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A B S T R A C T 

1 his study attempts to introduce a simplified method of flex­
ible frame analysis that builds on some aspects of the already 
established A I S C / L R F D design approaches , namely the B^ 
and B2 amplification factor method . Two idealized connec­
tion models are proposed: The first is a modified initial stiff­
ness representat ion; the second is a model de termined by 
the beam-l ine method . The connect ion models are designed 
for implementat ion in a first-order analysis of the nonsway 
and sway configurations of f rame, thus determining the 
m o m e n t values M„^ and M/^, respectively. The design 
m o m e n t M^ is obtained in a p rocedure similar to that con­
ducted for rigid frames using the amplification factor 
me thod . The effective length factor concept is utilized with 
some modificat ions to account for connection flexibility. A 
modified relative stiffness factor for elastically restrained 
members is suggested, which allows the use of existing align­
men t charts for determining the effective length factor of 
co lumns . 

1. I N T R O D U C T I O N 

The steel framework is one of the most commonly used struc­
tural systems in modern construct ion. The analysis of such 
structural systems is governed by the assumptions employed 
in model ing these e lements , especially those concerning the 
behavior of beam-to-co lumn connect ions. Conventional 
me thods of steel frame analysis used highly idealized joint 
mode l s : the rigid-joint mode l and the pinned-joint mode l . 
Since the actual behavior of frame joints always falls in 
between these two extremes, more attention has been directed 
in recent years toward a m o r e accurate model ing of such 
joints . The extensive research work on flexible connect ions 
resulted in a considerable amoun t of knowledge that 
p rompted changes in the design provisions. 

Section A 2 . 2 of the L R F D Specification^ identifies Type 
P R (partially-restrained) construct ion as one of two basic 
types of construct ion. In this type, the structural jo ints are 
p resumed to offer some restraint to the member s they con­
nect . For the case when the flexibility of connect ions is 
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considered in the analysis and design of frames, the LRFD 
Specification permits the evaluation of the flexibility of con­
nections by rational analytical or empirical means. For the 
other basic type of construction (Type FR or fully-restrained), 
the specification provides for a simplified second-order elas­
tic analysis with B] and B2 amplification factors. In contrast 
to this, the design specification provides for Type PR only 
broad principles for analysis and design. It is left to the in­
dividual engineer to implement these principles in a quan­
titative manner. 

There are several computer-based methods available for 
the analysis of Type PR frames.̂ '̂ '̂ '̂ '̂̂ '̂̂ '̂̂ ^ Most of these 
methods involve, because of second-order effects, either a 
complicated mathematical formulation or a shortage in ver­
satility for practical design applications. Moreover, some of 
the proposed methods often employ cumbersome and time-
consuming numerical techniques in order to ensure conver­
gent solutions. 

In this study, a simplified procedure for the design analy­
sis of frames with semi-rigid connections is proposed. The 
procedure is based on the elastic analysis for design which 
is permitted by Sec. A5 of the AISC LRFD Specification. 
It follows the basic philosophy of the so-called B^ and B2 
amplification factor method of analysis, in conjunction with 
the concept of effective length for columns. Bearing in mind 
that, in order for B^ and B2 philosophy to be applicable, a 
structural system must behave linearly, among other condi­
tions. Thus, the proposed procedure attempts to satisfy this 
requirement by linearizing the problem, particularly the 
moment-rotation (M-d,) relationship of the connection. It 
focuses on the notion that if a linear relationship could be 
assumed between the connection moment and the connec­
tion rotation in the form of secant stiffness, then the B^ and 
B2 factor method may also be applied to the analysis of 
Type PR construction as long as the connection flexibility 
is considered in the first-order analysis. 

2. Bi AND 82 METHOD OF ANALYSIS 

The AISC LRFD Specification recommends the following 
design limitations for sway and nonsway beam-columns: 

For - ^ ^ > 0.2 

<\>cPn 
%[ M.,. 

<i>hM^ 
1.0 (2.1a) 
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For 
<i>cPn 

< 0.2 

2<\>cPn 
+ 

r M,, ^ M,, -| 
< 1.0 (2.1b) 

The principal unknowns in Eq. 2.1 are M^^ and M^̂  
which are the required flexural strength in X and Y planes. 
In structures designed on the basis of elastic analysis, M^ 
is determined from a second-order elastic analysis using fac­
tored loads. As an alternate, the LRFD provisions provide 
for two amplification factors (5, and B2) to be used with 
the results of a first-order analysis to estimate the design 
moment M, as follows: 

where 

Mir = 

B, = 

where 

C = 

Pek — 

B, = 

M,, B,M,„ + BjM, It (2.2) 

maximum moment in the member assuming no 
lateral translation of the frame, calculated by using 
a first-order elastic analysis (see Fig. la) 
maximum moment in the member as a result of 
lateral translation of the frame only, calculated by 
using a first-order elastic analysis (see Fig. lb) 
P — b moment amplification factor, given by 

B, = > 1 (2.3) 

1 -

coefficient whose value depends upon column cur­
vature caused by applied moments 
7r^EI/{KL)^, in which K is the non-sway effective 
length factor in the plane of bending 
P — A moment amplification factor, given by 

B, = 
1 

1 - ^P. 
LHL 

(2.4) 

As can be seen, the analysis procedure is reduced to merely 
determining the values of M^̂ , Mi,, B^ and B2. For this pro­
cedure to be applicable to frames with semi-rigid connec­
tions, proper modifications need to be made to reflect their 
existence and to take into consideration the effects of con­
nection flexibility on force distribution. The selection of 
rational and simple models of the connection moment-
rotation {M—df.) relationship is an essential part for this 
effort to be successful. 

