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ABSTRACT 

The paper presents an efficient computer-automated method 
for the optimum design of steel frameworks accounting for 
the behaviour of semi-rigid connections. A continuous-dis­
crete optimization algorithm is applied to minimize the "cost" 
of the connections and members for the structure subject to 
constraints on stresses and displacements under specified 
design loads. An example is presented to illustrate the features 
of the design method. The results suggest that the proposed 
semi-rigid design method realistically accounts for connec­
tion behaviour and produces more appropriate member sizes 
than does the traditional fully rigid design method. 

INTRODUCTION 

For conventional analysis and design of steel framed struc­
tures, the actual behaviour of beam-to-column connections is 
simplified to the two idealized extremes of either rigid-joint 
or pinned-joint behaviour. However, most connections used 
in steel frameworks actually exhibit semi-rigid deformation 
behaviour that can contribute substantially to overall nodal 
displacements and affect significantly the internal force dis­
tribution in the members. As such, steel frame connections 
should be treated as being "semi-rigid" for the purposes of 
proper analysis and design (Frye and Morris, 1975; Lui and 
Chen, 1986; Nethercot etc., 1988). 

This paper presents a systematic method for the optimum 
design of steel frameworks accounting for the behaviour of 
semi-rigid connections. The design having the minimum 
combined "cost" of members and connections is sought, 
while ensuring that stresses and displacements are within 
acceptable limits. Members are sized using discrete standard 
steel sections, while connections are selected on the basis of 
their continuous-valued moment-rotation stiffnesses. A con-
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tinuous-discrete optimization algorithm (Schmit and Fleury, 
1979) is applied for the design of a typical three-bay, two-sto­
rey industrial steel frame under multiple load combinations 
and the results are compared with those for conventional 
rigid-joint design of the same structure. 

NONLINEAR BEHAVIOUR OF SEMI-RIGID 
CONNECTION 

Beam-to-column connections play an important role in the 
resistance to load of structural frameworks. The major func­
tion of these connections is to transfer the beam and floor 
loads to the columns. In general, the forces transmitted 
through the connections can be axial and shearing forces, and 
bending and torsional moments. The effect of torsion is 
neglected for the present study of planar frameworks as are 
the axial and shearing deformations since they are small 
compared to the rotational deformations of most connections. 

The deformation behaviour of a connection is usually 
described by its moment-rotation (M-0) relationship. Many 
tests have been conducted to study the flexural behaviour of 
different types of connections; typical responses for a variety 
of commonly used connections are shown in Figure 1. The 
curves for all connection types exhibit nonlinear behaviour 
over the entire range of loading between the two extreme 
cases of ideally pinned and fully rigid connections. Tests of 
prototype connections are usually done to obtain the actual 
moment-rotation behaviour which is then modelled approxi­
mately by mathematical expressions. 

A four-parameter power model is adopted in this research 
to simulate the moment-rotation relationship of beam-to-col­
umn connections. It was first proposed Richard and Abbott 
(1975) who derived it from basic nonlinear elastic-plastic 
stress-strain relationships. Chen and Kishi (1987) used this 
equation to model top and seat-angle connections as well as 
single and double web-angle connections. Recently, Hsieh 
(1990) used this model to simulate nine types of beam-
to-column connections (Kishi and Chen, 1986) and good 
curve-fitting was reported with test data. 

The four-parameter power model of connection behaviour 
is of the form: 

ENGINEERING JOURNAL /THIRD QUARTER / 1995 87 



M = -
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(Re-Rpfi 

Mn 

where, 

Re is the initial stiffness of the connection, 
Rp is the strain-hardening stiffness of the connection, 
M0 is a reference moment, and 
n is the shape parameter of the M-0 curve. 

A connection data base is established by adding and reorgan­
izing the previous results (Kishi and Chen, 1986; Hsieh, 
1990) for purposes of design. For illustration, the parameters 
in the nonlinear model and details of the Extended End Plate 
Connections are given in Tables 1 and 2. The analysis proce­
dure is iterative and a secant stiffness approach is employed. 

ANALYSIS 

For the design of steel frameworks with semi-rigid connec­
tions it is necessary to have the capability to conduct corre­
sponding analysis. To that end, the effects of connection 
flexibility are modelled by attaching rotational springs having 
stiffness moduli Rx and R2 to the ends 1 and 2 of a member. 
The stiffness matrix of a member i with semi-rigid restraint 
at the ends can be expressed as (Xu, 1994): 

ROTATION 

where 

is the stiffness matrix of member i accounting for 
semi-rigid end-connections 

Si is the elastic stiffness matrix of the member taken to 
have rigid ends 

Ct is a correction matrix that is a function of the following 
fixity factors at the two member ends (Monforton and 
Wu, 1963) 

r i = -
1 

1 + 
3EV 
R,L 

r2 = 
1 

1 + 
3EI 
RX 

(3) 

where 

Fig. 1. Moment-rotation curves for various types of connections. 

