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INTRODUCTION 

In finite element modeling, the objective is to simulate 
the actual behavior of a loaded structure so that the re­
sulting structural stress predictions are sufficient to make 
design decisions. Very often it is not economically viable 
to generate a single mathematical model able to accu­
rately reflect all the phenomena related to the behavior 
of a particular structure. In such situations, it is neces­
sary to consider multiple models, some or all of which 
are reasonable compromises of accuracy vs. cost. The 
final choice of the model depends on engineering judg­
ment, and differing situations demand different consid­
erations. The primary purpose of this paper is to discuss 
some of the trade-offs involved for one particular type 
of structure. 

The structure considered here can be described as a 
multi-celled girder (Fig. 1), which contains manholes 
placed in vertical plates called bulkheads. These access 
openings need to be provided for construction as well as 
for inspection. This type of structure is encountered in 
large mining and earthmoving equipment. The behavior 
of plate shear walls in buildings, and diaphragms in box 
girders that contain manholes, is similar to the bulkheads 
analyzed here. 

The primary interest here lay with the bulkheads con­
taining the manholes. Many of these manholes exist in 
a given structure, hence an accurate, but economical model 
is sought to enable the designer to determine the extent 
of stress concentration for each configuration. 

INITIAL MODELING ASSUMPTIONS 

The multi-celled girder is so complex that modeling the 
complete structure is impractical, particularly during the 
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early design phase. A better approach is to model the 
complete structure using a representation of the web that 
is much too crude to permit evaluation of local stresses. 
However, the crude model can give a good estimate of 
the total shear load carried by each bulkhead. A second 
model can then be used to evaluate the local stresses 

Fig. 1. Section of a multi-celled girder 

which occur because of the presence of the manhole. 
The primary concern here is with the latter model. 

A single bulkhead, with its associated flanges, was 
considered. To isolate a single bulkhead, dividing planes 
are passed through the structure parallel to the bulkhead 
to be isolated, midway between it and the adjacent bulk­
heads on either side. Similar dividing planes are passed 
through the center of the transverse bulkheads at each 
end of the isolated bulkhead (see Fig. 2). 

The top and bottom plates (now flanges) are assumed 
to be equal in thickness so that three planes of symmetry 
exist. Symmetry is used to reduce the model to that shown 
in Fig. 3, which permits a tremendous reduction in both 
total degrees of freedom and band width of the finite 
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W= Bulkhead spacing 

L = Bulkhead length 

Fig. 2. Isolation of single bulkhead for modeling purposes 

element models used. Using the coordinate system shown 
in Fig. 3, the planes of structural symmetry are: x-y plane 
at z = 0, x-z plane at y = 0 and y-z plane at x = 0. In 
addition the following planes, which form the boundaries 
of the reduced model, are also assigned the roles of sym­
metry planes: y-z plane at x = ± vv/2, x-y plane at z = 
± (L + i)l2. See Fig. 3 for definitions of L, t and w. 
The loads are such that some of the planes above become 
planes of antisymmetry (first and second). This produces 
the need for displacement boundary conditions as de­
scribed in Table 1. 

The load is assumed to be shear only applied at z = 
(L + t)ll in the y direction and was taken so that the 
average shear on the web was 10 ksi (shear load/web 
area). This shear load was applied uniformly along the 

Table 1. Boundary Conditions Due to Symmetry 
of the Structure 

bulkhead's outer edge (edge b-h of Fig. 3). Because of 
the relatively large stiffness of the cross bulkhead, the 
precise distribution of the load was not important. 

The reason only shear loading was considered is that 
it has been found to be of greater significance to local 
stresses in and around the manhole reinforcing ring than 
the girder moment. The primary cause is that the bulk­
head serves as the girder web which, as is well known, 
resists the major portion of the shear, but only a small 
fraction of the imposed moment. However, moment 
loading could be included, but there is no reason to be­
lieve the conclusions regarding the modeling options would 
be changed. 

Because fatigue has been observed as the primary de­
sign criterion, elastic behavior is assumed. The desired 
end result is the determination of stress concentration. 

