Direct Determination of Required Rigidities
for Multiple-Bracing Frames

MARIUS B. WECHSLER

INTRODUCTION

The first step for sizing the vertical braces of a braced
steel structure is to prevent them from exceeding allow-
able drift. This is a deformation analysis, by which the
rigidity of R of any brace (Fig. 1) is determinate with
respect to Eq. 1 when the required strength is not taken
into consideration:

F _ AE cos’a _ AE cos’a sina _ AED?
A ¢ h € (1)

In Eq. 1, E is the elasticity modulus of steel; F, the
lateral load carried by the brace, A, its drift; A its cross-
sectional area; «, its slope;

€ = \Vh? + b?, brace length )

h and b, the vertical and the horizontal projection re-
spectively of the brace length.

In the second step, namely the strength checking of
the considered braces, adjustments may be necessary and
the result is the repetition of the analysis as long as the
drift requirement is not in accordance with the strength
requirement.

From the study presented here, which leads to two
semi-empirical formulas, one can determine directly the
total rigidities required for both directions of elastically
designed brace structures and overloading of braces can
be prevented. This method can also be used for non-
linear designed structures for which the uniformity of the
brace yielding is an advantage. Deflections due to ver-
tical displacements of columns are disregarded, but the
redistribution of the shear due to horizontal torsional mo-
ments is taken into consideration.
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Figure 1

OUTLINE OF METHODOLOGY
Allowable Stresses

The drift of braces, resulting from Eq. 1, shall not ex-
ceed the allowable drift A, :

Fh
A = — (cos?a sina)~! < A,
AE
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Replacing:

F F¢ Pb
P = —_— = — F = P = —,
cosa b or cosx ¢ 3)
where P is the axial load carried by the brace, it follows:
P A dEbh
fo = 1 < (f) E cosa sina = i F,. @

In Eq. 4, f, and F, are the actual and the allowable
stresses on the brace; and

AN, f
6_h

Rh (5)
is the drift index.

Equation 4 indicates it is useless to strive for larger
allowable stresses than dEbh/€2. However, if the value
of this expression is too large with respect to the allow-
able stress permitted by the AISC Specification for single
A36 braces, then solutions with stiffer shapes, double
diagonal braces (X braces), or stronger steels should be
taken into consideration.

The allowable stress F,, as determined by Eq. 4, leads
to the ideal slenderness ratio K€/r in accordance with the
AISC Specification. The ideal radius of gyration for the
brace with respect to its critical axis may be determined
by the equation:

r = KE€/(KLIr) (6)

where K is the effective length factor of a brace with
respect to its critical axis.

Required Rigidities

Consider a system of multiple bracing frames between
two adjacent diaphragms of a rectangular structure (Fig.
2). Call d, its transverse (short) dimension: d, its longi-
tudinal dimension; 4, the distance between the two ad-
jacent diaphragms; R, the rigidity of any transverse brace,
and a, its distance to the rigidity center (R.C.); R, the
rigidity of any longitudinal brace, and qj its distance to
the R.C.; 2F,, the resultant of the lateral loads acting in
the transverse direction, and e, its eccentricity with re-
spect to R.C.; 3F,, the resultant of the lateral loads act-
ing in the longitudinal direction, and e; its eccentricity
with respect to the R.C.; 2R, and %R,, the total rigidities
in transverse and longitudinal directions respectively; and
I, the polar moment of inertia of the brace rigidities.

The lateral loads carried by the transverse and longi-
tudinal braces, taking into account the torsional effects,
are:

R R, X
FsZE}; X SF, + 51 e
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Figure 2
= RSF, [ + %% (7)
USRI,
R, R, X ag
Fo = — X 3F, + X eSF
“7 SR, ‘ I, Cs=le
1 ae
=R 3 |\ == + — 8
o (o + 22 ®

The axial load acting on any transversal brace is:

F A i |
p—_ts _ SE cosag sinog SF. _+a(e( ©)
cosa h 2R, I,

The axial load acting on any longitudinal brace is:

