stiffness may be 
altered to represent inelastic panel zone behavior is funda-
mentally incorrect.

FEMA 355C (FEMA, 2000a) recommends the use of two 
different joint models, known as the Krawinkler model (Kra-
winkler, 1978), and the Scissors model. Each model is based 
on simple mechanical analogs consisting of assemblages of 
rigid links and rotational springs. FEMA 355C does not pro-
vide detailed information on the use of these models. In fact, 
very few of the reference articles that describe these models 
provide specific information on how the mechanical proper-
ties that control the models (for example, moment rotation 
relationships for the springs) are to be computed. 

A far more serious problem is that several articles that re-
fer to both the Krawinkler and Scissors models incorrectly 
suggest that the spring properties derived for the Krawinkler 
model may be used directly in the Scissors model. For ex-
ample, FEMA 355F (2000b) has an illustration (Figure 4.7 
in that document) with an arrow that points to a spring in 
the Scissors model and provides an equation for the spring 
stiffness that is applicable only to the Krawinkler model. A 
more recent example is a paper by Castro, Elghazouli, and 
Izzuddin (2005) that clearly suggests that the properties are 
interchangeable.

The erroneous notion that the properties for the Krawin-
kler model may be used in the Scissors model is based on the 
assumption that, under a given loading, the rotation in the 
spring of the Scissors model is the same as the shear strain 
in the panel of the Krawinkler model. As illustrated in this 
paper, this assumption fails to recognize the significant dif-
ferences in the geometry and kinematics of the two models. 

The purpose of this paper is to remove the ambiguities and 
misunderstandings that lead to the misuse of the Krawinkler 
and Scissors models. This is done by providing detailed deri-
vations of the mechanical properties of the models and by 
demonstrating their use in the analysis of a simple moment 
resisting frame. Through this example, it is shown that the 
results obtained from the Krawinkler and Scissors models 
are very similar for elastic response but that significant dif-
ferences may occur when ductility demands are high. It is 
also shown unequivocally that very significant errors are ob-
tained when the Krawinkler spring properties are used in the 
Scissors model. The errors generally cause a significant un-
derestimate of system strength and stiffness, which will have 
a negative impact on the economy of steel moment frames. 

NOMENCLATURE

A typical interior beam-column subassemblage of a  
moment-resisting steel frame is shown in Figure 1. In the 
figure, H represents the story-to-story column height, and 
L is the width of a typical bay. The shear force acting on 
the columns, VC, is the average of the actual shears in the 
columns above and below the joint. The subassemblage is 
in equilibrium under the loads shown if the moments at the 
mid-span of the beams and mid-height of the columns are 
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zero. This has been enforced in the subassemblage by in-
serting real hinges at mid-height of the columns above and 
below the joint and by inserting hinges at mid-span of the 
beams on either side of the joint. 

It is assumed that the size and span of the beams on either 
side of the column are the same and that a single column 
section is used over the full height. The column runs through 
the joint, and the beams are welded to the column flanges. 
A doubler plate may be used to reinforce the panel zone.  
If used, the doubler plate is assumed to act integrally with 
the column web and to have the same yield strength as  
the web. 

The terms α and β in Figure 1 represent the ratios of the 
effective depth of the column to the span length and the ef-
fective depth of the beam to the column height, respectively. 
In this paper, the effective depth of a section is defined as the 
distance between the center of the flanges. Thus

 =
−d t

L
C fC

 (1)

 =
−d t

H
B fB

 (2)

where dC and dB are the depths and tfC and tfB are the flange 
thicknesses of the columns and beams, respectively. The use 
of the terms α and β in lieu of the actual physical dimen-
sions of the sections greatly simplifies the derivation of the 
model’s properties. 

TOTAL SUBASSEMBLAGE DRIFT

The total drift in the subassemblage, ∆, is defined as the lat-
eral displacement of the top of the upper half-column with 
respect to the bottom of the lower half-column under the ap-
plied load VC. This drift is shown in Figure 2.

Following the procedure described by Charney (1993), 
this drift may be divided into three components, one for the 
column region outside the joint, one for the beam region out-
side the joint, and one for the beam-column joint itself: 

 ∆ ∆ ∆ ∆= + +C B J  (3)

In Equation 3, each of the individual drift components may 
arise from elastic or inelastic deformations. P-Delta effects 
may be included separately, as necessary. This paper concen-
trates on the development of the joint deformation term only. 
This term may be further subdivided into three components, 
also representing axial, flexural, and shear deformation:

 ∆ ∆ ∆ ∆J JA JF JV= + +  (4)

The axial deformation term, ∆JA, is not considered in this 
paper. This source of deformation is almost always elastic 
and is negligible for frames with about 10 stories or less 
(Charney, 1990). The flexural joint deformation term, ∆JF 
is also elastic and is due to normal stresses resulting from 
bending that occurs through the width and depth of the joint. 
This is a source of flexibility in the joint and should not be 
confused with the column flange bending component of re-
sistance (described later), which is treated as a source of stiff-
ness. The flexibility associated with bending in the panel is 
generally not included in the Krawinkler and Scissors mod-
els and is not considered further herein. It is noted, however, 
that preliminary recommendations for including flexural de-
formations are presented in Downs (2002). 

THE ORIGINAL KRAWINKLER MODEL

If it is assumed that the moment in the beam at the face of the 
column is resisted entirely by the flanges of the beam, it can 
be shown by simple statics that the horizontal shear force in 

Fig. 1.  Typical interior beam-column subassemblage. Fig. 2.  Drift in typical subassemblage.
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the beam-column joint is

 V
V

J
C=

− −( )1
 (5)

According to Krawinkler (1978) this shear is resisted by 
shear in the panel zone, VP, and by shear in the column flang-
es, VF, on either side of the panel:

 V V VJ P F= +  (6)

In Krawinkler’s original model, shown in Figure 3, the 
panel shear is resisted by an elastic-plastic membrane ele-
ment, and the flange shear is resisted by four rotational 
springs, each situated at a different corner of a linkage of 
four rigid bars.1 The beams and columns frame into the link-
ages at right angles. A total of 12 nodes are required for the 
model (there are two nodes at each corner). The number  
of degrees of freedom (DOF) in the model depends on the 
use of nodal constraints or slaving. The minimum number 

of DOF required to model the panel is four in a planar struc-
ture. The maximum is 28.