3. MODELING OF CONNECTION 
M-e, RELATIONSHIP 

As part of linearizing the analysis of flexible frames and 
revising the B^ and B2 method to a form that will account 
for connection flexibility, linear M—d^ relationships are pro­
posed in the following sections. In light of the fact that load­
ing of frames in real life occurs in essentially sequential man­
ner (meaning that after most gravity loads are applied,, 
horizontal forces are induced), the connection stiffness 
changes noticeably during the loading process. Hence, in the 
simplified modeling of connection behavior, two secant stiff­
nesses are proposed. The first is a reduced initial stiffness, 
termed here as the modified initial stiffness Rf^^y ^^d the 
second is a secant stiffness Rj^ determined by the beam-line 
method. These stiffnesses are expected to resemble the aver­
age connection behavior under gravity and horizontal loads 
as treated by the B^ and B2 method. The first stiffness is 
intended for implementation in the first-order analysis of the 
nonsway frame devised by this method (Fig. la), in which 
the principal outcome is M^,. The second stiffness is to be 
used in the first-order analysis of the sway frame (Fig. lb) 
which determines Mi,. 

3.1 Modified Initial Connection Stiffness {Rko) 

Existing connection data^^ shows that the initial values of 
the connection tangent stiffness are relatively high compared 
to those at advanced loading stages. Researchers have exten­
sively used the initial connection stiffness Rj,, in the analy­
sis of flexible frames"̂ '̂ '̂ '̂̂ "̂ '̂ '̂̂ "* because of the relative ease 
of determining such value either graphically or analytically. 

or alternatively 

EH 
L 

Pek 

B, = 
^Pu 

(2.5) 

— ^ 2 

axial load on all columns in a story 
first-order translational deflection of the story 
under consideration 
sum of all story horizontal forces producing Â  
story height 
7r^EI/(KL)^, in which K is the sway effective 
length factor in the plane of bending 
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for M , . 

(a) (b) 

Fig. 1. Two fictional frames for determining frame moments. 
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In spite of the comfort that the initial stiffness provides for 
an elastic analysis, it is fair to say that R^i is too high a 
value for use throughout the analysis. Among others, Goto 
and Chen (1987) showed the inadequacy of using a unique 
initial stiffness value throughout the analysis of flexible 
frames. A moderately softer stiffness than the initial J?̂ , is, 
therefore, desired. 

This objective will be achieved in what follows by introduc­
ing the modified initial stiffness R,,^. This stiffness is 
defined as the secant modulus corresponding to the initial 
rotation 6^ of the connection (Fig. 2). The initial rotation 6,, 
is that corresponding to the intersection of the initial tan­
gent modulus Ri,i and the ultimate moment M^. The pro­
posed stiffness will be evaluated in conjunction with the 
M-6, curve models proposed by Lui and Chen^^ and Kishi 
and Chen.̂ ^ The later model provides for connection prop­
erties {M-dr relation, /? ,̂ and M^) required to determine 
the secant modulus Rj,^. The adoption of this model stems 
from the fact that the connection parameters are determined 
directly from its material and geometric properties. The pro­
cedure is systematic and can easily be implemented in a com­
puterized method of analysis. 

As a good representation of the semi-rigid type of con­
nections, the top- and seat-angle with double web-angle con­
nection will be primarily used here and in subsequent sec­
tions. For this type of connection, Kishi and Chen'^ present 
the following expressions in conjunction with Fig. 3 for 

M 

M.. 

determining the initial stiffness JR ,̂, ultimate moment M^ 
and M—d, relation. The initial connection stiffness is deter­
mined by: 

^ki -

3(EI,)df , 6(EUd^ 

where 

gi = 

g,(gf + 0.78r,2) ^3(^3 + O.lSt'j 

w tj 

2 2 

H; _ ^ 

2 2 

(3.1) 

d, == d + - ^ -

d t, 
d. = - -h -

2 2 

EL = E 
Ipita? 

12 
bending stiffness of the leg of web angle 

adjacent to the column face 

Elr 
12 

, bending stiffness of the leg of top angle 

adjacent to the column face 

w = width across flats of bolt 

The ultimate moment M^, is determined as the sum of the 
plastic capacities of connection components as follows 

M, = M,, + M,, + V^A + IV^^d, (3.2) 

Fig. 2. Initial and modified initial stiffness for M,^^ 
calculations. 

Fig. 3. Typical top- and seat-angle with double web-angle 
connection. 
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where 

M„, 

Mp, = 

4 

Vp,g2 

V„, is determined by solving the following equation 

^PL\ +ilf^] - 1 = 0 
t,\K 

K, 

y 
'pa 

V 

= 
2 

(Vpy 

I 
v̂  

+ 
2 

V ^ 

y ) ' -

gi = g! - K 
2 2 

^ v = 
- K 

tors that may influence the degree to which the connection 
stiffness has decreased before lateral loads commence are 
the intensity of gravity loads and the stiffness of the beam. 
With these considerations in mind, the secant stiffness deter­
mined by the beam-line is chosen as the average connection 
stiffness that approximates the connection behavior in the 
analysis for M/̂ . The determination of this stiffness is 
presented in the following. 