F. AE cosay sinay 1 ase;
P.= = SFe | =—+ 10
7 cosa h ¢ (ZRe I, (19)

200 ENGINEERING JOURNAL / AMERICAN INSTITUTE OF STEEL CONSTRUCTION



where
I, = 2R, a’ + 2R, a? (11)

The terms 3R, a,? and 3R,a,? are the moments of inertia
of the rigidities of the vertical frame system for the two
directions of the structure. These terms may be expressed
in terms of the radii of gyration as:

ERS agz = rezst = (pgd()z ERS and
ER({(ISZ = rsz ZR@ = (psds)z ERg,

where r, and r, are the gyration radii of the frame rig-
idities in longitudinal and transverse directions respec-
tively;

e
pe= (12)
and p, = :7’ (13)

It follows:
I, = (pd)? 2R, + (pdy)? 2R,

Now we want to express I, with respect to R, and to
2R,. It may be assumed that the ratio of the required
rigidities (2R, and 2R,) in each direction be in the ratio
of the respective total lateral loads (3F, and 2F,), ad-
justed by an unknown reduction m as stated in Eq. 14.

2R, 2F,

SR,  SF, "

(14)

The factor m illustrates: (1) the effect of lateral load
eccentricity; and (2) transverse frames are more helpful
for carrying longitudinal lateral loads (by torsional ef-
fect) than longitudinal frames are for carrying transverse
lateral loads. The following results:

2F,
R ==
z ¢ EFS m ZRS
sk, - 3 3R
ZFg m

IR = ZRs[(Pede)z + (psds)2 zzFlim] (15)

2F,
and Ir = 2R, [(psds)z + (pe do)? EFgm] (16)
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Replace I from Egs. 15 and 16 into Eqs. 9 and 10, and
write conditions max P; = A; F, and max P, = A, F,.
It follows:

A E cosag sina
s s s EFS X

h
1 max ae e,
—+ <AF,
e sk (pde? + (pdy)? L™
K PeQe (ps s EFS

where AF, = A, OF cosa, sina and

A/E cosa, sin
P, = _"__;lwgpé %

1 max ageg
— + < A/,
=k SR, | (psdy)® + (pede)” 2F,s
[4 Psds Pedy EF{m

where A(Fa = A, SF COosQy sinao.

After simplification and expressing max a, and max a;
as fractions of d, and d; :

max a, = d)(d( (17)
and max a; = b, (18)
it results:
SR 2F, BL + m (19)
S~ Sh B+ m
2F¢ B + Sm
SR, = — X ——
‘T % T B+m (20)
(21)
where B = % pg_d( :
EF( psds
bees
L=1+
pd, @)
d)SeS
dS =1+ 23
o psd; *9
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The eccentricities e, and e, can be determined by the
equations:

€y = |¢( de - Cgl and (24)
e = |¢sds - cs| (25)

where ¢, and c, are the distances of 3F, and 3F,, re-
spectively, to the location furthest from the R.C. If the
lateral loads are resulting from earthquake forces, both
e, and e, shall be considered not less than 0.05 d,!

By substituting Eqgs. 19 and 20 into Eq. 14, m can be
determined by solving a second degree algebraic equa-
tion:

m?> 4+ (BL — SSm — B =0 (26)

The two semi-empirical Egs. 19 and 20 and the auxiliary
Egs. 4 and 21-26, may be used for determining the total
rigidities requirements for both directions of a braced
structure between two adjacent diaphragms, so that
overloading of braces is prevented.

These formulas are expressed with respect to the data
of the problem: E; 8; 2F; 3F,; h; d,; ds; c,; c; b for all
the bays where braces may be provided, as well as the
factors ¢y, ¢,, ps and p, which depend upon the frame
rigidity distribution of the structure. These factors can
be determined by a simple procedure. The procedure is
based on the assumption that, in the final design, brace
shapes will be selected from those having a maximum
radius of gyration per steel weight group. From Fig. 3,
in which these shapes are shown, it follows their cross-
sectional areas can be considered as the cube of their
minor radius of gyration:

_ .3
A=,

Since it is expected the braces will be uniformly stressed,
they will have the same allowable stress for compres-
sion, and the same slenderness ratio €/r,. It follows the
cross-sectional area A of the braces be proportional to
the cube of their lengths:

A = b3 27

Substituting this expression in Eq. 1, it follows:
R Eb?
= =5

R = YEb? (28)

The conclusion is the relative rigidities of braces can be
considered as proportional to the square of their hori-
zontal projections. By computing the centroid coordi-
nates, as well as the radii of gyration for these ‘‘squares,”
values for the terms &, ¢,, p, and p, result.