The assumed force-deformation behavior of each com-
ponent of the model is shown in Figure 4. This behavior is 
identical to that assumed by Krawinkler (1978). Note that 
Figure 4 is presented in terms of shear force on the vertical 
axis and shear strain on the horizontal axis. As indicated in 
the inset to Figure 4, rotations in the flange springs, θ, are 
synonymous with shear strains in the panel, γ. 

Note from Figure 4 that the elastic-plastic panel compo-
nent resists shear force immediately, but the flange com-
ponent is assumed to provide no resistance until the panel 
yields. The flange component eventually yields at 4.0 times 
the yield strain of the panel component. Strain hardening 
may be included by providing some positive post-yield stiff-
ness in either component of the model.

Assuming the steel yields in shear2 at F Fy y/ .3 0 6≈  and 
that the column and doubler are made of the same material, 
the yield strength of the panel is

 V F LtPy y P= 0 6.  (7)

where tp is the thickness of the column web, plus the doubler 
plate thickness, if present. The corresponding yield strain is

 
y

yF

G
=

0 6.
 (8)

where G is the shear modulus of the steel. The initial shear 
stiffness of the panel component of resistance is

 K
V

G LtP
Py

y

P= =  (9)

 Krawinkler (1978) gives the initial rotational stiffness for 
each of the four flange springs as

 K
M E b t

G b tF
F fC fC

fC fC= = =
( )( )

. ( )( )
2

2

10
0 26  (10)

where bfC and tfC are the width and thickness, respectively, 
of the flanges of the column, and the shear modulus G is 
taken as E/2.6. The flange shear is related to the moment as 
follows:

1 If the rigid link is to be modeled using frame elements, its axial area and 
moment of inertia should be on the order of 1,000 times that of the larg-
est beam or column of the structure.  Use of properties greater than this 
may lead to loss of accuracy in the solution of the equilibrium equations 
(Bathe, 1996).

2 Note that Krawinkler’s original paper uses 0.55Fy for the yield stress  
in shear.

Fig. 3.  The original Krawinkler beam-column joint model.

Fig. 4.  Force deformation relationship  
for the original Krawinkler model.
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V

M

HF
F=

4  (11)

Dividing the left side of Equation 11 by γ and the right side 
by θ produces

 
V

H

MF F= 4
 (12)

Recognizing the left term as the total flange shear stiff-
ness, and substituting from Equation 10 on the right

 K
G b t

HF
fC fC=

1 04 2. ( )( )
 (13)

The γ in the subscript on K is a reminder that KFγ is a shear 
stiffness, as opposed to a rotational stiffness, which was des-
ignated with a θ in the subscript in Equation 10. The total 
flange shear at yield is based on Figure 4 where it is seen 
that 

 V KFy F y= ( )3  (14)

Substituting Equation 13 for the flange stiffness, and using 
Equation 8 for the yield strain, the total flange strength is

 V
F b t

HFy
y fC fC= 1 87

2

.
( )( )

 (15)

Using Equations 11 and 15, the rotational strength of each of 
the four flange springs is simply 

 M
V H

F b tFy
Fy

y fC fC= =
4

0 468 2. ( )( )  (16)

The four required properties for the original Krawinkler 
model are summarized in Table 1.

It is important to note that the flange shear strength given 
by Equation 16 is significantly greater than would be ob-
tained from the flexural strength of the flanges alone. This 

can be demonstrated by application of a virtual unit strain 
in the panel, which results in a displacement of βH at the 
top of the panel with respect to the bottom of the panel. The 
external virtual work done by the “ultimate” shear force VFu 
moving through this displacement is V HFu ( ). The plastic 
rotation in a single flange spring is 1.0, and the moment ca-
pacity of the spring is equal to the plastic moment capacity 
of the flange, or ( )( ) /b t FfC fC y

2 4. The internal work in four 
such springs is( )( )b t FfC fC y

2 . Equating internal and external 
work gives

 V
b t F

H
Fu

fC fC y
=

( )( )2

 (17)

which is substantially less than (by a factor of 1.87) that 
given by Equation 15. Equation 15 is favored for the flange 
component because it correlates well with experimental re-
sults (Krawinkler, 1978). 

Before continuing, it is of interest to compare the strength 
of the joint provided by the Krawinkler model with the 
strength, which would be computed by the current design 
provisions. The maximum shear resistance for the entire 
Krawinkler joint is equal to the strength of the panel com-
ponent plus the strength of the flange component. Using  
Equations 7 and 15, 

  V V V F Lt
b t F

H
Jy Py Fy y P

fC fC y= + = +0 6 1 87
2

. .
( )( )  (18a)

which may be reorganized as follows:

 V F Lt
b t

L Ht
Jy y P

fC fC

P

= +









0 6 1 3 12

2

. .
( )( )


 (18b)

Equation 18b is very similar to that provided by the AISC 
Specification (AISC, 2005) and the AISC Seismic Provisions 
for Structural Steel Buildings (AISC, 2005):

 R F d t
b t

d d t
v y C P

fC fC

B C P

= +












0 6 1 3 00
2

. .
( )( )  (19)

Table 1.  Summary of Properties for Original Krawinkler Model  
Using Original Force-Deformation Model

Component Spring Type No. of Springs Spring Stiffness Spring Strength

Panel Membrane 1 K G LtPK P= V F LtPK y P= 0 6.