For an elastic behavior, the relationship between the beam 
end moment M^ and end rotation (j)̂  can be determined by 
using the slope-deflection equations and is expressed by: 

M. 
2EI 

L 
(3.4) 

where Mp is the fixed-end moment. For a uniformly loaded 
beam, Eq. 3.4 can be written as 

Mp^—[\-^ 
12 V *. . . 

(3-5) 

where (|)̂ „ = 
l^El 

end rotation for a uniformly loaded, 

simply supported beam. For any value of w, Eq. 3.5 repre­
sents a straight line (beam-line) on an end moment vs. end 
rotation diagram (Fig. 4). 

d^ = d -\- - + k, 
2 

d, -^ ^^ 
2V -\- V t 

i„ -T Ll -r — 

XKu + Ka) 2 
Using the initial connection stiffness Z?̂ , and the ultimate 

moment capacity M^ of the connection, the moment-
rotation M—6^ relationship can be adequately represented 
by:'^ 

M = 
RkiO, 

[1 + (e,/ej''V' 
(3.3) 

3.2 Connection Stiffness by Beam-Line Method 

At advanced stages of loading, the connection sustains 
increasing rotations and consequently exhibits declining stiff­
ness values. In sway (unbraced) frames, the connection is 
presumed to undergo most of such activity when the action 
of lateral forces adjoins that of gravity loads. In terms of 
the analysis procedure at hand (B^ and B2 method), this sit­
uation may be considered as the phase of determining the 
values of M/̂ , which in effect the phase of analyzing a 
structure subjected to loads causing sideways. Thus, if any 
idealized connection stiffness is to be considered in the analy­
sis of frame under sway loads (determination of M/̂ ), such 
stiffness should be less than that used for determining M^^ 
moments caused by nonsway loads. The other major fac-

M 

M F 

1 - Column Curve 
2 - Connection Curve 
3 - Beam-Line Curve 
4 - Column-f-Connection Curve 

Fig. 4. Moment-rotation curves for joint components and the 

determination of Rj^i, for Mif 
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Figure 4 schematically shows the moment-rotation rela­
tionships for the three components of a beam-joint-column 
assembly.^^ Curve 1 represents the moment-rotation rela­
tionship at the column end, curve 2 is the connection M—d^ 
relation and curve 3 is the beam line. Compatibility of rota­
tional deformation at a joint combining these elements will 
be satisfied at the intersection of the beam line (curve 3) with 
curve 4 which combines the connection and column rota­
tions (curve 1 + curve 2). This is shown as point A in the 
figure. Noting that the end rotation of the column is usually 
very small compared to that of the connection, curve 4 can 
therefore be approximated by curve 2 for the determination 
of point A which is, consequently, replaced by point B. The 
simplified linear model of the connection M— 6^ relation is 
chosen as the secant modulus that passes through the inter­
section point of the beam line and the moment-rotation curve 
of connection (point B). This modulus is denoted here as 
Ri,ij and will be implemented in the first-order analysis of 
the sway frame of Fig. lb for the determination of M/̂  
moments. 

Having prepared the two linear connection models (R/,,) 
and R/,ij) intended for use in the analysis procedure, we now 
proceed to deal with the question of effective length of col­
umns under flexible restraint conditions. 

4. EFFECTIVE LENGTH OF COLUMNS 

4.1 Relative Stiffness Factor (G) 

In designing rigid frames, it is common practice to isolate 
each member from the frame and design it as an individual 
beam-column. The influence of adjacent members (end-
restraint conditions) on the behavior of the particular mem­
ber is usually accounted for by using the effective length of 
the member in question. The effective length / of an end-
restrained column is defined as the length of an equivalent 
pin-ended column that will give the same critical load as the 
end-restrained column. 

One convenient way of determining the column effective 
length is to use the concept of effective length factor K 
(I — KL, where L is the actual length of column, K = 
\lPJPcr, where P^ is the Euler buckling load and P,r is the 
critical load of column with actual end restraints). The deter­
mination of the effective length factor K for a framed mem­
ber is a complex procedure, because the stiffness of all adja­
cent members, as well as the rigidities of connections, must 
be included in the process. As an alternate, the AISC LRFD 
Specification' allows the use of alignment charts (Fig. 5) 
based on a procedure proposed by Julian and Lawrence'^ 
where K is determined by evaluating the relative stiffness 
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Fig. 5. Alignment charts for the determination of the effective length factor K. 
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factors Qi (at column end A) and Gg (at column end B). A 
straight line joining the two values Qi and Ĝ  will intersect 
the middle line which gives the value of K. The relative stiff­
ness factor G at any end is expressed as: 

G = 

. i | ' 

-n (4.1) 

sum of column stiffnesses meeting at the joint 

sum of beam stiffnesses meeting at the joint 

In practical terms of the AISC LRFD design format, the 
concept of effective column length is embedded in the ampli­
fication factors 5, and B2 (Eqs. 2.3 and 2.5) in which 

TT^EI 

P., is expressed by . To be able to implement this 
(KLf 

concept in the design analysis of flexible frames, and to 
justify the adoption of the AISC format for such frames, 
proper modifications have to be made to account for the 
reduced amount of restraint at column ends due to the pres­
ence of semi-rigid connections. This can be achieved by 
expressing the apparent effects through a modified represen­
tation of the relative stiffness factor G which, consequently, 
provides for an updated effective length factor K. 

