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This paper introduces a new concept for the design of reg­
ular rectangular moment frames under lateral loading. 
The concept is based on the assumption that the entire 
framework is composed of imaginary rectangular mod­
ules, with each module consisting of four uniform pris­
matic members rigidly connected at their ends. This con­
cept entails the selection of the properties of the 
constituent elements of the modules in such a way as to 
reduce the total material consumption to a minimum, and 
at the same time maintain the least possible drift for the 
given loading and geometry. In addition to controlling the 
sideway deflections of the structure, the method presented 
not only reduces the otherwise complicated task of struc­
tural analysis to direct member size selection, but also it 
achieves substantial cost reductions by reducing the total 
weight of the structure to a minimum. The use of this con­
cept results in an extremely simple yet powerful method of 
design for the class of structure treated in this study. Sev­
eral numerical examples are presented to illustrate the 
practical applications of the concept. The validity and the 
consistancy of the proposed method in both the elastic and 
plastic ranges of behavior are established by the standard 
techniques of structural analysis. 

INTRODUCTION 

Conventional definitions regard moment frames as struc­
tural forms composed of rigidly connected members such 
as beams and columns. The classical methods of design as­
sociated with this definition entail the selection of the indi­
vidual members based on the complete structural analysis 
of the entire system. This approach is inclined more to­
wards analysis than selection and the analyst has little or 
no control over the final results. Consequently, the solu­
tions are seldom the most economical with respect to the 
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total weight of the structure. Regardless of whether the 
design criteria is the working stress or the limit state, the 
traditional method often results in tedious analysis and 
heavier members. 

Amongst others, minimum weight design of the class of 
tall, multi-story frames subjected to large lateral forces 
has been investigated, in a general form, by Heyman,^'^ 
Foulkes,^'^ Livesley,"^ Stone,^ Kalker,^ Tanaka,^ and Pra-
ger.^ In contrast to previous works on the numerical meth­
ods of minimum weight design, the purpose of the present 
study is to establish an extremely simple, yet expHcit, form 
of solution for the minimum weight design of the afore­
mentioned class of structures. 

Since the magnitudes and the distributions of the gravity 
floor loads are almost identical in all stories of high-rise 
buildings and the effective dissipation of fixed-end mo­
ments is confined to elements of close neighborhood, the 
minimum-weight treatment of the structure becomes less 
significant in the absence of lateral forces. In contrast to 
gravity loads, the effect of the lateral forces is accumula­
tive in the members of lower stories and therefore a sensi­
tive factor in the minimum-weight design. The minimum-
weight treatment becomes even more significant when the 
system is designed to carry lateral forces only. This class 
of structure has many practical applications in earthquake 
hazard reduction projects for existing buildings and indus­
trial facilities. Although the present study is concerned 
primarily with this particular class of structure and load­
ing, its application may be extended, with some modifica­
tion, to similar forms in the same category. 

To develop the concept, it is first assumed the entire 
framework, including grade beams, is composed of imagi­
nary rectangular subframes which fit into the actual bays 
of the structure. A pictorial presentation of the concept 
is shown in Fig. 1. 

To avoid recourse to complicated analytical procedures, 
the design criteria are next studied with respect to a gener­
alized subframe, hereafter referred to as the "basic mod­
ule." The design criteria for each basic module is the se­
lection of safe elements for the four basic members in such 
a way as to minimize its total weight. Naturally, if the 
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a: Original frame b: Conventional assembly c: Modular assembly 

Fig. 1. Laterally loaded moment frame and member assemblies 

weight of each constituent module is minimum, then the 
sum of the weights of all modules would also be a mini­
mum. The rules governing the combination of the mod­
ules both in the vertical and horizontal directions, stated 
later in the study, provide for the complete design of the 
structure. The rules of module combination are estab-
Ushed for both elastic and plastic modes of appHcation. 
The rules of the elastic mode are concerned with selection 
of appropriate stiffnesses as well as moments of resistance 
and are thought to be best suited for prefabricated steel 
beams and columns as well as reinforced concrete frames, 
where section resistances and moments of inertia can be 
worked out readily for the desired values. The laws gov­
erning combination of modules in the plastic range are 
based on conditions of failure mechanisms and static equi­
librium, where the process of member selection is only 
concerned with strength of the section and is suited ideally 
for steel frames, where it is difficult to select the desired 
section resistance and moment of inertia at the same time. 

DEVELOPMENT OF THE ''BASIC MODULE" 

Minimum weight treatment 

The basic module is defined as a symmetric rectangular 
subframe composed of four rigidly connected prismatic 
members simply supported at the lower nodes and carry­
ing a concentrated lateral force, as shown in Fig. 2a, 

a: Generalized module b: Generalized bending moments 

Fig. 2. Laterally loaded basic module 

where a and b are defined as the length and height of the 
module respectively. / is the moment of inertia of the ver­
tical members and /„ and // are the moments of inertia of 
the upper and lower horizontal beams respectively. Figure 
2b shows the corresponding bending moment distribution 

where M^ and Mi describe the maximum bending mo­
ments at the upper and lower nodes, respectively. The 
problem at this stage is to select 7̂ , and // in such a way 
as to minimize the total weight of the module. 