Flanges Rotational 4 K G(b      tFK fC fC= 0.26 2)( ) . (M F b   )( tFK y fC fC= 0 468 2)

See Figure 3 for illustration of model 
See Figure 4 for force-deformation relationships
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Aside from the rounding of 3.12 to 3.00, the main differ-
ence between Equations 18b and 19 is that the AISC equa-
tion uses the total depth of the beam and column, whereas 
Equation 18b uses the effective depth. 

THE REVISED KRAWINKLER MODEL

Due to the inability of many computer programs to model 
inelastic shear panels as used in the original Krawinkler 
model, the revised model shown in Figure 5 is often used. 
Here, the shear panel is represented by a single rotational 
spring, shown at the upper left of the model. All four flange 
springs are lumped into a single rotational spring, placed 
at the lower right. The remaining two corners act as zero- 
stiffness rotational hinges.

The properties of the panel spring, in terms of moment 
and rotation, are derived from the properties of the shear 
panel of the original model, which was in terms of shear 
force and shear strain. The rotational strength of the single 
panel spring is βH times the shear strength of the panel. 
Hence, using Equation 7 and multiplying by βH to convert 
shear to moment

 M V H F L Ht FPK Py y P y P= = = ∇0 6 0 6. .  (20)

where the new term, ∇P, represents the effective volume of 
the panel zone. The bar over the M in Equation 20 designates 
that the property is intended for use in the modified Krawin-
kler model. Similar nomenclature is used for the remaining 
properties below.

Rotation in the panel spring in the modified model is syn-
onymous with shear strain in the panel, thus the rotational 
stiffness of the panel spring can be computed as

 K
M F

F

G

GPK
PK

y

y P

y
P= =

∇







= ∇
0 6

0 6

.

.
  (21)

The properties of the flange spring in the revised model 
are similar to those in the original model, except the revised 
model lumps all of the springs into one location. Hence, us-
ing Equations 10 and 16 and multiplying by 4, 

 K K
E b t

G b tFK F
f C f C

f C f C= = =4 4
10

1 04
2

2
( )( )

. ( )( )  (22)

 M M F b tFK Fy y f C f C= =4 1 87 2. ( )( )  (23)

A summary of the properties of the Revised Krawinkler 
model (using the original force-deformation relationships of 
Figure 4) is presented in Table 2.

REVISED KRAWINKLER MODEL WITH REVISED 
FORCE-DEFORMATION BEHAVIOR

An alternative force-deformation relationship for the two 
components of joint behavior is shown in Figure 6. Here, 
the panel component of behavior is identical to that assumed 
by Krawinkler, but the flange component provides imme-
diate resistance. Using the revised Krawinkler model, and 
assuming that the yield strength of the flange component is 
unchanged, the rotational stiffness of the flange component 
will reduce to

Table 2.  Summary of Properties for Revised Krawinkler Model  
Using Original Force-Deformation Relationships

Component Spring Type No. of Springs Spring Stiffness Spring Strength

Panel Rotational 1 K GPK P= ∇ M FPK y P= ∇0 6.

Flanges Rotational 1 K G b tFK fC fC= 1 04 2. ( )( ) M F b tFK y fC fC= 1.87 2)(( )

See Figure 5 for illustration of model 
See Figure 4 for force-deformation relationships

Fig. 5.  The revised Krawinkler model.
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 K K b t GFK FK fC fC= =3

4
0 78 2. ( )( )˜  (24)

where the tilde over the K term represents the fact that this 
is to be used in the revised Krawinkler model, using the 
revised constitutive properties. A summary of the required 
properties for the revised model using the revised force- 
deformation properties is provided in Table 3.

It is noted that the force-deformation behavior of the 
flanges of the column (and for that matter, of the panel) as 
described above is, in essence, empirical. In this sense, it is a 
viable mathematical model for an observed (and rather com-
plex) physical behavior. Other models have been suggested 
to represent the same behavior. For example, Schneider and 
Amidi (1998) provide a more detailed model for the column 
flange component of behavior, Kim and Englehardt (1995) 
provide modifications to the effective depth terms, and 
Foutch and Yun (2002) describe complex hysteretic models 
for use in nonlinear response history analysis. 

As a final comment on the Krawinkler model, it is inter-
esting to note that the properties for the flange spring are 
completely independent of those of the panel, even though 
the yield strain of the flange component is numerically tied 
to the shear stiffness of the panel. This independence is due 
to the fact that the yield strain in the panel is a function of 
only the shear modulus of the steel and the yield strength of 
the steel. This strain will not change if, for example, doubler 
plates are used as panel reinforcement.

THE SCISSORS MODEL

The Scissors model is shown in Figure 7. This model derives 
its name from the fact that the model acts as a pair of scis-
sors with a single hinge in the center. It is important to note 
that the beam and column properties in the joint region are 
assumed to be completely rigid. Only two nodes and four 
degrees of freedom are required to model the joint if member 
rigid end zones are used for the column and beam regions 
inside the panel zone. Six nodes and 16° of freedom are  
required if separate rigid elements are utilized at the  
member ends.

Table 3.  Summary of Properties for Revised Krawinkler Model  
Using Revised Force-Deformation Relationships

Component Spring Type No. of Springs Spring Stiffness Spring Strength

Panel Rotational 1 K GPK P= ∇˜ M FPK y P= ∇0 6.˜
Flanges Rotational 1 K G b tFK fC fC= 0 78 2. ( )( )˜ M F b tFK y fC fC= 1 87 2. ( )( )˜

See Figure 5 for illustration of model 
See Figure 6 for force-deformation relationships

Fig. 6.  Revised force-deformation/moment-rotation  
relationship. Fig. 7.  The Scissors model. 
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As with the Krawinkler model, one rotational spring 
is used to represent the panel component and the other is 
used to represent the flange component of behavior. The 
properties of the Scissors model are determined in terms of 
those derived previously for the revised Krawinkler model, 
wherein a rotational spring is used to represent the panel 
component of strength and stiffness and a single rotational 
spring is used to represent the flange component of strength 
and stiffness. For the purpose of consistency in nomen-
clature, the revised moment-rotation relationship is used.  
Note, however, that this distinction is not necessary in the 
derivation. 