Since the design format of the B^ and B2 method involves 

the determination of effective length factors for both non-
sway (determination of B^) and sway frames (determination 
of ^2), the two cases are considered in the following deri­
vation of a modified relative restraint factor. 

4.2 Modified Relative Stiffness Factor for 
Nonsway Frames 

The derivation of a relationship for the relative stiffness factor 
G that accounts for frame flexibility is similar to that pro­
vided for rigid frames.^ The model used for this purpose is 
shown in Fig. 6 which illustrates an assumed deflected shape 
at the bifurcation state of a subassemblage of a braced frame. 
Semi-rigid connections are modeled as elastic springs 
attached to the ends of beam members. The column under 
consideration is Column C2. The assumptions used for the 
model are: 

1. All members are prismatic and behave elastically. 
2. Beam-to-column connections behave linearly with iden­

tical stiffness parameters in each floor. 
3. The axial force in beam members is negligible. 
4. All columns in the frame buckle simultaneously. 
5. At a joint, the restraining moment provided by the beam 

is distributed among the columns in proportion to their 
stiffnesses. 

6. At buckling, the rotations at the near and far end of 
beams are equal in magnitude and opposite in direc­
tion (beams are bent in single curvature). Using the 
standard form of the slope-deflection equations and the 
modified form for relative joint translation or elastic 
and restraints^ as applicable, the equilibrium equations 
for the subassemblage can be written in the form:"̂  

Sii + 
G: 

Sii + 
G^ 

(4.2) 

where 

G' 

EI 

UcxJ^ m)b 
EI 

(4.3) 

(a„r)w = 

1 + 2-

£7 
(4.4) 

Fig. 6. Subassemblage model for braced (nonsway) frame. 
At bifurcation, the determinant of the coefficient matrix van­
ishes which leads to the following governing equation. 
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mH'^)i 1 -
TT/K 

tan(7r/^ 

2 tan(7r/2iO 

TT/K 

(4.5) 

1 0 

Equation 4.5 is identical to that developed previously by 
Julian and Lawrence'^ for rigid frames, except that G at 
each member end is now replaced by G'. The modified rela­
tive stiffness factor G' accounts for the presence of elastic 
beam-to-column connections. A relationship G' and G can 
now be established in the form 

G' = a.,G 

where 

Oinr = 

.I'f 

(4.6) 

(4.7) 

a^t is the scaling factor by which the relative stiffness fac­
tor G' for members in flexible frames with no lateral trans­
lation is obtained from G. 

l^ 
Fig. 7. Subassemblage model for unbraced (sway) frame. 

For rigid frames, the relationship between G^, Gg and K 
can be expressed by an alignment chart as used in the AISC 
LRFD Specification (Fig. 5). Realizing that Eq. 4.6 repre­
sents a linear relationship, the same alignment chart can be 
used for determining the effective length factor of an elasti-
cally restrained column by entering the values of G^ and 
G^. 

4.3 Modified Relative Stiffness Factor for 
Sway Frames 

Following a similar procedure, we proceed now to derive 
the relationship governing the end restraint factors for sway 
frames with semi-rigid connections. The model used for this 
purpose is shown in Fig. 7 which illustrates an assumed 
deflected shape at the bifurcation state of subassemblage of 
a flexible frame where lateral translation is not prohibited. 
Again, the column under consideration is Column C2. The 
assumptions used for this model are the same as for the non-
sway case except for point 6 which is modified to the fol­
lowing: At buckling, the rotations at the near and far ends 
of the beam are equal and in the same direction (i.e., the 
beams are bent in double curvature). 

Similar to the case of nonsway frames described in Sec. 
4.2, the state of bifurcation leads to the following governing 
equation: 

G'^G^i-K/Kf - 36 {TT/K) 

6 ( G ; + G's) tan(7r//0 
(4.8) 

where 

G' = m (4.9) 

which is identical to the equation derived for unbraced rigid 
frames,^ except that G has been replaced by G' which 
reflects the effects of elastic joint flexibility. The relation­
ship between G' and G can be expressed by 

G' = aifG (4.10) 

where 

Oilr 
"EI 

(4.11) 

The symbol a/̂  is the scaling factor by which the relative 
stiffness factor G is scaled to give the equivalent relative stiff­
ness factor for flexible frames G'. Equation 4.10 is a linear 
relationship which makes it possible to use the AISC LRFD 
alignment chart for unbraced rigid frames (Fig. 5) to deter-
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mine the effective length factor for column members in flex­
ible sway frames by entering the values of G' as G. 