E is Young's modulus 
L and / are the length and cross-section moment of inertia 

of the member, respectively, and 
Gt is the geometrical stiffness matrix for the semi-rigid 

member, which is also a function of the fixity 
factors rx and r2 (Xu, 1992). 

The fixity factor r defines the stiffness of a connection relative 
to the attached member. For a pinned connection the value of 
the fixity factor is zero (r = 0), while for a fully rigid connec­
tion it is unity (r = 1). A semi-rigid connection has a fixity 
factor between zero and unity (0 < r < 1). Having the member 
stiffness matrices through Equation 1 for specified values of 
fixity factors, r, reflecting connection stiffness, the analysis 
of frameworks with semi-rigid connections is carried out 
using the conventional Displacement Method. 

Having the stiffness matrix of a semi-rigid member, the 
iterative procedure using the secant stiffness approach for the 
second-order analysis of semi-rigid frames by considering 
non-linear connection behaviour, can be described as 
following: 

Step 1. 

Input the data and read the nonlinear parameters and reference 
stiffness Rffov the specified connections from the connection 
database. Set the iteration index k = 0, assign connection 
stiffnesses Rf = i^and set member axial forces Nf] = 0. 

Step 2. 

Update fixity factors rtj through Equation 3, and then update 
member equivalent joint loads according to the updated rtj. 
Generate each member stiffness matrix Kt through Equation 
2 for the updated rtj and the axial force ^ _ 1 ) from the 
previous iteration. 

Step 3. 

Assemble the structure stiffness matrix and solve for nodal 
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Table 1. 
Nonlinear Model Parameters for Extended End Plate Connections 

Id. no. 

EEP_23 

EEP_24 

EEP_7 

EEP 22 

EEP_8 

EEP_1 

EEP_4 

EEP_14 

EEP_13 

EEP_15 

EEP_16 

EEP_9 

EEP_11 

EEP_5 

EEP_2 

EEP_12 

EEP_18 

EEP_20 

EEP_21 

EEP_19 

Rf 
kip-in./rad. 

3.83e+04 

3.83e+04 

5.25e+04 

5.39e+04 

6.63e+04 

7.46e+04 

8.62e+04 

1.05e+05 

1.08e+05 

1.26e+05 

1.31e+05 

1.33e+05 

1.71e+05 

1.76e+05 

1.90e+05 

1.95e+05 

2.91 e+05 

3.06e+05 

3.10e+05 

3.37e+05 

Mc 

kip-in 

5.02e+02 

5.02e+02 

7.61 e+02 

6.88e+02 

7.81 e+02 

8.97e+02 

1.06e+03 

1.15e+03 

1.22e+03 

1.40e+03 

1.42e+03 

1.49e+03 

2.14e+03 

2.19e+03 

2.22e+03 

2.17e+03 

3.31 e+03 

3.52e+03 

3.56e+03 

3.48e+03 

M0 

kip-in 

5.73e+02 

5.73e+02 

7.29e+02 

8.91 e+02 

5.97e+02 

6.19e+02 

9.54e+02 

1.16e+03 

1.06e+03 

1.22e+03 

1.40e+03 

1.19e+03 

2.12e+32 

2.69e+03 

1.96e+03 

2.22e+03 

3.49e+03 

3.36e+03 

3.09e+03 

3.49e+03 

Re 
kip-in/rad. 

6.66e+04 

6.66e+04 

5.98e+04 

1.36e+05 

9.81 e+04 

2.18e+05 

4.16e+05 

1.94e+05 

1.75e+05 

1.68e+05 

2.07e+05 

7.58e+05 

2.06e+05 

7.00e+05 

5.59e+06 

3.99e+05 

6.08e+05 

3.84e+05 

6.57e+05 

6.71 e+05 

Rp 

kip-in/rad. 

1.81 e+03 

1.81 e+03 

5.61 e+03 

1.65e+03 

9.30e+03 

1.40e+04 

1.12e+04 

6.59e+02 

8.56e+03 

9.22e+03 

1.83e+03 

1.50e+04 

5.04e+03 

9.46e+03 

2.22e+04 

2.03e+03 

2.29e+03 

9.32e+03 

2.68e+04 

3.26e+02 

n 

1.36e+00 

1.36e+00 

2.61 e+00 

9.64e-01 

3.97e+00 

2.46e+00 

9.49e-01 

2.42e+00 

3.50e+00 

5.11 e+00 

3.22e+00 

1.97e+00 

3.16e+00 

8.02e-01 

6.61 e-01 

1.98e+00 

1.70e+00 

3.96e+00 

2.19e+00 

3.25e+00 

displacements, member axial forces N\k) and connection 
moments Mf\ 

Step 4. 