The first step in the derivation is to determine the panel 
shear and the flange shear in the Krawinkler model in terms 
of the column shear. These shears are distributed in propor-
tion to the rotational stiffness of the panel and flange springs 
as follows:

V V
K

K K
V

K

K
P K J

PK

PK FK
C

PK
,

( )=
+







= 1

PPK FKK+






˜
˜ ˜

˜
˜ ˜  (25)

V V
K

K K
V

K

K
F K J

FK

PK FK
C

FK
,

( )=
+





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= 1

PPK FKK+




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˜
˜ ˜

˜
˜ ˜  (26)

The next step is to determine the moments in the springs. 
These are simply βH times the shears:

 M V H V H
K

K K
P K P K C

PK

PK FK
, , ( )= =

+




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1
˜

˜ ˜
 (27)

 M V H V H
K

K K
F K F K C

FK

PK FK
, , ( )= = − −

+

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


1
˜

˜ ˜
 (28)

The total drift over the height of the column can be found 
from virtual work. This is done by applying virtual unit 
shears in opposing directions at the top and the bottom of 
the column. Under this loading, the virtual moments are the 
same as given above, except 1.0 is substituted for VC. The 
virtual quantities are shown with a carat in Equation 29, 
which equilibrates internal work and external work. 

 ( )
ˆ ˆ

, , , ,
1 K

P K P K

PK

F K F K

FK

M M

K

M M

K
= +˜ ˜

 (29)

The subscript K on the δ term in Equation 29 indicates that 
the drift is obtained from the Krawinkler model. After sub-
stitution and simplification, the resulting drift is

 K C
PK FK

V
H

K K
= − −

+
( )1 2 2

˜ ˜  (30)

The drift in the Scissors model is found in a similar fash-
ion. For an applied column shear VC, the real moments in the 
scissors springs are

 M V H
K

K K
P S C

PS

PS FS
, =

+




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˜
˜ ˜

 (31)

 M V H
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K K
F S C
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PS FS

, =
+











˜
˜ ˜

 (32)

where KPS and KFS  represent the rotational stiffness of the 
panel and flange springs, respectively. The virtual moments 
are the same as given by Equations 31 and 32, but a value of 
1.0 replaces the column shear. Upon equating external and 
internal work, 

 ( )
ˆ ˆ

, , , ,
1 S

P S P S

PS

F S F S

FS

M M

K

M M

K
= +˜ ˜

 (33)

After substitution and simplification, the total drift ob-
tained from the scissors model is

 
S C

PS FS

V
H

K K
=

+

2

˜ ˜
 (34)

As this displacement must be identical to that given in Equa-
tion 30, it is evident that the relationship between the Scissor 
spring stiffness and the Krawinkler spring stiffness is

 K K
K K

PS FS
PK FK+ =

+
− −( )1 2

˜ ˜
˜ ˜

 (35)

Using Equations 27 and 28 together with 31 and 32, a 
similar relationship exists between the Scissors and Krawin-
kler spring moments:

 M M
M M

P S F S
P K F K

, ,
, ,

( )
+ =

+
− −1

 (36)

Note, however, that the dimensionless quantity in the de-
nominator is not squared.



38 / ENGINEERING JOURNAL / FIRST QUARTER / 2006

Equation 35 is applicable when either the panel spring 
or the flange spring is zero. Hence, the general relationship 
between the spring stiffness in the Scissors and Krawinkler 
models is 

 K
K

S
K=

− −( )1 2  (37)

Similarly, the relationship between the corresponding mo-
ments, including the yield moments, is

 M
M

S
K=

− −( )1
 (38)

The properties required for modeling the panel as a scis-
sor joint are summarized in terms of the physical joint prop-
erties in Table 4. 

One should note from Tables 3 and 4 that while the prop-
erties of the Scissors model are dependent on the quantities 
α and β, those of the Krawinkler model are not. Since it was 
explicitly assumed that the columns and beams on both sides 

of the joint are of equal height and span, and these terms are 
reflected in α and β, the equations shown in Table 4 should 
not be used for interior joints when this condition is violated. 
There is no such restriction for exterior joints. 

COMPARISONS BETWEEN THE KRAWINKLER 
AND SCISSORS MODELS

In the first part of this paper, the properties of the Scissors 
model were derived to provide identical force-deformation 
relationships for subassemblages that are analyzed using the 
Krawinkler model. The strength and stiffness properties de-
rived for the springs in the two models are different because 
the rotations in the Krawinkler springs are 1/(1– α – β) times 
larger than the rotations in the Scissors springs when the 
total subassemblage drift is identical. 

The difference in rotations is apparent in the deflected 
shapes shown in Figure 8a and 8b. In this figure all of the 
deformation is assumed to be in the panel, with the beam 
and column rigid. It is very important to note, however, that 
it is not only the spring rotations that are different. In fact, 
the entire kinematic behavior is different. One of the more  

Table 4.  Summary of Properties for Scissors Model 
 Using Revised Force-Deformation Relationships

Component Spring Type No. of Springs Spring Stiffness Spring Strength

Panel Rotational 1 K
G

PS
P=

∇

− −( )1 2
˜ M

F
PS

y P
=

∇

− −
0 6

1

.

( )
˜

Flanges Rotational 1 K
G b t

FS
fC fC

=
− −

0 78

1

2

2

. ( )( )

( )
˜ M

F b t
FS

y fC fC
=

− −

1 87

1

2. ( )( )

( )
˜

See Figure 7 for illustration of model 
See Figure 6 for force-deformation relationships

(a)                                                                                 (b)

Fig. 8.  Kinematics of Krawinkler model (a) and Scissors model (b).
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striking differences is the presence of offsets in the center-
lines of the columns and beams in the Krawinkler model, 
which are not present in the Scissors model. A related differ-
ence is the rotations at the ends of the beams and columns. 