Now supposing that M^ > M/, then the weight G of the 
module for an acceptable solution may be written as: 

G^C[{2b+ayMu + a'Ml] (1) 

where C is an arbitrary constant of proportionahty. Using 
simple statics it can be shown that the sum ofjhe column 
end moments should equal the story moment M=Pb, i.e., 

M^-\-Mi=^ Pbll (2) 

Substituting for M/ from Eq. 2 in Eq. 1 and rearranging 
it, gives: 

G=C [Pabll + 2bM^] (3) 

Now since it has been assumed M^ > Mi, then for a non­
zero moment solution, Eq. 3 may be studied within the fol­
lowing ranges of variation. 

Pbl2 >M^^ Pbl4 

Pb/4 ^Mi>0 

(4) 

(5) 

Comparing the effects of the extreme ranges of the ine­
quality (4) in the weight Eq. 3 it follows the total weight 
of the module is a minimum when Mj, = Mi = PbIA and 
Iu = h = L 

This finding leads to the first fundamental statement of the 
problem: 

"The minimum weight design of the basic module is one 
involving a subframe of uniform moment of resistance." 

The practical importance of this statement becomes 
more significant when it is seen these modules may be 
combined to create minimum weight structures of multi-
module formation. Because of double symmetry, the 
problem becomes quasi-static and therefore independent 
of the relative values of the moments of intertia / and / . 
Consequently, since the weight function is also indepen­
dent of the stiffnesses of the members of the module, the 
minimum weight statement holds true for all stages of 
loading up to and including plastic collapse. 

Deformation analysis 

To study the deformations of the basic module, consider 
the deflected shape of the subframe of Fig. 3 with arbitrar­
ily selected moment hinges along the vertical members. It 
has already been shown that node moments for the mini­
mum weight design are given by M = MI4 = Pb/4. 

Furthermore, it may be shown easily by standard tech­
niques of structural analysis that the total sway of frame 
is given by: 

b = [{bi^+b2^)/JE-\-a '{br^+b2^)/2IE]' Pie (6) 
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Fig. 3. Generalized deformations of basic module 

The condition for minimum deflection with respect to loca­
tion of the point of contraflexure is given by: 

a8/a6i = o (7) 

Substituting for b2 from 62 + ^7 = ^ in Eq. 6 and perform­
ing the differentiation (7) gives bj = b/2 or bj = b2. Be­
cause of double symmetry, moment reversal occurs mid-
distance of all four members, indicating the proportioning 
of the members of the module based on minimum weight 
criteria also results in minimum drift for the given geome­
try and loading. This obvious result is the second funda­
mental statement of the concept, i.e: 

"The minimum drift design of the module is one involv­
ing a subframe with symmetrical moments of inter tia for 
its horizontal and vertical members" 

With bj = b2 = b/2 Eq. 6 is simplified to read: 

b=(a/I+b/J)'Pb^/24E 

with corresponding node rotation: 

e = PballAEI 

(8) 

(9) 

Equations 8 and 9 may be_expressed more conveniently in 
terms of the bay moment M = Pb as: 

8 - (a/I + b/J) Mb/24E and O = Ma/24EI (10) 

It is significant to note the rotation 9 of the basic module, 
which is constant for all four nodes, is independent of the 
rigidities of the vertical members; but the module drift 8 
is directly controlled by the magnitudes of the stiffnesses 
of both vertical and horizontal elements. These deforma­
tion characteristics are used in the preceding section to 
explain the principle of multiples for combining two or 
more modules in any direction. 

MODULE COMBINATION 

Having studied the characteristics of the basic module for 
minimum weight and deflection, the problem of the design 
of a generalized regular frame, such as shown in Fig. 1, 
may now be looked upon as one involving the combination 
of as many basic modules as there are bays or subframes. 
If any two modules designated / and / are to be combined 
to form a new structure while retaining their fundamen­
tal characteristics then these modules should merge in 
such a way as to satisfy the conditions of modular 
compatabiHty and equifibrium in the elastic range of appli­
cation. To further simplify the rules govening the merging 
of modules, two distinct classes of module combination 
are described: 

Vertical Combination 

For the vertical combination of two or more modules of 
equal length, the only requirement to be satisfied is that 
angles of rotation of all modules should be equal, or, in 
more practical terms, the sign and magnitude of the ratio 
M/I should remain constant for afl such subframes. To 
demonstrate the appHcation of the concept for vertical 
combination, a simple problem is worked out in this ex­
ample: 

Example 1 

Design the four-story frame of Fig. 4 for minimum weight 
and story drift. 