It is worth mentioning that the expressions for the modi­
fied relative stiffness factor G' provided in Sec. 4.2 and 4.3 
reduce to G when very stiff (rigid) connections are used. For 
rigid joints (/?^^ oo), the scaling factor a. becomes equal to 
unity, which leads to G' = G For simple joints (/?^^0), 
a. becomes equal to zero and the relative restraint factor 
G' = G = 0. 

5. MODIFIED STIFFNESS OF BEAM {EI% 

Sections 4.2 and 4.3 showed the applicability of the exist­
ing alignment charts for determining the effective length fac­
tor of columns in a linearized flexible frame analysis. This 
was achieved by deriving the governing equations (Eqs. 4.5 
and 4.8) relating G^, G^ and K. This section employs a 
similar but much simpler approach that focuses on the beam 
member only to show that the effects of elastic joint flexi­
bility can be taken into account by using a reduced beam 
stiffness {EI')},. Since the modulus of elasticity £" is a con­
stant parameter for steel members, the actual change will 
only involve the second moment of inertia of the beam ele­
ment. This will be accomplished by examining a general case 
of beam member restrained by different connections at its 

ends. Further, special cases of a member with same end con­
nections will be considered. 

5.1 Modified Slope-Deflection Equations 

Figure 8c shows a beam-column member with elastic end 
restraints. The member is loaded with end forces. The slope-
deflection equations for this member have the form, in the 
usual notations 

M, = 
EIV 

EIV 

{GA - ^r^) + s^jiBe - e, U)l 

MB = - \ S:j(e^ - e,^) + SrXde - ^BU 

(5.1) 

(5.2) 

MA , . MB 

Substituting d^A = — and d,j, = 

M, = 

•rB . we get: 

jh'A + side'] 

MB =J\'2^A + sieB~\ 

(5.3) 

(5.4) 

where s[, s{ and si, are the modified stability functions due 
to the presence of flexible connections, expressed as: 

S = 

Si 

Si 

^IcA^lcB + ^iii^kA + ^ICB) + '̂ /7 

^kA^kB^ij 

^kA^kB + ^iii^kA + ^IB) + '̂ // 

^kBi^kA^ii + '̂ ;7 ~ ^ij) 

- 4 

- 4 

RURkB + •S/iĈ W + % ) + •5,7 

(5.5) 

(5.6) 

(5.7) 

a) Beam-Column With No Relative Joint Traslation 
where 

b) Beam-Column With Relative Joint Traslation 

c) Beam-Column With Elastically-Restrained Ends 

Fig. 8. Beam-column subjected to end moments. 

^kA — ^kA 

EI 

RIR -R, 
EI 

kS 

(5.8) 

(5.9) 

Equations 5.3 and 5.4 are the modified slope-deflection 
equations that account for linear flexible connections at mem­
ber ends. Similar expressions have been presented in Ref. 
18, where incremental formulation was considered for non­
linear analysis. 

Two idealized cases of beam members will now be con­
sidered. These are the cases expressing the two deflection 
modes associated with the bifurcation of braced frames (sin­
gle curvature bending) and unbraced frames (double curva­
ture bending). 

5.2 Beam Member Bent in Single Curvature 

For a beam member with identical end connections (/?^ = 
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^kB = ^k) ^^^ single curvature bending, the end rotations 
are equal in magnitude and opposite in direction (6^ — 
—^). Considering that for beam members 5,7 = 4 and s^^ 
— 2, Eqs. 5.5, 5.6, and 5.7 can be reduced to 

(5.10) 

^2 

AR^ 

Rt 

Rt 

+ 

+ 

+ 12^ 

8^/ 

2/?f 

8/?; 

+ 

+ 

k 

12 

12 
(5.11) 

3̂' = s[ (5.12) 

The end moments (Eqs. 5.3 and 5.4) are determined by 

1 

M, 
IF 

L 1 + 
2EI 

Mn = ~M, 

(5.13) 

(5.14) 

Comparing Eq. 5.13 with the equation derived for rigidly 
connected beam member, in which the moment at each end 
is expressed by 

2EI 
M = 6 

L 
we can write Eq. 5.13 in a similar form as 

2Er 
Ti jr nt f. 

M. = ft 

(5.15) 

(5.16) 

where 

/.'. = 
1 + 

2EI 

RkL^ 

(5.17) 

I^t is the modified moment of inertia of beam element with 
linear flexible connections at both ends, for which loading 
conditions produce single curvature bending. Note that the 
expression in brackets is actually the coefficient a^^ in 
Sec. 4.2. Consequently, the modified relative stiffness fac­
tor can be directly written in the following form 

G' = 

E l f 

FE 

L 

(5.18) 

or 

where 

a„r = 

G' = (5.19) 

(5.20) 

a^j is the nonsway scaling factor which allows the use of 
existing alignment charts for determining the effective length 
of elastically restrained columns. 