The kinematic differences lead to questions as to how  
the models perform in full structures. In particular, will a 
pushover curve (or a response history trace) developed for a 
full structure using the Krawinkler model be the same as that 
for the same full structure using the Scissors model? Further, 
how do the presence of beam hinging, gravity load, and the 
inclusion of P-Delta affect the full structure response? 

To answer these questions, an extensive series of analyses 
were carried out using DRAIN-2DX (Prakash and Powell, 
1993). The structure analyzed was a six-story moment resist-
ing frame. An elevation of the frame is shown in Figure 9. 
Two variations of this structure were analyzed, a weak panel 
version and a strong panel version. The computed proper-
ties for the various panels are presented in Tables 5 and 6. 
Note that all values are based on E = 200 GPa (29,000 ksi),  

Table 5a.  Computed Properties for the Krawinkler Model (Weak Panel)

Column Beam K̃PK

(kN-m/rad)
M̃PK

(kN-m)
K̃FK

(kN-m/rad)
MFK

(kN-m)

W530×182 W610×125 3.66 × 105 9.84 × 102 1.12 × 104 1.21 × 102

W530×219 W690×140 4.97 × 105 1.33 × 103 1.63 × 104 1.75 × 102

W530×300 W690×140 6.41 × 105 1.73 × 103 3.29 × 104 3.54 × 102

Table 5b.  Computed Properties for the Krawinkler Model (Strong Panel)

Column
(Doubler, mm)

Beam K̃PK

(kN-m/rad)
M̃PK

(kN-m)
K̃FK 

(kN-m/rad)
MFK

(kN-m)

W530×182 (25.4) W610×125 9.76 × 105 2.62 × 103 1.12 × 104 1.21 × 102

W530×219 (25.4) W690×140 1.19 × 106 3.20 × 103 1.63 × 104 1.75 × 102

W530×300 (22.2) W690×140 1.25 × 106 3.38 × 103 3.29 × 104 3.54 × 102

Table 6a.  Computed Properties for the Scissors Model (Weak Panel)

Column Beam K̃PS

(kN-m/rad)
M̃PS

(kN-m)
K̃FS

(kN-m/rad)
MFS

(kN-m)

W530×182 W610×125 5.98 × 105 1.25 × 103 1.83 × 104 1.55 × 102

W530×219 W690×140 8.53 × 105 1.75 × 103 2.79 × 104 2.29 × 102

W530×300 W690×140 1.10 × 106 2.26 × 103 5.67 × 104 4.64 × 102

Fig. 9.  Frame analyzed for comparison of Krawinkler  
and Scissors models.
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G = 77 GPa (11,150 ksi) and Fy = 345 MPa (50 ksi). Doubler 
plate thicknesses for the strong panel model are shown in the 
first column of Tables 5b and 6b. A strain hardening value 
of 3% of the initial elastic stiffness was used for the beams 
outside the panel zone. Strain hardening of 1% was used in 
the panel zone regions.

Yielding for the beams was provided by tri-linear rota-
tional springs. The computed properties for these springs are 
shown in Table 7. Details for determining beam properties 
are not provided herein but are discussed in the second part 
of the Structural Analysis example in the Guide to the Ap-
plication of the 2003 NEHRP Recommended Provisions in 
Earthquake-Resistant Design (FEMA, 2005). Columns were 
designed using a strong column weak beam philosophy, and 
were not allowed to yield during the analysis. 

Table 6b.  Computed Properties for the Scissors Model (Strong Panel)

Column 
(Doubler, mm)

Beam
KPS

(kN-m/rad)
MPS

(kN-m)
KFS

(kN-m/rad)
MFS

(kN-m)

W530×182 (25.4) W610×125 1.59 × 106 3.36 × 103 1.83 × 104 1.55 × 102

W530×219 (25.4) W690×140 2.03 × 106 4.18 × 103 2.79 × 104 2.29 × 102

W530×300 (22.2) W690×140 2.17 × 106 4.44 × 103 5.67 × 104 4.64 × 102

U.S. column designations: W21×122 (1 in.), W21×147 (1 in.), and W21×201 (7/8 in.) 
U.S. beam designations: W24×84 and W27×94 

Table 7.  Beam Moment-Rotation Relationships

Beam
K1

(kN-m/rad)
M1

(kN-m)
K2

(kN-m/rad
M2

(kN-m)
K3

(kN-m/rad)

W610×125 1.13 × 109 1.25 × 103 3.68 × 104 1.38 × 103 1.05 × 104

W690×140 1.13 × 109 1.53 × 103 5.09 × 104 1.70 × 103 1.50 × 104

Table 8.  Analysis Parameters for Subassemblage Analysis

Run Model
Girder

Yielding
See Figure

No.

S1a K N

10S1b S N

S1c S/K N

S2a K Y

11S2b S Y

S2c S/K Y

For the purpose of brevity, only the results for the weak 
panel structures are presented in detail. The behavior exhib-
ited by the strong panel models is discussed only in relation 
to the behavior of the weak panel models.

The first set of analyses consisted of pushover analysis of 
a single interior subassemblage with a W690×140 (W27×94) 
girder and W530×300 (W21×201) column. A summary of 
the analysis parameters is shown in Table 8. In the table “K” 
represents the Krawinkler model, “S” is the Scissors model, 
and “S/K” is the Scissors model with Krawinkler properties. 
Girder yielding is indicated as “N” for not included, and “Y” 
for included. 

It is very important to note that the S/K model is theo-
retically incorrect. It is used only to illustrate the effect of 
using the properties derived for the Krawinkler model in the  
Scissors model.
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The results for the subassemblage analysis are shown in 
Figures 10 and 11. These plots are presented in a dimension-
less form, where the horizontal axis quantifies the total sub-
assemblage drift divided by the subassemblage height, and 
the vertical axis represents the column shear divided by the 
maximum applied shear. 