Calculate connection rotations Qf = Mf]/Rf and obtain the 
corresponding moments M(Qf) from Equation 1. 

Step 5. 

Check for convergence by comparing the connection mo­
ments Mf] obtained through analysis with the moments 
M(Qf) calculated in Step 4, and also by comparing the mem­
ber axial forces N?} with the forces Nf~1} from the previous 
iteration; if \Mf - M(0f )l < ex and lA^-JV*-1*! <e2, then 
stop; else go to Step 6. 

Step 6. 

Update connection secant stiffnesses Rf = M(Qf)/Qf and 
iteration index k = k + 1, and go to Step 2. 

The subscript i(i= 1, .. .total number of semi-rigid mem­
bers) denotes the number of the semi-rigid member and 
subscript/ (/ = 1,2) denotes one of the two ends of a semi-rigid 
member. 

DESIGN 

It is required to design a steel framework for minimum 
combined "cost" of members and connections while account­
ing for semi-rigid behaviour of the connections. Herein, the 
cost of each member, i9 is represented by its weight, while the 
cost of each connection, y', is taken to be directly related to its 
rotational stiffness. Therefore, the total cost of a member i 
with two end-connections j =1 ,2 may be expressed as 

Z-WA + ZCMif + PS) (4) 

where 
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Table 2. 
Details of Extended End Plate Connections 

Id. No. 

EEP 1 

EEP 2 

EEP 4 

EEP 5 

EEP 7 

EEP 8 

EEP 9 

EEP 11 

EEP_12 

EEP_13 

EEP_14 

EEP_15 

EEP_16 

EEP_18 

EEP_19 

EEP_20 

EEP_21 

EEP_22 

EEP_23 

EEP_24 

Beam 

W14x22 

W18x35 

W14x22 

W18x35 

W14x22 

W14x22 

W16x26 

12x5RSJ32a 

12x5RSJ32a 

10x4UB17a 

10x4UB17a 

10x4UB19a 

10x4UB19a 

15x6UB40a 

15x6UB40a 

15x6UB40a 

15x6UB40a 

254x102 UB2b 

254x102 UB2b 

254x102 UB2b 

Column 

W8x35 

W10x49 

W8x35 

W10x49 

W8x31 

W8x31 

W10x33 

8x8 UC48a 

8x8 UC48a 

8x8 UC40a 

8x8 UC40a 

8x8 UC40a 

8x8 UC40a 

10x10 UC60a 

10x10 UC60a 

10x10 UC60a 

10x10 UC60a 

152x152 UC3b 

152x152 UC3b 

152x152 UC2b 

lp(in) 

17.25 

21.5 

17.25 

21.5 

16.814 

16.916 

19.138 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

9.7638 

9.7538 

9.7638 

tp(in) 

0.625 

0.75 

0.875 

1.25 

0.969 

0.938 

1.562 

1.0 

1.0 

0.75 

0.75 

0.75 

0.75 

0.75 

0.75 

1.0 

1.0 

0.5906 

0.5906 

0.5906 

9(in) 

5.5 

5.5 

5.5 

5.5 

5.5 

5.531 

5.375 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

3.5 

3.5 

3.5 

3.5 

3.3858 

3.3858 

3.3858 

pt(in) 

3.5 

3.75 

3.5 

3.75 

3.5 

3.5 

3.75 

5.5 

4.5 

4.375 

4.375 

4.375 

4.375 

0 

0 

0 

0 

3.8189 

3.8089 

3.8189 

db 

3/4-in. 

7/8-in. 

3/4-in. 

7/8-in. 

3/4-in. 

3/4-in. 

1 in. 

7/8-in. 

7/8-in. 

5/8-in. 

5/8-in. 

3/4-in. 

3/4-in. 

3/4-in. 

1 in. 

1 in. 

1 in. 

M16 

M16 

M16 

aBritish section, "Steel Designers' Manual," 1966, The British Iron & Steel Federation. 
bBritish section, "Steel Designers' Manual," 1992, The British Steel Construction Institute. 

at and wt are the member cross-section area and weight 
coefficient 

Rtj and P0 are the connection rotational stiffness and cost 
coefficient, and 

Pj is the cost of a pinned connection having zero 
rotational stiffness. 

Each member i is to be sized using a commercial standard 
steel section and, as such, its cross-section area at is a discrete 
variable to the design. On the other hand, each connection,/ 
may be fabricated anywhere in the range from fully-pinned 
to fully-fixed and, as such, its rotational stiffness Rtj is a 
continuous variable to the design. That is, the design variables 
at and Rtj are restricted by the design as 

a^Aiti-SR^F* (5a,b) 

ber i to belong to the discrete set of areas At = {au a2, ...} 
prevailing for the standard section shape specified for the 
member (e.g., W-shape), while Equation 5b imposes speci­
fied lower and upper bounds R^ and R^on the connection 
rotational stiffness Rtj. 