For a preliminary design, the distribution of the rig-
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Figure 3

idity can be assumed to be that of regular geometric
sections (rectangle, triangle, rhombus, circle, parabola,
etc.). By this procedure, the above factors result from
the properties of the corresponding geometric section.?

DESIGN PROCEDURE

1. State the data of problem: E; 8; 2F; 2F ; h; d,; d;
¢, ¢g; as well as the horizontal dimensions, b, of all
the bays where braces may be provided.

2. Based on Eq. 28, determine the ideal coordinates of
the R.C.

3. Based on Egs. 24 and 25, determine the ideal ec-

centricities.

. Based on Eqs. 17 and 18, determine ¢, and &;.

. Based on Eqgs. 12 and 13, determine p, and p;.

W A
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Based on Eqgs. 21-23, determine B, L and S.
Based on Eq. 26, determine m.
. Based on Egs. 19 and 20, determine the required
total rigidities 2R, and 3R,.
9. Based on Eq. 14, check the correctness of the cal-
culation.
Select a detail for brace connections and conse-
quently determine K.
Based on Egs. 2 and 4, compute the brace length €
and the allowable stress, F, for all braces. Then
determine the slenderness ratio, K€/r (per A36) and
the minimum required radius of gyration, r.
Distribute 2R, and 3R, to the potential braces so
the slenderness ratio determined from the preceding
step is not exceeded. The proportionality expressed
in Eq. 27 must also be maintained. In principle,
braces shall be provided wherever possible, because
columns will be penalized with less up and down
supplementary loads and girders will carry smaller
axial loads. However, some of the potential braces
may be deleted when the multitude of the potential
braces lead to understressed cross-sections.
Check the structure for the actual sizes of braces.

ILLUSTRATIVE EXAMPLE

Given the structure represented in Fig. 4, in which the
bays where braces may be provided are shown with thick
lines and marked with Roman numerals I, II and III
corresponding to their type. Double diagonal bracing shall
be avoided.

® o

10.

11.

12.

13.

1. E =29,000 ksi
8 =0.001
2F, =15,280 kips
4,400 kips

LEGEND:

RC = RIGIDITY
CENTER

@ . @ ano @ -
BRACES OF TYPE
I, 1L AND IlI

RESPECTIVELY
(i) IDEAL
(a) ACTUAL

40.0

40.0

O

¢, = 60.0

|
eg=15.8 (i); 15.7 (a)

@

max ag = 75.8 (i);

75.7 (a)

RC
S

9.0 (i) 23.0 (i)
8.9 (a) 23.1(a)

O, O

ZF

®

24.0

8.0

169.0 (i); 168.9 (a) ———-——P‘
eg =25.0(i); 24.9 (a)
16

144.0
24.0

max aQ
cp =
24.0

24.0

O]
®©

®

288.0

dg =9@320

>
(I

24.0 ft
d, =288.0ft
=120.0 ft
144.0 ft
60.0 ft
=24.0 ft
bII = 320 ft
bIII = 40.0 ft

2. maxa, =[(2 X 32 + 64 + 80 + 3 X 128
160 + 2 X 256 + 3 X 288) X
4 x 208 x 1,600]/(18 x 576
1,600)
= (2,608 X 576 + 832 X 1,600)/16,768
=168.977 = 169.0 ft
max a; =[(4 X 120 + 2 X 96 + 24) X 1,024 + 4
X 36 X 576)/(8 X 1,024 + 4 X 576)
=(696 X 1,024 + 144 X 576)/10,496
=175.8 ft