As shown in Figure 10, which is for the analysis without 
girder yielding, the responses for the Krawinkler model and 
the Scissors model are identical. This is expected because 
the Scissors model properties were derived to produce de-
formations consistent with the Krawinkler model. The curve 
for the Scissors model with the Krawinkler spring proper-
ties indicates a response that has significantly less strength 
and stiffness than the true behavior. This is also as expected 
because the stiffness and strength of the rotational springs 
for the Krawinkler model are less than those for the Scissors 
model by the factors (1– α – β)2 and (1– α – β), respectively. 

Fig. 10.  Results for subassemblage analysis (models S1a–S1c).

Fig. 11.  Results for subassemblage analysis (models S2a–S2c).

In Figure 10, it is noted that the difference between the 
strengths represented by the upper and lower curves is di-
rectly related to the quantity (1– α – β), but the apparent 
difference in the stiffness, represented by initial the slopes  
of the curves, is much less than would be expected from 
(1– α – β)2. The reason for this is that the panel zone defor-
mations contribute only a portion of the total subassemblage 
flexibility (the other components being due to flexural and 
shear deformations in the beams and columns).

The computed responses for the subassemblage with gird-
er yielding invoked is shown in Figure 11. Again the curves 
for the Krawinkler and Scissors models are identical, even at 
drifts beyond girder yielding (which occurs, due to the weak 
panel, at a drift of about 5%). As before, the S/K model pro-
duces results that indicate a significant reduction in strength 
and stiffness. Girder yielding did occur in the S/K model, but 
at drifts well beyond those shown in the plot.

The second set of analyses was nonlinear pushover analy-
sis of the full six-story structure. The various parameters are 
listed in Table 9. The column of the table headed “Continu-
ity” represents whether or not the columns and the beams 
were continuous in the structure. The indicator “D,” for dis-
continuous, means that the columns and the beams had zero-
stiffness rotational hinges placed at mid-height and mid-
span, respectively. When these hinges are active the structure 
behaves as an assemblage of subassemblages. When the 
hinges are removed (indicator “C” in Table 9) the structure 
acts as a fully continuous moment resisting frame. The other 
parameters that were considered in the analysis were girder 
yielding, the presence of gravity load, and whether or not 
P-Delta effects were included. These are all Y/N parameters 
in Table 9.

The results from the nonlinear static pushover of the full 
moment frames are presented in Figures 12 through 17. In 
each of these figures the vertical axis is the resisting shear 

Fig. 12.  Static pushover results for full structure  
(models F1a–F1c).
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Table 9.  Analysis Parameters for Full Structure Pushover Analysis

Run Model
Girder

Yielding
Continuity Gravity Load P-Delta See Figure

F1a K N D N N

12F1b S N D N N

F1c S/K N D N N

F2a K Y D N N

13F2b S Y D N N

F2c S/K Y D N N

F3a K N C N N

14F3b S N C N N

F3c S/K N C N N

F4a K Y C N N

15F4b S Y C N N

F4c S/K Y C N N

F5a K Y C Y N

16F5b S Y C Y N

F5c S/K Y C Y N

F6a K Y C Y Y

17F6b S Y C Y Y

F6c S/K Y C Y Y

Fig. 13.  Static pushover results for full structure  
(models F2a–F2c).

Fig. 14.  Static pushover results for full structure  
(models F3a–F3c)
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divided by the building weight tributary to the frame, and 
the horizontal axis is the total roof drift divided by the total 
building height. From Figures 12 and 13 it can be seen that 
regardless of the presence of girder yielding, the Krawin-
kler and Scissors models produce exactly the same results 
when the beams and columns have mid-span and mid-height 
hinges. This is due to the fact that when the inflection points 
are forced to be at mid-span and mid-height, the structure 
behaves as an assemblage of subassemblages. The properties 
for these subassemblages were derived to produce identical 
displacement responses. As with the individual subassem-
blages, it is evident from the pushover curves that the use 
of the Krawinkler spring properties in the Scissors model 
produces a significant reduction in both strength and initial 
stiffness of the structure.

The pushover curves of Figures 14 and 15 are based on 
the same models as those shown in Figures 12 and 13, ex-
cept that the beams and columns are continuous. As may be 

observed from the figures, the curves for the Krawinkler and 
Scissors model are no longer identical. The divergence of the 
two curves is particularly pronounced after first yield. The 
reason for the divergence is that the inflection points for the 
continuous model are no longer at mid-height and mid-span 
of the columns and girders, respectively. The curve for the 
Krawinkler model is theoretically correct because the prop-
erties for the Krawinkler springs depend only on the panel 
zone properties. The response curve for the Scissors model, 
although close to that of the Krawinkler, is incorrect because 
the terms α and β are effectively a function of the location of 
the inflection points, and these inflection points move as the 
yielding in the structure progresses.

The lower curves in Figures 14 and 15 are for the structure 
modeled with Scissors joint, but using the Krawinkler prop-
erties. Again, the stiffness and strength is very significantly 
underestimated.

The addition of gravity load to the continuous model does 
not cause a significant increase in the variance in the results, 
as is shown in Figures 15 and 16. P-Delta effects were not 
included in the analysis that generated the curves shown in 
Figure 16, but these effects were included in the analysis 
that produced Figure 17. The only significant difference with 
the addition of gravity load is the order (sequence) of girder 
yielding due to the pre-imposed gravity load moments. As 
expected, the inclusion of P-Delta effects causes additional 
drift. A greater discrepancy between the Krawinkler and 
Scissors model results is also evident. The final difference in 
drift between the two models with gravity only is approxi-
mately 14% (see Figure 16). After the addition of P-Delta 
effects, the drift in the Scissors model increases to be over 
30% greater than the Krawinkler (see Figure 17). However, 
it should be noted that the overall post-yield drift also dou-
bles due to the P-Delta effect. 