In its general form, the optimal member-plus-connection 
design of a framework having semi-rigid connections in­
volves stress and displacement constraints that are but im­
plicit functions of the design variables. To facilitate computer 
solution of the design optimization problem it is first desirable 
to formulate each stress Gk and displacement 8, as an explicit 
function of the design variables. Since stresses and displace­
ments generally vary inversely with member size at and 
connection stiffness Rij9 upon adopting the reciprocal 
variables 

where Equation 5a requires the cross-section area at of mem-

90 ENGINEERING JOURNAL /THIRD QUARTER / 1995 



_ 1 ^ _ 1 (6a,b) 

where 

fij is connection flexibility, an explicit approximation of 
the design optimization problem for a semi-rigid 
framework with i = 1, 2,..., n members, is (Xu and 
Grierson 1993; Xu 1994): 

Minimize: Z = V 
f 2

 R ^ 
(7a) 

Subject to: 

oi<l 
r^\° 2 r^\° dc> 

dx, 
V J 7 = 1 

dak 

v^V 
/ * <o%(k=l,2,...,s) (7b) 

START 

| Input structural data and load conditions ( 

Adopt initial sizes afand stiffnesses R § 

^ x 1 - = i / ^ s x 1
u . r J s i J - l / R j s f g 

I 
For current x° and £ , conduct sensitivity analysis 

95, 98, 3ov do\ 

9xj afjj 3xt 3 ^ 

I Formulate design optimization problem Eqs. ( 7 ) I 

Apply continuous-discrete DUAL algorithm to find X; and & 
And verify resulting design 

i 
^ 1 Member + connection 'cost' converged 

> 
No 

Yes 

Set 

3 = 4 

Select connections based on R-jpl, M J p l 

Get connection-model parameters 
for selected connections 

I Nonlinear structural analysis 

cbes ign verification^ • ! Memberreselection 

| Yes 

| Output final design j 

Q>TOP> 

8f<I fd8,T * fa^Y 

v y 7=1 v*'y 
/ * <5f( /=l ,2 , . . . ,< / ) (7c) 

4 < ^ < ^ ( / = l , 2 , . . . , n ; 7 = l , 2 ) 

x, e Xf. (i = 1, 2, ..., n) 

(7d) 

(7e) 

where, from Equation 4 the objective function Equation 7a is 
a measure of the combined "cost" of the members and con­
nections, Equation 7b and 7c define constraints on stresses 
Gk and displacements 5X for the structure, and from Equation 
5 the restrictions Equations 7d and 7e control the values of 
the continuous-valued connection stiffnesses, Rip and the 
discrete-valued member sizes, ai9 where, from Equation 7 the 
bounds^ = 1 /Rg and/? = 1 //?§, and the components of each 
discrete setXt= {xux2,...} = {1 /au 1 /a2,...}. The stress and 
displacement gradients dok/dxh dck/dfip 38//d*,-, and 
35, / dfj include both the P-A effect and semi-rigid connection 
behaviour (Xu, 1994). The design optimization problem in­
volves both continuous-valued variables,^, and discrete-val­
ued variables, x(. 

LL = 0.083 kip/in DL = 0.028 kip/in 

WL = 2.4 kips 

WL = 5.4 kips 

vae&JbgiiaeiagMnnsintu^^ 

240 in 
4* 

240 in 240 in 

Load Combination 1 = DL + LL 

Load Combination 2 = DL + WL 

Load Combination 3 = 0.75(DL + LL + WL) 

Fig. 3. Loading conditions of three-bay two-storey steel frame. 

n3 beam-2 "6 bcam-2 n 9 beam-2 nl2 

&~ 

con-2 con-2 

excel incol 

"2 beam-1 

con-1 

excol 

con-l 

incol 

- < 2 t a -
"5 beam-1 

-1&& 

con-2 

incol 

n8 bcam-1 

con-2 
excol 

con-1 

incol 

con-1 

cxcol 

240 in 240 in 240 in 

Fig. 2. Flowchart of overall design optimization procedure. Fig. 4. Three-bay two-storey steel frame. 
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The design problem Equation 7 is solved at each design 
stage using a continuous-discrete optimization algorithm 
(Fleury and Sander, 1978; Schmit and Fleury, 1979) to find 
new values of xt and/-, for which the combined member-plus-
connection "cost" of the structure is reduced relative to that 
for the previous design stage. The stress and displacement 
gradients are then updated for this new structure, and the 
design optimization Equation 7 are recalculated. This process 
is repeated until cost convergence occurs for successive de­
sign stages, at which point the minimum "cost" design has 
been found. The overall design procedure is illustrated by the 
flowchart in Figure 2. 