5.3 Beam Member Bent in Double Curvature 

The modified stability functions s[, s{, and 3̂ remain the 
same as expressed in Equations 5.10, 5.11, and 5.12. The only 
difference for this case is that 0^=6^=0. Substituting 
these values into Eqs. 5.3 and 5.4 gives 

M, =—I 
6E, 

L 

1 

1 + 
2EI 

R,L, 
M, = M, 

(5.21) 

(5.22) 

Comparing this equation with that derived for rigidly con­
nected beam member, in which the moment at each end is 
expressed by 

(5.23) 

Equation 

where 

//. = 

5.21 

1 + 

6EI 
M = 0 L 

can be written in a similar form as 

MA = OA 

L 

1 

6EI 

RkLA 

I 

(5.24) 

(5.25) 

I/t is the modified moment of inertia of a beam element 
with elastic end restraints, bent in double curvature. The 
expression in brackets is the same as coefficient aij in­
troduced in Sec. 4.3. The modified relative stiffness factor 
has the same form as Eq. 5.18 or Eq. 5.19, except that the 
scaling factor a^^ is now a/̂  and the equation becomes 

ai,G 

where 

o^it 

(5.26) 

(5.27) 

Since 4' is a reduced moment of inertia as opposed to 4 
(see Eq. 5.25), it can be seen that the modified relative stiff­
ness factor G' is numerically larger than G which in effect 
means reduced restraint at the column end, and which 
ultimately results in higher values of the effective length 
factor K. 

6. OUTLINE OF THE PROPOSED 
ANALYSIS PROCEDURE 

Having developed the appropriate connection models and 
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procedural modifications, the analysis procedure can now 
be outlined in the following steps. 

1. Determine connection stiffness values: Ri,o as de­
scribed in Sec. 3.1, and /?̂ ^ as described in Sec. 3.2. 

2. For the frame with loading arrangements and bound­
ary conditions outlined in Fig. la, use a first-order 
elastic analysis which incorporates the linear connec­
tion stiffness Ri^^. This step determines the column 
moments M„̂ . 

3. For the frame with loading arrangements and bound­
ary conditions outlined in Fig. lb, use a first-order 
elastic analysis which incorporates the linear connec­
tion stiffness /?^ .̂ This step determines the column 
moments M/̂ . 

4. Determine the modified stiffnesses of the beam ele­
ments (/„', and I It) due to the presence of flexible con­
nections at their ends. 

5. Using the modified stiffness for beam members, deter­
mine the modified relative stiffness factors G' at each 
column end for both nonsway and sway cases. 

6. Determine the effective length factor K for column 
members by entering the values G' as G into the align­
ment charts. 

7. Determine the values of /̂ ^ for each compression 
member. 

8. Evaluate the amplification factors 5, and Bj accord­
ing to Eqs. 2.3 and 2.5, respectively. 

9. The design column moment is determined by Eq. 2.2. 
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Fig. 11. Partially-restrained frame FR-4. 

7. NUMERICAL STUDY 
As proposed in this study, a modified initial stiffness /?̂ ^ 
and a secant stiffness determined by the beam-line method 
Rj^h are used to analyze the nonsway and sway frames 
according to Figs, la and lb, respectively. This section at­
tempts to illustrate how these stiffness values comply with 
the concept of their usage. For this purpose, and for illus­
trating the proposed method of analysis, a number of frame-
connection combinations are used. The frames are labeled 
FR-1, FR-2, FR-3 and FR-4 and are shown in Figs. 9, 10, 
and 11. The connections (selected from Ref. 15 and labeled 
III-ll, III-14, III-16 and III-17) are of type top- and seat-angle 
with double web angles and are shown simultaneously in 
Fig. 12. Exact second-order (with actual M-d^ connection 
curve) and linear first-order analyses were conducted using 
the computer program FLFRM.^^ 

According to the proposed procedure, Rj,^ is used to rep­
resent the average connection stiffness in the process of deter­
mining M^j. To examine this concept, a comparative analy­
sis is conducted using all four frames and implementing each 
of the four semi-rigid connections. Exact second-order elastic 
analysis is conducted using sequential loading where gravity 
loads are applied as the first loading sequence, the horizon­
tal loads are then added as the second loading sequence. The 
results of the two approaches of analysis are plotted in Figs. 
13 and 14. It can be seen that the modified initial stiffness 
predicts the actual connection behavior and, consequently. 

Moment (M) 
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1800 

1600 h 
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1200 

1000 h 
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200 

10 15 20 

Rotation (9^) 

Fig. 12. Experimental connection curves (Kishi and Chen, 1986). 
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the overall frame behavior under gravity loads very closely. 
The performance of /? /̂, as the average connection stiff­

ness in the calculations for M/̂  is now examined. First, an 
exact second-order analysis using actual connection curves 
is performed for load sequence 2 which determines column 
moments M^^^^f. Secondly, a first-order analysis is per­
formed implementing connection stiffness /?̂ ^ which gives 
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Fig. 13. Comparison of column moments due to nonsway loads 

in frames with connection III-14 of medium rigidity. 

column moments M/̂ . The results are presented in Figs. 15 
and 16. It can be seen that the use of connection stiffness 
Rj^ allows to predict, to a sufficient degree of accuracy, the 
behavior of connection expressed by moment distribution in 
frame columns. 