Fig. 15.  Static pushover results for full structure  
(models F4a–F4c).

Fig. 16.  Static pushover results for full structure  
(models F5a-F5c).

Fig. 17.  Static pushover results for full structure  
(models F6a–F6c).
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The S/K model results for the full structures are also plot-
ted in Figures 16 and 17. As before, the behavior of the struc-
tures with the Krawinkler properties in the Scissors model 
shows a marked reduction in strength and stiffness. 

A set of pushover curves similar to those shown in Fig-
ures 10 through 17 were also produced for the structure with 
strengthened panel zones in all interior joints. The same 
trends as observed for the weak panel models were evident, 
but there was less difference in the behavior of the Krawin-
kler and Scissors models because the dominant source of 
yielding shifted to the girder hinges.

The final set of analyses performed were nonlinear re-
sponse history analyses for the structure subjected to the 
Northridge earthquake. Single response histories were 
performed, as were Incremental Dynamic Analyses (IDA) 
(Vamvatsikos, 2002). The response histories and IDA were 
run using the Northridge earthquake acceleration record 
from the Sylmar County Hospital. The record was scaled 
to provide a seismic coefficient, CS, of 0.27 at the first vi-
bration mode of the structure. Damping of approximately 
5% critical was assumed in the analysis. Damping was pro-
vided with a special “outrigger” frame to avoid problems  

associated with the use of stiffness proportional damping in 
yielding elements.

The IDA intensity factor started at 0.2 times the scaled 
earthquake record and stepped up in increments of 0.2 to a 
final intensity factor of 2.0. The reported IDA damage index 
is the maximum roof drift ratio. The model parameters that 
were varied in both the response history and IDA analyses 
are provided in Table 10.

The response history plots are shown in Figures 18 and 
19. In each case the beams and columns were fully continu-
ous, the girders were allowed to yield, and gravity load was 
present. In the analysis represented in Figure 18, P-Delta 
effects were ignored, but these effects are included in the 
analysis that generated the curves of Figure 19. 

As shown in Figure 18, the Krawinkler and Scissors mod-
els produce nearly identical roof drift response, with a few 
visible differences in the curves. The addition of P-Delta ef-
fects produced a more visible difference between the Kra-
winkler and Scissors models in both the maximum response 
and in the residual displacement (see Figure 19). This change 
corresponds to the same widened gap as was seen with the 
static pushover curves due to P-Delta effects. 

 Table 10. Analysis Parameters for Full Structure Response History and IDA Analysis

Run Model
Girder

Yielding
Continuity Gravity Load P-Delta See Figure

R1a K Y C Y N

18, 20R1b S Y C Y N

R1c S/K Y C Y N

R2a K Y C Y Y

19, 21R2b S Y C Y Y

R2c S/K Y C Y Y

Fig. 18.  Response history results for full structure  
(models R1a–R1c).

Fig. 19.  Response history tesults for full structure  
(models R2a–R2c).
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It is also interesting to note that while static analyses 
indicated that the S/K model was consistently weaker and 
more flexible than the Krawinkler or Scissors Model, the 
response history shows a reduction in both maximum drift 
and residual displacement for this model. This might imply a 
stiffer S/K model. However, this judgement is inappropriate 
because the displacement history trace is highly influenced 
by continuously changing structural properties. Different 
observations regarding the relative behaviors of the various 
models may be evident when the ground motion is scaled up 
or down. 

In the Incremental Dynamic Analysis, the ground motions 
are scaled up or down as indicated in the previous paragraph. 
The resulting IDA curves are shown in Figures 20 and 21. 
The curves in Figure 20 were generated for the model with 
full continuity, girder yielding, and gravity load, but without 
P-Delta. P-Delta effects were included for the analysis that 
generated Figure 21. 

From Figure 20, it is noted that for all the runs up to an in-
tensity factor of 0.6 the Krawinkler and Scissors models are 
in very reasonable agreement. A greater flexibility is appar-
ent in the S/K model. At an intensity factor of about 0.8, the 
Scissors and Krawinkler models still match well but the S/K 
model has diverged on the low side and has actually begun a 
“resurrection.” Above an intensity factor of 1.0 each model 
has moved to its own path. While the Scissors and Krawin-
kler models are still behaving somewhat similarly, the S/K 
is more quickly moving toward failure. The same type of 
trends can be seen in Figure 21, where the IDA curves were 
generated for the structures with P-Delta effects included. 
The S/K model’s movement toward failure is more evident 
with P-Delta. The performance of the Krawinkler and Scis-
sors model in the IDA shows that the dynamic behavior  
of the two models differs especially as the nonlinearity in-
creases and more deformation is required of the panel zone.

Fig. 20.  IDA results for full structure (models R1a–R1c). Fig. 21.  IDA results for full structure (models R2a–R2c).

SUMMARY AND CONCLUSIONS

It the first part of this paper, spring properties were derived 
for both the Krawinkler and Scissors models of beam- 
column joints. During the derivation, it was shown that  
under a given subasemblage drift, the rotations in the springs 
of the two models are not the same. This discepancy is due to 
differences in the kinematic behavior of the models. 

As a result of the differing behavior, the derived  
properties for the springs in the Krawinkler and Scissors 
models are not the same. This finding contradicts the in-
correct recommendation of several published documents, 
including FEMA 355F, that indicate that the properties de-
rived for the Krawinkler model may be used in the Scissors 
model.

Using the Krawinkler and Scissors spring properties de-
rived in this paper, it was shown that identical nonlinear stat-
ic pushover behavior is predicted for simple subassemblages, 
modeled with and without girder hinging. Larger structures 
that are modeled as an assemblage of subassemblages also 
have identical pushover behavior. 

When fully continuous models are analyzed, differences 
in pushover curves developed from the Krawinkler and Scis-
sors models become evident. These differences are due to 
shifting inflection points. The shifting inflection points af-
fect only the Scissors model, because the properties for this 
model were derived based on the assumption that the inflec-
tion points are at midheight of the columns and midspan of 
the girders.