APPLICATION AND DISCUSSION 

The three-bay, two-storey steel framework is loaded as shown 
in Figure 3. The spacing of the frames is 20 ft. on center. Three 
different load combinations are examined and the framework 
has semi-rigid connections of equal rotational stiffness at 
each end of each beam as shown in Figure 4. Beams of 
standard W-section and identical beam-to-column connec­
tions are prescribed at each storey level. All columns have the 
same W-section over two stories. To investigate the effect of 
nonlinear semi-rigid connections on the design of low-rise 
steel frames, all column and beam members are restricted to 
W8 and Wl4-shapes, respectively, in order to select Extended 
End Plate Connections from the current connection database. 
The rotational stiffness, Rip of each semi-rigid connection is 
constrained to lie in the range R$j = 3.83xl04 kips-in/rad to 
Rfj = 3.37x10s kips-in/rad (Xu, 1994). The frame is to be 
designed in accordance with the strength/stability (stress) 
requirements of the AISC Allowable Stress Design (ASD) 
code (AISC 1978), while at the same time ensuring that beam 
deflections at mid-span do not exceed the limit of span/240 
for Load Combination 1 (Dead Load + Live Load) and 
top-storey lateral sway does not exceed the limit of h/400 for 
the remaining load combinations. The following data are used 
to calculate the loads on the framework, 

Floor Slab (4 in.) 50 lb/ft2 Roof Dead Load 15 lb/ft2 

Roof Beam Weight 40 lb/ft2 Floor Beam Weight 50 lb/ft2 

Snow Load 50 lb/ft2 Wind Load 20 lb/ft2 

Floor Live Load 75 lb/ft2 

Dead Loads: 
Roof: 20 x 15 + 40 = 340 lb/ft = 0.028 kip/in 
Floor: 20 x 50 + 50 = 1050 lb/ft = 0.088 kip/in 

Live Loads: 
Roof: 20 x 50 = 1000 lb/ft = 0.083 kip/in. 
Floor: 20 x 75 = 1500 lb/ft = 0.125 kip/in. 

Wind Loads: 
Roof: 20 X 20 x 6 = 2400 lbs = 2.4 kip 
Floor: 20 x 20 x 0.5(15 + 12) = 5400 lbs = 5.4 kip 

The weight coefficient wt in Equation 4 for each member is 

calculated as wt = member length X material density. Regard­
ing beam-to-column connection cost, CISC (CISC and CSCC 
1983) suggested that if the unit beam weight is less than 51 
kg/m (approximately 35 lb/ft), the cost of a steel member of 
W-section is increased by approximately 25 percent for 
pinned-jointed end-connections and by 70 percent if its end-
connections are rigid jointed. For sections with unit weight 
between 51 kg/m (35 lb/ft) and 240 kg/m (161 lb/ft) the cost 
of a steel beam is increased by approximately 5 percent if it 
has pinned-jointed end-connections and by 43 percent if its 
end-connections are rigid-jointed. To avoid possible contra­
dictions in directly applying CISC criteria for estimating 
connection costs, a modification is suggested that the cost of 
a steel beam is increased by 15 percent if it has pinned-jointed 
end-connections and 55 percent if it has rigid-jointed end-
connections for W-sections with unit weight less than 240 
kg/m (161 lb/ft) (Xu, 1994). The connection cost parameters 
P* and p^ in Equation 4 for the beam members are evaluated 
from the above data. Therefore, the total member plus con­
nection cost defined by Equation 4 is such that 

2 

1.15wA < wfll + £ (p,#y + p») < 1.55 Wfll (8) 
7 = 1 

Recognizing that the cost of a member with pinned-jointed 
connections is 

2 

WA. + £P2=U5wA. (9) 
7 = 1 

and the fact that % = $°2 it follows from Equation 9 that the 
cost of a pinned-jointed connection is fy = 0. lwflt. Moreover, 
since ^nRn = fW^2 f° r e a c n beam member of this design 
example, it follows from Equation 8 that each connection 
coefficient py is restricted to 

o s f c * ^ do) 

where the lower bound corresponds to a pinned connection 
while the upper bound corresponds to a rigid connection. 

The upper bound term in Equation 10 provides the basis 
for establishing a reasonable estimate of the connection cost 
coefficient, P .̂ To this end, from Equation 3, 

Gerstle (1988), by reviewing typical building designs, indi­
cated that the stiffness ratio EI/RL ranges from 0.02 to 0.1 
for rigid frames. In terms of fixity factor, r, it ranges between 
0.94 and 0.77. In this study, r = 0.85 is adopted from the 
average of 0.77 and 0.94 to represent the fixity factor for rigid 
connections. Substituting Rtj from Equation 11, with a fixity 
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Table 3. 
Fully-Rigid Design and Semi-Rigid Design with Large Connection Stiffnesses 

Fully-Rigid 

Member 
Group 

excol-1 

incol-1 

beam-1 

beam-2 

Weight 

Total Cost 

Constraint 

Top-Sway 

Mid-Span 
Deflection 

Stress Ratio 

Cross 
Section 

W8x28 

W8x35 

W14x38 

W14x22 

7.031 x103 

Fixity 
Factor 

r 

1 

1 

1 

1 

Connection 
Cost (lb) 

1.145x103 

6.635x102 

1.809x103 

8.84x103 (lb) 

Limit 

0.81 (in.) 