More results of frame analysis are presented in a tabulated 
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frames with connection 111-14 of medium rigidity. 
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form. Table 1 shows moment values of column members 
^exact for all fo^r frames determined by exact second-order 
analysis using connection III-16, as well as moment values 
Mĵ  determined by the proposed analysis procedure. It can 
be seen that the procedure offers very good predictions for 
the design column moments in these frames. Tables 2 
and 3 contain the normalized (by exact solution, i.e., M̂ ^̂ ,.̂ ) 
column moments in frames FR-1 and FR-2, respectively. It 
is evident from these tables that the predictions of the de­
sign column moments by the proposed method of analysis 
are very good and conservative for most members. The un-
conservative moment values (all of which happened to oc­
cur in top floor columns) are considered to be within the 
allowable tolerance in engineering practice (less than 5 per­
cent). In addition, these values represent, in most cases, 
better estimates than those obtained by the conventional 
frame analysis. 

The decision of selecting a different, and at the same time, 
softer stiffness (i.e., Ri,^) as opposed to the initial connec­
tion stiffness {Rj^i) was made after conducting a consider­
able amount of parametric calculations which showed the 

Table 1. 
Moment Values Determined by the Proposed 

(MJ and Exact (M^^^^ti Analyses 
(Connection 111-16 Is Used) { 

Frame Code M^J 

FR-1 
(Fig.9) 

FR-2 
(Fig. 9) 

FR-3 
(Fig. 10) 

FR-4 

(Fig. 11) 

Col. 2 - 6 3 6 

Col. 4 - 7 0 4 

Col. 2 - 9 9 8 

Col. 4 - 6 0 4 

Col. 6 - 5 9 6 

Col. 2 - 3 0 8 
Col. 5 - 4 2 0 

Col. 7 - 1 2 8 
Col. 10 - 341 

Col. 2 -1072 
Col. 3 - 6 3 7 

Col. 5 - 5 5 1 
Col. 6 - 4 2 7 

Col. 8 - 1 7 4 
Col. 9 - 1 8 2 

"'exact 

- 5 4 3 

-691 

-891 

- 5 2 2 

-611 

- 3 0 2 
-369 

- 1 3 3 
- 3 3 7 

-1102 
-559 

- 5 1 2 
- 4 3 0 

- 1 6 6 
- 1 8 6 

^i/^exact 

1.170 

1.020 

1.109 

1.156 

0.976 

1.03 
1.137 

0.968 
1.009 

0.973 
1.139 

1.076 
0.993 

1.047 
0.978 

Table 2. 
Design Moments M^, in FR-1 Normalized by the 

Exact Solution M^^^^t (see Fig. 9) 

Connection Used 
(Fig. 12) 

Connection 111-11 

Connection 111-14 

Connection 111-16 

Connection 111-17 

Normalized Design Moment 

Col. 2 

1.065 

1.101 

1.170 

1.239 

Col. 4 

1.055 

1.002 

1.020 

0.993 

inadequacy of T?̂ , for the simplified method of analysis. A 
sample of data supporting this suggestion is presented in 
Table 4. It can be seen that the design moment M,^ deter­
mined by using Rj,^ for the calculation of M^^ are closer to 
the exact solution than those obtained by using /?^,. As com­
pared to Rj,,,, the higher stiffness /?̂ ., causes larger M,̂ , 
moments to be allocated at beam ends which are, conse­
quently, transferred to column ends. It is evident that the 
modified initial stiffness Rj,,, is a more adequate and reason­
able choice for the simplified analysis as opposed to the ini­
tial stiffness /̂ ,̂. 

The wisdom of using two different connection stiff­
nesses in the analysis instead of a single average stiffness 
is demonstrated in Tables 5 and 6. The tables show the 
results of frame analysis in the form of normalized (by 
exact solution) moment values obtained by implementing 
different selections of idealized connection stiffnesses. First, 
a single average stiffness /? ,̂ was used for determining both 
M^j and M/̂ . Then, the initial stiffness R},i was used in the 

Table 3. 
Design Moments /Ŵ  in FR-2 Normalized by the 

Exact Solution Mexacf (see Fig. 9) 

Connection Used 
(Fig. 12) 

Connection 111-11 

Connection 111-14 

Connection 111-16 

Connection 111-17 

Normalized Design Moment 

Col. 2 

1.023 

1.059 

1.110 

1.159 

Col. 4 

1.287 

1.241 

1.156 

1.089 

Col. 6 

0.977 

0.968 

0.976 

0.971 

Table 4. 
Analysis Results for Moments M̂ f and M,^ 

Using Combinations of Rt,i and R,,^ with /?̂ ^ 
for Linear Models of Connection 111-16 ] 

Frame 
Code 

FR-1 

(Fig. 9) 

FR-2 

(Fig. 9) 

FR-3 

(Fig. 10) 

FR-4 

(Fig. 11) 

Column 
No. 

2 

4 

2 

4 

6 

2 
5 

7 
10 

2 
3 

5 
6 

8 
9 

Analysis with 
f^ki and R^t, 

Mnt 

297 

662 

284 

273 

496 

31 
237 

44 
307 

00 
214 

00 
190 

00 
89 

M,t 

406 

141 

726 

368 

156 

263 
185 

100 
57 

997 
419 

486 
222 

157 
82 

Mu 

720 

806 

1043 

662 

656 

321 
441 

147 
366 

1058 
659 

533 
433 

172 
179 

Analysis with 
f^ko and R^t, 

Mnt 

208 

558 

222 

204 

435 

13 
212 

24 
281 

00 
186 

00 
175 

00 
91 

M,t 

406 

141 

726 

368 

156 

263 
185 

100 
57 

997 
419 

486 
222 

157 
82 

Mu 

636 

704 

998 

604 

596 

308 
420 

128 
341 

1072 
637 

551 
426 

174 
182 

Exact 
Analysis 

543 

691 

891 

522 

611 

302 
369 

133 
337 

1102 
559 

512 
429 

166 
186 
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analysis for determining M„,, with R^b for determining M/,. 
Finally, the proposed selection of connection stiffnesses: 
R,,^ for determining M^, and R,,h for determining M/,. The 
moments determined by the traditional rigid frame assump­
tion with 5, and B2 method of analysis are also included. 
It is evident that R,,^ and Ri-^ represent a better choice as 
idealized connection stiffness in a simplified method of 
analysis. 