Solution: 
Figure 4b shows the accumulative story shears and the 
corresponding bay moments of each story. The moment 
of inertia of the uppermost module is taken as /. The 
member end moments which are obtained by dividing the 
respective bay moments by four, as in Fig. 4c. By propor­
tioning the M//values for the four levels, the correspond­
ing moments of intertia of the fictitious modules are also 
presented as multiples of/in the same diagram. 

Figure 4d represents the final design by simply adding 
the values of the merging members. The symbolic lower­
most horizontal member describes the strength and stiff­
ness required for the footing and the grade beams. The 
story sways can easily be worked out simply by substitut­
ing the corresponding module values from Fig. 4c into Eq. 
10. The total story sway of each level is the sum of the 
story deflections of the levels below that story. 

Horizontal Combination 

To combine two or more basic modules of equal height in 
a horizontal sense it becomes necessary to achieve drift 
and rotation compatability for all adjoining modules in the 
elastic range of loading. Now consider the structural ac­
tions of Â  independent basic modules of equal height in 
their most general form. It is then seen that, for these 
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Fig. 4. Example 1 and solution 

modules to be compatible with each other, the following 
relationships should hold; 

8 ,x h^'\.Q.\MilK=MJK^ 

n 

ixl 

(11) 

(12) 

(13) 

where the member stiffnesses K and K are defined as all 
and bIJ respectively. Combining relationship (11) with 
equilibrium Eq. 13 gives: 

Mi = {KilXK,)^M (14) 

and comparing relationships (11) and (12) gives: 

Ki/Ki = KJK^ (15) 

Equations 14 and 15, as they stand, represent an infinite 
number of solutions, including the degenerate case of 
Mj=M and Mi = 0. This indicates an additional condition 
should exist to allow for non-zero solutions. The third con­
dition may be sought in terms of practical restraints, such 
as use of a section of uniform strength for the horizontal 

elements or columns. Example 2 is presented to illustrate 
the application of the concept to horizontal combination 
of the basic modules. 

Example 2 

Design the four-bay frame of Fig. 6 for minimum weight, 
first with uniform beams, then with uniform columns. 

Solution 1: Uniform horizontal members. 

M = 3 6 x l 5 = 540kip-ft 

li = / fo r / = 1,2,3,4, and Sfli = 54 ft. 

Then/ j=( f l i / f l / ) • / 

M,=(fl , /Sfl , )M=10-a, 

This simple arithmetic is summarized in Fig. 7a. The mod­
ule solutions of Fig. 7a are then merged to arrive at the 
final results of Fig. 7b. 

Example 3. 

Example 2 with uniform vertical members. The condition 
for interior columns of equal resistance requires that, 
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Fig. 5. Module generation for horizontal combination 
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Fig. 6. Example 2, horizontal combination of modules 
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M=Mln = 540/4 = 135 kip-ft 

/, = {ailai)h 

LctJ = h = I 

Figures 8a and 8b describe the modular and final solutions 
of this case, respectively. 

In passing, it is interesting to note the total consumption 
of material for the first solution is 7,950 units, (moment 
volume), whereas for the second solution it is 7,695. Obvi­
ously, the final choice would depend on many other fac­
tors, including drift control, stability criteria, availability 
of materials and ease of construction. 

DESIGN OF MULTI-BAY MULTI-STORY FRAMES 

The principle of multiples expounded to combine basic 
modules in vertical and horizontal direction may be uti­
lized readily to design generalized multi-bay, multi-level 
frames with constant bay lengths and story heights at each 
level. The application of the concept to this class of struc­
ture is best illustrated by this numerical example: 

Example 4 

Design the four-story frame of Fig. 9 for minimum weight. 
Allow columns of equal strength for the interior bays. 
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Fig. 9. Example 4 solution 

12 

12 

12 

18 

4 20 '̂  40 ' 3 0 
a: Frame and loading 

40 

70 

90 

150 

40 

110 

160 

240 

150 

80 

140 

180 

300 

40 

110 

160 

240 

150 

80 

140 

180 

300 

40 

110 

160 

240 

.___150 

40 

70 

90 

150 

FOURTH QUARTER / 1988 133 



Solution: 
Consider the reference system xy with the origin at the top 
left hand corner of the frame with increasing y=l,.A,..n 
downwards and increasing x=l,...j,...m towards right, 
therefore Pj = 40, bj = 12, aj = 20, m = 3 and n = 4. 
Story shear = Vi = Py and story moment Mi=Vi • 6,. 