When the properties derived for the Krawinkler model are 
used in a Scissors model, the predicted strength and stiffness 
from the pushover analysis is significantly less than that of 
the true system. This error, if continued in practice, will have 
a negative effect on the economy of moment resisting steel 
frame structures.
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When nonlinear response history analysis is performed, 
the Krawinkler and Scissors models produce similar behav-
iors under low-intensity ground motion, but very significant 
differences in behavior become evident under larger ground 
motions. 

When response history analysis is performed on struc-
tures with Krawinkler spring properties inserted into the 
Scissors models, the predicted displacements may be more 
or less than those predicted using the appropriate models. 
For the ground motion used in the analysis, it appeared that 
the structure with the improper Scissors model was mov-
ing toward collapse at a much more rapid rate than for the 
structure that is modeled properly. This is likely due to the 
fact that the improper model significantly underestimates the 
static strength of the structure.

Recommendations

On the basis of the above findings, the following recommen-
dations are provided:

1. Never use a Scissors model with spring properties that 
have been derived for the Krawinkler model. 

2. Even though it is more complex, the Krawinkler model 
is preferred over the Scissors model. This is because the 
kinematic behavior of the Krawinkler model is much 
more representative of the true behavior of the joint than 
is the Scissors model. Furthermore, the properties for the 
Krawinkler model depend only on the properties of the 
beam-column joint, whereas the properties of the Scissors 
model are also a function of the lengths of the columns 
and beams.

3. The higher the ductility demand, the larger discrepancy 
between the Scissors and the Krawinkler model. There-
fore, the Scissors model is appropriate only for elastic 
structures or for systems where ductility demands are 
low. 

Limitations of the Study and Needs for Future Research

In this study reported herein, flexural deformations were 
not included in the beam-column joint region. Models that 
include such deformation have been suggested by several 
researchers [for example, Downs (2002)]. However, there 
is considerable uncertainty with regard to the true flexural 
behavior in the beam-column joint region, and these uncer-
tainties make it difficult to validate the derived models. 

Additionally, all the analysis on which these findings were 
based was performed for strong column systems. Systems 
with yielding columns should also be analyzed, as it is ex-
pected that larger differences between results generated by 
the Krawinkler and Scissors models may be encountered 
for these structures when ductility demands are high. It is 

not expected, however, that inclusion of column yielding 
will significantly alter the principal recommendations listed 
above.
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NOMENCLATURE 

α Ratio of effective depth of column to span length

β Ratio of effective depth of beam to column height

γy Shear strain at yield

δK Drift obtained from Krawinkler model 

δS Drift obtained from Scissors model

∆ Lateral displacement over height H

∆C Column contribution to displacement ∆

∆B Beam contribution to displacement ∆ 

∆J Beam-column joint contribution to displacement ∆

∆JA Axial contribution to ∆J

∆JF Flexural contribution to ∆J

∆JV Shear contribution to ∆J

bfC Width of column flange

dC Total depth of column

dB Total depth of beam

tP Panel zone thickness, equal to column web thickness 
+ doubler plate thickness

tfC Thickness of column flange

tfB Thickness of beam flange

CS Seismic response coefficient

E Modulus of elasticity of steel

Fy Yield stress of steel used in column and doubler 
plate

G Shear modulus of steel

H Height of column from center of story above to  
center of story below 

L Length of beam from center of bay to center of bay
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KK Stiffness of Krawinkler model spring

KS Stiffness of Scissors model spring

KPγ Panel zone component shear stiffness

KFγ Column flange component shear stiffness

KFθ Column flange component rotational spring stiffness

KPK Panel zone component shear stiffness for original 
Krawinkler model

KFK Flange component spring stiffness for original Kra-
winkler model

KPK  Panel zone component spring stiffness for revised 
Krawinkler model

KFK  Flange component spring stiffness for revised Kra-
winkler model

KPK Panel zone component spring stiffness for revised 
Krawinkler model with revised force-deformation 
relationship

KFK Flange component spring stiffness for revised 
Krawinkler model with revised force-deformation  
relationship

KPS Panel zone component spring stiffness for Scissors 
model

KFS  Flange component spring stiffness for revised Scis-
sors model

MK Moment in Krawinkler model spring

MS Moment in Scissors model spring

MF Moment in column flange component

MFY Flange component yield moment

MFK Flange component yield strength for original Kra-
winkler model

MPK  Panel zone component yield strength for revised Kra-
winkler model

MFK  Flange component yield strength for revised Krawin-
kler model

MPK  Panel zone component yield strength for revised 
Krawinkler model with revised force-deformation 
relationship

MFK  Flange component yield strength for revised Kra-
winkler model with revised force-deformation  
relationship

MPS Panel zone component yield strength for Scissors 
model

MFS Flange component yield strength for Scissors model 

MF,K Moment in Krawinkler spring due to column flange 
bending resistance

MP,K Moment in Krawinkler spring due to panel shear  
resistance

MF,S Moment in Scissors spring due to column flange 
bending resistance

MP,S Moment in Scissors spring due to panel shear  
resistance 

RV Shear yield strength of beam-column joint per AISC 
Specification

VC Average shear force in columns above and below the 
joint

VF Column flange component of beam-column joint 
shear

VJ Horizontal shear force in beam-column joint

VJY Shear yield strength of beam-column joint

VP Panel zone component of beam-column joint shear

VFu Column flange component ultimate shear force from 
virtual work

VFY Column flange component yield force

VPY Panel zone component yield strength for original 
Krawinkler model

VF,K Shear in Krawinkler spring due to column flange 
bending resistance

VP,K Shear in Krawinkler spring due to panel shear  
resistance

VPK Flange component yield strength for original Kra-
winkler model

∇P Volume of panel zone = αLβHtP
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