1.00 (in.) 

1.00 

Governing Clause 

Governing Group 

Actual 

0.474 (in.) 

0.310 (in.) 

1.028 

Ratio 

0.585 

0.310 

1.028 

Equation 1.6-2 

beam-1 

Governing Load Combination: 2 

Semi-Rigid with Large Connection Stiffnesses 

Cross 
Section 

W8x28 

W8x35 

W14x38 

W14x22 

Connection 
Stiffness 

(kip-in/rad) 

1.265x106 

6.492x105 

7.031x103 

Fixity 
Factor 

r 

0.9 

0.9 

Connection 
Cost (lb) 

1.145x10s 

6.635x102 

1.809x10s (lb) 

8.84x10s (lb) 

Limit 

0.81 (in.) 

0.31 (in.) 

1.00 

Actual 

0.496 (in.) 

0.345 (in.) 

1.019 

Governing Clause 

Governing Group 

Ratio 

0.613 

0.345 

1.019 

Equation 1.6-1 a 

excol-1 

Governing Load Combination: 2 

factor 0.85, into the upper bound term in Equation 10 results 
in 

P = 0.01-fwA (12) 

in which lt and a( are moment of inertia and section area of 
the beam, respectively. 

The parameter f̂  has to be pre-determined in the optimi­
zation process. Many ways could be suggested to estimate /, 
and at such as taking the section from a rigid design or 
selecting the section from beam tables by considering the 
gravity load only, etc. Numerical experiments have shown 
that the design is not sensitive to the value of $tj (Xu and 
Grierson, 1993). In this example, floor and roof beams were 
assumed as W14x38 and W14x22. The resulting values of 
p(y were 0.16X10-6 and 0.18X10"6 rad/in, respectively. 

Investigations have been conducted for the optimum de­
sign of a three-bay, two-storey steel frame by assuming the 
frame is fully-rigid, semi-rigid with large connection stiff­
ness, semi-rigid with connection stiffness between 2xl05 to 
50xl05 kip-in/rad. (Gerstle, 1988) and semi-rigid with Ex­
tended End Plate Connections (Figure 5) having known non­
linear behaviour, respectively. All calculations included a 
second-order (P-A) analysis in the final designs. The final 
design results for the fully-rigid design and a semi-rigid 

design with large connection stiffnesses are presented in 
Table 3. Since fully-rigid connections are not attainable in 
practice, the semi-rigid design with large connection 
stiffnesses can be viewed as a realistic model of the fully-rigid 
case. The connection stiffnesses for this latter design case are 
assigned to be 1.25xl06 kip-in/rad. and 6.492xl05 kip-in/rad. 
for the connections of first and top storey, respectively, which 
correspond to the fixity factor for the beams in both the first 
and top storey being r = 0.9. 

Two further semi-rigid design cases are presented in Table 
4. The first case is the semi-rigid design represented by 
optimal standard sections and optimal connection stiffnesses 
from the design optimization process prior to selection of 
actual connections from the connection database. For the 
second case, Extended End Plate connections have been 
selected from the connection database consistent with the 
optimal connection stiffnesses and taking into account con­
nection fabrication requirements. 

The design optimization process commenced with an in­
itial W8x67 column section and W 14x120 beam section for 
all designs, and converged after 2 design cycles in each case. 
For the case of semi-rigid design with extended end-plate 
connections, the connection selection procedure was acti­
vated upon convergence to the optimal member sections and 
connection stiffnesses. For the specified type of connection, 
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Table 4. 
Semi-Rigid Design Results 

Semi-Rigid Design (no connection selection) 

Member 
Group 

excol-1 

incol-1 

beam-1 

beam-2 

Weight 

Total Cost 

Constraint 

Top-Sway 

Mid-Span 
Deflection 

Stress Ratio 

Cross 
Section 

W8x31 

W8x35 

W14x30 

W14x22 

6.712x103 

Connection 
Stiffness 

(kip-in/rad) 

1.15x105 

1.88x104 

Fixity 
Factor 

r 

1 

1 

0.52 

0.21 

Connection 
Cost (lb) 

3.982x102 

2.256x102 

6.238x102 

7.336x103 (lb) 

Limit 

0.81 (in.) 

1.00 (in.) 

1.00 

Governing Clause 

Governing Group 

Actual 

0.792 (in.) 