=169.0 — 144.0 = 25.0 ft
=75.8 — 60.0 = 15.8 ft

a0
i

by
4
6

+
57
+

X
+
4 X

3. e,
es
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b =7
=1l

(=]

5.p,

Il

It

d,=5@24.0=120.0

Figure 4

0.587

0.632

X 1692 + 2 x 1372 + 105% + 892 +

3 X412 +4 X9 +2x872+3x
119%) X 576 + (2 X 232 + 2 X 55%)
X 1,600]/16,768} “2/288.0

=0.285
Ps

={[(75.8% + 51.8% + 2 x 20.22 + 4 X 44.22)

x 1,024 + (2 x 51.8% + 2 x 27.8%)
x 576]/10,496}"2/120.0

=0.377
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JS90 AISCON39AA

11-21-84 05-33-10 tls

2
6. g —5:280 (0.285 X 288)

10.
11.

204

4,400 \0.377 x 120

=3.95
L =1+
=1.63
S =1+

=1.59

m? + (395 X 1.63 — 1.59m — 395 =0
m?>+ 48 m—395=0

0.587 x 25.0
0.285% x 288.0

0.632 x 15.8
0.377% x 120.0

m=[—4.85 + (4.85% + 4 x 3.95)"]2
= 0.71
SR, = 5,280 3.95 x 1.63 + .71
0.001 x 24 395 + .71
= 337,482.8 kip/ft
4,400 3.95 + 1.59 x .71
2R, =
0.001 x 24 395 + .71
= 199,813.7 kip/ft
337,482.8/199,813.7 = 1.69
5,280/(4,400 x .71) = 1.69 o.k.
K =0.75
Braces Type I:
¢ =(24.0> + 24.0%)%
=33.94 ft
F, =0.001x29,000x24.0x24.0/33.942
= 14.50 ksi

K¢/r, = 87.50 (per A36)
min r, (per K = 0.75)
ry, =0.75 X 33.94 x 12/87.50

=3.49 in.

Braces Type II:

¢ =(24.0> + 30.0%)%
=40.0 ft

F, =0.001 x 29,000 x 24.0 x 30.0/40.0?
=13.92 ksi

K¢€/r, =92.38 (per A36)
min r,, (per K = 0.75)
r, =075 X 40.0 X 12/92.38

=3.90 in.

Braces Type 111 :

¢ =(24.0%2 + 40.0%>)"
=46.65 ft

F, =0.001 x 29,000 x 24.0 X 40.0/46.65°
=12.79 ksi

K¢€/r, =101.46 (per A36)

min r, (per K = 0.75)
=0.75 X 46.65 x 12/101.46
=4.14 in.

JS90 AISCON39AB

11-21-84 05-55-33 tls

12. Braces Type I:

W14x90
ry =3.70 in.
A =26.5 in.2
R =26.5 X 29,000 x 24.0%33.943

11,322.2 kip/ft

Braces Type II:
W14x145

ry = 3.98 in.
A = 42.7in.2

R = 427 X 29,000 x 24.0%40.003
= 19,812.8 kip/ft
Braces Type 1l :
W14x233
r, = 4.10in.?
A = 68.5in.2
R = 68.5 X 29,000 x 24.0%46.653
= 31,307.9 kip/ft
13. 2R, 18 x 11,322.2 + 4 x 31,307.9
329,031.2 =~ 337,482.8 kip/ft o.k.
2R 8 x 19,812.8 + 4 x 11,322.2

max a

max ag

203,791.2 > 199,813.7 kip/ft o.k.
(2,608 x 11,322.2 X 832 X
31,307.9)/329,031.2

168.9 ft

(696 x 19,812.8 + 144 x 11,322.2)
203,791.2

75.7 ft

168.9 — 144.0

249 ft

75.7 — 60.0

15.7 ft

(2 X 168.92 + 2 x 136.9%2 + 104.9?
+ 88.92 + 3 X 40.92 + 4 x 8.9?
+ 2 % 87.12 + 3 x 119.12 + 2 X
51.72 + 2 X 27.7%) x 11,322.2 +
(75.7 + 51.7%7 + 2 X 20.3%2 + 4 x
44.3%) x 19,812.8 + (2 x 23.1%2 +
2 X 55.1% x 31,307.9

= 2,638,220,770 kip/ft

T T T T

i

| T

Braces Type I:
K¢€/r, =0.75 X 33.94 X 12/3.70

F,
max a

F

82.56.-.