So the interior columns may be of equal strength, M̂y = 
Milm. It follows immediately that the column-end moment 
of the exterior vertical members is given by Mijl4 = 
Vi ' bil4m and those of the interior columns by Mijl2 = 
Vi • hi/2m. By the same token, it follows that the beam-end 
moments would be, 

and 

Mij/4=Vrbi/4m 

for upper-most level beams and lower-most level beams 
(roof & grade) respectively. The results of these simple 
formulas are shown in Fig. 9b. Next, let column inertia 
/ for the upper-most modules be Ji=J then / , = / • 
(Mj/Mi, which in turn results in /, and 2/^ for the mo­
ments of inertia of the exterior and interior columns of 
each level, respectively. Next, i f / i i=/ then Ijj = (uj/aj)!, 
for the roof beams and I^j = (Uj/aj). (M^/Mi) for the 
grade beams. To obtain the appropriate moments of iner­
tia of the beams of intermediate levels, the corresponding 
/ values of the upper and lower modules of a common 
beam are added together to give (aj/uj (Mi-\-Mi+j)/Mi. The 
results of the inertia analysis are shown in Fig. 10. 
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PLASTIC DESIGN 

The significance of the apphcations of the concept as de­
scribed in the preceding section is not only that it pro­
vides a simple means of obtaining minimum weight solu­
tions in the elastic range, but also it results in structural 
frames of uniform strength. This impHes all members sus­
tain equal levels of stress at all stages of loading up to and 
including first-yield through full-plasticity. Evidently, if all 
member ends can become fully plastic simultaneously, 
then the entire structure would fail through a state of over 
collapse. The possibihty of plastic collapse through forma­
tion of more than a sufficient number of hinges by itself 
constitutes an ideal condition for a true limit-state mini-

-^ Ml ^ 
a: Basic module b: Mu>Ml>Mc c: Mu>Mc>Ml 

d: Mc=Mu=Ml c: Ml>Mc>Mu f: Mc>Ml>Mu 

Fig. 11. Plastic collapse modes of basic module 

134 ENGINEERING JOURNAL / AMERICAN INSTITUTE OF STEEL CONSTRUCTION 



mum weight treatment. However, to study the structural 
behavior of the module under plastic conditions, consider 
the collapse of a subframe with plastic moment capacities 
Mc, Mj, & Ml for the column, the upper beam and the 
lower beam respectively as depicted in Fig. 11a. 

With the vertical members having identical moments of 
resistance, it is possible to postulate four independent col­
lapse mechanisms, as in Figs, l i b , l ie , l i e and llf, de­
pending on the relative magnitudes of the member 
strengths M^, M^ and Mi. According to Foulkes^ theorem 
for a frame composed of Â  prismatic members with differ­
ent full plastic moments, the minimum weight design will 
be the one in which the frame collapses by the formation 
of at least Â  simultaneous mechanisms. Thus, the solution 
Mc = Mi = Mu = M = Pb/4 represents a condition of mini­
mum weight design with four active and four inactive plas­
tic hinges (as in Fig. Ud), which is a further conformation 
of the validity of the application of the concept in both 
elastic & plastic ranges of loading. 

To combine basic modules of a regular framework that 
are collapsing in the same direction, the only rule to ob­
serve is that of equilibrium of the common nodes. This can 
be achieved readily by simply adding the collapse mo­
ments of the merging members. The following example 
demonstrates the application of the concept in the plastic 
range. 

Example 5 

Obtain the collapse load of the symmetric frame of Fig. 
12 for minimum weight and equal bay moments. 

Solution: 
For equal bay moments, each module of the upper story 

will carry a lateral shear of P/3 and the corresponding 
member end moments will be M=Pb/12. Then, the roof 
beam will be subjected to uniform plastic end moments M 
and the exterior and interior plastic column end moments 
will be M and 2M respectively. The second story from top 
is subjected to a shear force of 2P. Therefore, the plastic 
end moments of the members of the modules of this story 
would be twice those of the corresponding upper level. 
The merging beams of the fourth level will carry a mo­
ment of 3M, i.e., a summation of the components M and 
2M from its upper and lower modules respectively. The 
moments of the remaining members are written down by 
comparison and inspection as shown in Fig. 12b. 

CONCLUSION 

A direct practical method of design has been developed 
for regular moment frames subjected to lateral loading. 
The method is applicable to both elastic and plastic ranges 
of stress and results in a minimum weight solution for all 
stages of loading. It has been shown this method of mate­
rial selection also results in minimum drift for the given 
loading and geometry. Several numerical examples have 
been described to illustrate the simphcity and usefulness 
of the proposed concept. The theorem of the concept, as 
it stands, does not take into account the effects of axial 
deformations or loss of stiffness due to axial forces and 
therefore is recommended for prehminary member sizing 
before satisfying other pertinent design criteria. Using this 
method brings to mind the appHcations of the well estab-
Hshed portal method of analysis for laterally loaded mo­
ment frames, implying that designs obtained by the portal 
method cannot be very far from minimum weight solu­
tions. 
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