0.707 (in.) 

0.997 

Ratio 

0.977 

0.707 

0.997 

Equation 1.6-2 

beam-1 

Governing Load Combination: 2 

Semi-Rigid with Large EEP Connections 

Cross 
Section 

W8x31 

W8x35 

W14x38 

W14x22 

6.712x103 

Connection or 
Fixity Factor 

r 

1 

1 

EEP_4 

EEP_8 

Connection 
Cost (lb) 

3.620x102 

2.787x102 

6.407x102 

7.353x103 (lb) 

Limit 

0.81 (in.) 

1.00 (in.) 

1.00 

Actual 

0.800 (in.) 

0.595 (in.) 

0.984 

Governing Clause 

Governing Group 

Ratio 

0.987 

0.595 

0.984 

Equation 1.6-1 a 

incol-1 

Governing Load Combination: 2 

the connection selection procedure searched the connection 
database for a candidate having a reference stiffness that 
matched the optimal stiffness and which had an adequate 
moment capacity and appropriate dimensions compatible 
with the sizes of the column and beam to be connected. For 
this example, the fourth and eighth specimens of the Extended 
End Plate connections (EEP_4 and EEP_8) in the connection 
database Table 1 and 2 were selected for the first and top-sto­
rey beams, respectively. Once the connections were selected, 
the corresponding nonlinear connection behaviour was ac­
counted for in the nonlinear analysis conducted during the 

- V -
f-^-f ± • 

+ • 

+ • 

- N j -

rtU 
pt 

li 

pc 

—* 
CC j 

5 

c 

? 

Ip 

subsequent design verification process. For the frame de­
signed using Extended End Plate Connections it is noted, 
from Table 2, there are only a few connections available for 
W14-shapes. Therefore, connection EEP_8 and EEP_4 have 
been selected for this study. The arrangement and nonlinear 
moment-rotation curves of these connections are shown in 
Figures 5 and 6. From Tables 3 and 4 it is noted that all the 

M,. of EEP 4 
R f ofEEP_4 

0.01 0.015 0.02 

Rotation (rad.) 

Fig. 5. Extended end plate connection (EEP). Fig. 6. Nonlinear M-0 curves ofEEP_4 and EEP_8 connections. 
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optimal designs for this example are controlled by Load 
Combination 2 (Dead + Wind). To provide a better under­
standing of the influence of semi-rigid connection behaviour 
on the internal force distributions for such frameworks, the 
bending moments for all members and the axial forces for the 
columns are presented in Figures 7 to 10. The maximum 
rotations of the beam-to-column connections for the semi­
rigid cases in Tables 3 and 4 are calculated by the secant 
formula 0max =M/R and are as shown in Figures 7 to 10. 

For fully-rigid frame design, the initial results generated by 
the computer-based optimization technique are: 

excol: W8X28; 
incol: W8x35; 
beam-l:W14x43; 
beam-2:W14x22 

Since the flange width of the W 14x43 exceeds that of the 
W8x28, a modification is made by adjusting the exterior 
column and floor beam to be W8x31 and W14X38, respec­
tively. This adjustment causes a 2.8 percent violation of the 
stress response in the floor beam. 

Upon comparing the traditional fully-rigid design with the 
semi-rigid design having large connection stiffnesses, Table 
3 indicates that the top-sway and mid-span deflection respec­
tively increase 5 percent and 10 percent for the latter case. 
The governing member group for the fully-rigid design is that 
for the beams in the first storey. However, the exterior column 
group controls the semi-rigid design with large connection 
stiffnesses. This perhaps indicates that traditional fully-rigid 
design may mislead the designer into having too much con­
cern for the strength of the beams and not enough for the 
strength of columns. 

When comparing the fully-rigid design in Table 3 with the 
semi-rigid design with extended-end plate connections in 
Table 4, it is found that the top sway and maximum mid-span 
deflection are respectively 69 percent and 92 percent greater 

for the latter case. This indicates that displacement-related 
serviceability conditions should be carefully examined for the 
design of steel frameworks involving semi-rigid connections. 
As well, since increased frame sway means increased P-A 
effects, it suggests that perhaps second-order effects should 
be considered in the design of low-rise steel frameworks with 
semi-rigid connections. It is noted from Tables 3 and 4 that 
any one of the semi-rigid designs for this low-rise framework 
has less member weight than the fully-rigid design, and thus 
is more economical from the point of view of member mate­
rial consumption. By further considering connection costs, 
even more saving is possible through the use of semi-rigid 
connections since they are less complex than and, therefore, 
less costly to fabricate than so-called fully-rigid connections. 

CONCLUDING REMARKS 

The design of partially restrained, moment resisting frames is 
carried out using a mixed discrete optimization technique and 
a database of member sizes and connection properties devel­
oped in the United States. The data is, therefore, expressed in 
Imperial units. No comparable Canadian information is avail­
able as this problem is yet to be addressed in Canadian design 
codes. 