15.07 ksi (per A36)

168.9 ft

=11,322.2 X 5,280 (1/329,031.2 + 24.9 X
168.9/2,638,220,770)

=277.0 kips

=277.0/11,322.2 X 24.0

=0.00102 = .001 o.k.

=277.0 X 33.94/24.0

391.7 ksi

391.7/26.5

14.78 < 15.07 ksi  o.k.

o
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Braces Type II:
Ke¢ir =0.75 X 40.0 x 12/3.98
=90.45.".
F, =14.04 ksi (per A36)

max a=175.7 ft
F =19,812.8 X 4,400 (1/203,791.2 + 15.7
X 75.7/2,638,220,770)
=467.0 kips
S =467.0/19,812.8 X 24.0

=.00098 < 0.001 o.k.
P =467.0 x 40.0/32.0

= 583.8 kips
fa =583.8/42.7

=13.67 < 14.04 ksi o.k.

Braces Type 1l :
K€/r,=0.75 X 46.65 X 12/4.10
=102.40.".
F, =12.67 ksi (per A36)
max a =55.1ft
F =31,307.9 X 5,280 (1/329,031.2 + 24.9
X 55.1/2,638,220,770)
= 588.4 kips
) = 588.4/31,307.9 x 24.0
=0.0078 < 0.001 o.k.
P =588.4 X 46.65/40.0
= 686.2 kips
fa = 686.2/68.5
=10.02 < 12.67 ksi o.k.

CONCLUSIONS

The analysis of vertical braces of a braced steel structure
requires concurrent consideration of drift and strength
requirements. Done by hand calculations, or even by
digital computers, this kind of analysis is time-consum-
ing and expensive. The method presented in this paper
avoids this tedious work, even though only the simplest
arithmetic calculations are used. The simplicity of the
described algorithm permits implementation on a pocket
calculator, which makes it an important aid for the de-
sign of braced steel structures. The guidelines presented
here allow the direct determination of the required rig-
idities for both directions of a braced steel structure so
that overloading of braces can be prevented.
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NOMENCLATURE
a = distance of a brace to R.C.
b = horizontal dimensions of a bay or horizontal

projection of a brace length (b = € cosa)
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c = distance of resultant %F of lateral loads to that
extremity of structure which is farthest with
respect to R.C.

= overall dimension of structure

= eccentricity of XF with respect to R.C.

= actual axis stress on a brace

= distance between two adjacent diaphragms or
vertical projection of a brace length (h = ¢
sinat)

= length of a brace

= a factor defined by Eq. 14

= gyration radius of frame rigidities or of a brace

= gyration radius of a brace with respect to its
minor axis

= cross-sectional area of a brace

= expression defined by Eq. 21

= elasticity modulus of steel

=129,000 ksi

= lateral load carried by a brace

= allowable stress for sizing braces in accordance
with the AISC Specification, but no larger than
that defined by Eq. 4

= polar moment of inertia of frame rigidities

= effective length factor of a brace with respect
to its critical axis

= expression defined by Eq. 22

= axial load carried by a brace

= rigidity of a brace

.C. =rigidity center

= expression defined by Eq. 23

= slope of a brace

= drift index (& = A,/h)

= ratio of the maximum brace distance from R.C.
to overall structure dimension, in same direc-
tion = (max a)/d

= ratio of gyration radius to overall structure di-
mension, in same direction (p = r/d)

= factor defined by Eq. 27

= displacement of top of loaded brace from its
position when brace is not loaded (drift)

a = allowable drift

= summation

| mme 3§ =gh o Q

>~

S A ERI

M e O

Subscripts

K = short, refers to transverse dimension of a struc-
ture

14 =long, refers to longitudinal dimension of a
structure

LILIII = refers to the braces Type I, Type II and Type
III respectively shown in Fig. 4
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