8. SUMMARY AND CONCLUSIONS 

This study is an attempt to put together a simple method of 
frame analysis that accounts for connection flexibility in 
unbraced frames. Procedural simplicity and design practi­
cality were kept in mind to produce a simple, yet sufficiently 
accurate, method of design analysis. One of its important 
advantages is believed to be its reliance on the concepts of 
the well-established B^ and B2 method of analysis recom­
mended by the AISC LRFD Specification. 

Two connection models are proposed in the form of lin­
ear connection stiffnesses: the modified initial stiffness Ri,^ 

and connection stiffness Rf^^ developed by the beam-line 
concept. It has been shown that the proposed connection 
models enable us to adequately depict moment distribution 
in column members. The effective length concept associated 
with the 5, and B2 method of analysis is utilized with the 
appropriate modifications to account for elastic end res­
traints. This is done through a modified (reduced) stiffness 
of beam members meeting at the joint which, in turn, results 
in a modified relative stiffness factor G'. 

Extensive numerical studies are then conducted to substan­
tiate the selection of the proposed connection models and 
related assumptions, and to evaluate the overall analysis pro­
cedure. While the proposed method of analysis is approxi­
mate in nature, it has been shown, however, that it can pre­
dict the design moments in flexible frames with a very good 
margin of accuracy for such a complicated type of problems. 
Based on the parametric and numerical studies presented, 
the following conclusions can be made. 

1. For design analysis, the behavior of semi-rigid connec­
tions can be adequately represented by linear models 

Table 5. 
Moments in Frame FR-1 Determined by the Proposed IVIethod 

Using the LRFD B^ and B2 Factors (Normalized by Exact Solution) 

Connection 
Code 

(Fig. 12) 

111-11 

111-14 

111-16 

111-17 

Column 
No. 

(Fig. 9) 

2 
4 

2 
4 

2 
4 

2 
4 

Rigid 
Frame 

1.308 
1.291 

1.348 
1.352 

1.366 
1.260 

1.357 
1.091 

Flexible Frame 
Connection Stiffness Taken As 

^ki 

1.103 
1.167 

1.138 
1.121 

1.236 
1.143 

1.285 
1.039 

^ki & ^kb 

1.142 
1.173 

1.197 
1.121 

1.324 
1.168 

1.331 
1.058 

^ko & ^kb 

1.065 
1.055 

1.101 
1.002 

1.170 
1.020 

1.239 
0.993 

Table 6. 
Moments in Frame FR-2 Determined by the Proposed Method 

Using the LRFD B^ and S2 Factors (Normalized by Exact Solution) 

Connection 
Code 

(Fig. 12) 

111-11 

111-14 

111-16 

111-17 

Column 
No. 

(Fig. 9) 

2 
4 
6 

2 
4 
6 

2 
4 
6 

2 
4 
6 

Rigid 
Frame 

1.0016 
1.6101 
1.1965 

1.0480 
1.5110 
1.1536 

1.0916 
1.3523 
1.1006 

1.1640 
1.1881 
1.0285 

Flexible Frame 
Connection Stiffness Taken As 

f^ki 

1.1096 
1.3586 
1.0487 

1.0883 
1.3049 
1.0352 

1.0849 
1.2449 
1.0411 

1.1956 
1.1371 
0.9899 

^ki & ^kb 

1.0559 
1.3619 
1.0551 

1.1003 
1.3129 
1.0492 

1.1710 
1.2670 
1.0743 

1.1992 
1.1484 
1.1530 

^ko & ^kb 

1.0226 
1.2868 
0.9770 

1.0587 
1.2416 
0.9675 

1.1096 
1.1561 
0.9763 

1.1598 
1.0894 
0.9706 
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within the framework of the proposed linearized analy­
sis procedure. 

2. The concepts of the amplification factor method (B^ 
and Bj method) can be utilized, with appropriate 
modifications, for the design analysis of flexible frames. 

3. In the analysis of flexible frames using ^i and B2 pro­
cedures, two different connection stiffnesses should be 
used for determining M„j and M/̂  with the smaller stiff­
ness value used for determining M/,. 

4. The loss in the amount of end restraint provided by the 
beam elements due to connection flexibility can be 
accounted for by using a modified (reduced) stiffness 
of beam members meeting at the joint. 

5. The proposed method is at least as accurate as the AISC 
LRFD 5, and B2 method with the traditional assump­
tions of simple and rigid framing. By disregarding the 
steps associated with the presence of semi-rigid connec­
tions, the method reduces to rigid/pin cases. 
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