The fixity factor, r, describing the end fixity of beam 
members varies, from 0 to 1, representing the pinned and fully 
fixed conditions corresponding to the extremes of restraint 
possible in a beam or column. It is understood, of course, that 
these extreme values are applicable only to idealised mathe­
matical models suitable for analysis. Gerstle (1988) has pro­
posed that field-bolted connections (Type 2) are in the range 
of rotational stiffness from 2xl05 to 10xl05 kip-in/rad, and 
that welded connections (Type 1) are in the range from 10x10s 

to 50xl05 kip-in/rad. This classification ignores more recent 
developments, such as end plate connections employing 
prestressed bolts in tension, which can develop much larger 

22.970 49.254 39.525 45.027 43.524 29.099 

23.400 53.662 43.031 v J 48.361 48.055 

26.277 

3.804 

5.758 v ^ 20.482 16.886 

Units: Forces: kip; Moment: kip-ft 

29.634 

28.053 

22.002 

3.872 

29.237 

27.807 

v-^ 5.936 <S 20.367 ^ 17.448 ^ 22.094 

beam-1 group 6m,x = 0.00096 rad. beam-2 group 8mM = 0.00091 rad. 

Units: Forces: kip; Moment: kip-ft 

Fig. 7. Member forces for fully-rigid design. 
Fig. 8. Member forces and connection rotations for semi-rigid 

design with large connection stiffness (r = 0.9). 
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rotational stiffness. It might be more appropriate to suggest 
that bolted and welded connections can be used interchange­
ably over the entire range from 2xl05 to 50xl05 kip-in/rad. 

Alternative designs involving the traditional ideal model 
(fully-rigid design, r = 1) and the partial restraint model 
(semi-rigid design) proposed herein are compared using 
equivalent costs. In this scenario, connection costs are ex­
pressed as incremental weights of the connected beams using 
data supplied by the CISC with recognizes heavier connec­
tions, and hence increasing cost, with increasing rotational 
stiffness. In the variants of the design example given, the total 
weight/cost is expressed as primary member weights plus 
equivalent connection weights and the following observa­
tions in order: 

1. The proposed semi-rigid design method is valid and self 
consistent; with large values of connection stiffness, R, 
it is seen to converge to the traditional fully rigid design, 
r = 1, both as to weight/cost and performance. 

2. Fully-rigid design is unrealistic. In fact, since fully-rigid 
connections are unattainable in practice and their realis­
tic stiffness is often in the range of 80 to 90 percent of 
fully fixity, for design based on assuming fully-rigid 
connections the primary columns in the structure are 
over-stressed (being too light) and predictions of drift 
are unsafe (being too low). The connection costs for 
fully-rigid design are exorbitant and negate any com­
parison with those for semi-rigid design. 

3. Semi-rigid design comes into its own for low and mid-
rise structures, when gravity loads control the design and 
sway is relatively unimportant. Here, both member 
weights and connection costs are optimal and lower than 
those for comparable rigid frame design. 

4. Nonlinear connection behaviour has a significant influ­
ence on the lateral sway of a steel frame; this can be seen 
in Table 3 in which all the designs were governed by the 

stress response except for the one with standard Ex­
tended End Plate Connections. 

5. The current connection database does not meet the needs 
of practice being confined largely to connections of 
small capacity. 
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List of Notations 

a cross-section area 
at cross-section area of member / 
A, a set of cross-section areas of the available 

discrete standard sections for member i 
C correction matrix for semi-rigid member 
E Young's material modulus 

f fL fu 

i 

i 

J 
L 
M 
Mc 

n 

R 
Rf 

St 

Z 

z, 
M5 
MX 

0 

connection flexibility for semi-rigid member i 
at end j and its associated lower and upper 
bounds 
geometric stiffness matrix for semi-rigid 
member i 
moment of inertia 
structural stiffness matrix 
index of member 
index of member-end 
member length 
connection bending moment 
connection moment capacity 
curve-fitting shape parameter for connection 
modelling 
fixity factor for semi-rigid member 
fixity factor for semi-rigid member / at end j 
connection stiffness 
connection reference stiffness 
connection stiffness for semi-rigid member i at 
end; and its associated lower and upper bounds 
connection strain-hardening stiffness 
elastic stiffness matrix for fully-rigid member 
weight coefficient for member / 
a set of reciprocal cross-section areas of the 
available discrete standard sections for 
member i 
reciprocal section area for member i 
total member-plus-connection 'cost' for 
structure 
member-plus-connection 'cost' for member / 
cost coefficients for connection at end j of 
semi-rigid member i 
specified joint displacement and its associated 
lower and upper bounds 
connection rotation 
normal stress at section k and its associated 
lower and upper bounds 
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