FINITE ELEMENT MODELS 
A typical finite element program, SAP IV, which is sim­
ilar to many other such programs, was used (Ref. 1). At 
lease four distinct models can be formulated using SAP. 
The most obvious and most difficult would be to use 
three-dimensional solid elements. However, because of 
the large number of degrees of freedom required, this 
model would demand a large amount of computer time, 
which makes each run very expensive. The high cost of 
such an analysis is not justified, since significant ap-
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Fig. 3. Model of isolated bulkhead after application of 
symmetry conditions 
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Fig. 4. Finite element idealization (plane stress model) 
of isolated bulkhead 

proximation has already been introduced in moving from 
the three-dimensional multi-celled structure to a single 
panel. Therefore, the full three-dimensional solid ele­
ment model was not considered appropriate. 

The primary interest of this work involves the shear 
resisting characteristics of the web. Some shear is re­
sisted by the flanges, and for greatest accuracy this ad­
ditional shear capacity should be taken into account. Some 
of the primary differences in the following three models 
are associated with the ability of the model to accurately 
account for the shear resisting capacity of the flange. 

The simplest model (Model I) is a two-dimensional 
one (Fig. 4) with plane stress elements (referred to as 
element Type 4 in SAP). The model is made up of quad­
rilateral elements so the element size around the edge of 
the hole is smallest where stress gradients were expected 
to be maximum. The hole reinforcing is, of course, made 
up of thicker elements than those representing the web 
but are not nearly as thick as those elements which rep­
resent the bottom plate (flange). Since the assumption of 
zero stress perpendicular to the plane of the web corre­
sponds to the one in a simple beam, the above model 
should be at least as good as simple beam theory for a 
prismatic beam with similar flanges. However, the two-
dimensional model is not able to account for the shear 
lag phenomenon (discussed later) because, just as in el­
ementary beam theory, the plane stress model does not 

recognize any variation of displacement or stress in a 
direction orthogonal to the web plane. 

Therefore, a three-dimensional model was considered 
also, which is capable of reflecting shear lag behavior 
in the flange (Fig. 5). Two separate models using two 
different types of elements were utilized: plane stress 
membrane elements (Model II) and plate elements (Model 
III). A fourth model will be discussed later. The plane 
stress membrane element and the plate element are re­
ferred to in SAP as Type 3 and Type 6 respectively. 
Membrane elements have fewer degrees of freedom than 
plate elements and permit a significant reduction of the 
required computer time, and therefore the cost of each 
run. However, contrary to the two-dimensional model, 
the flange elements in the three-dimensional model with 
membrane elements cannot contribute to the shear car­
rying capacity at all, since they sustain only stresses in 
the plane of the flange. This situation is improved in the 
case of plate elements, where the flange model is able 
to sustain some vertical shear. With either type of ele­
ment, an additional row of web elements is required to 
"bridge the gap" between the edge of the web and the 
center of the flange. This at least partially offsets the 
loss of shear resistance by the flange elements, but dis­
torts the flange portion of the model by adding area which 
must be compensated for by a reduction in flange width. 

Fig. 5. Finite element idealization of three-dimension model of 
isolated bulkhead 
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Table 2. Computer Cost Comparison of Different Finite 
Element Idealizations of Bulkhead 

Model 

I 
II 

III 
IV 

Number of 
Elements 

244 
300 
300 
300 

Number of 
Nodes 

282 
338 
338 
338 

Number of 
DOF 

520 
609 
749 
748 

Band 
Width 

61 
69 
94 
94 

Computer 
Cost* 

$ 5.44 
7.55 

18.43 
13.80 

Total computer cost (Univac 1100/80) including CPU time, I/O-time and 
time-core charge. Due to differing price structures, these costs are useful 
only for comparison between models. 

The multiplicity of choices of a finite element model 
of the isolated bulkhead and its associated flanges raises 
the question of which model to use. As is typically the 
case, the answer involves both solution cost and solution 
quality. 

The easiest comparison is one of direct computer so­
lution cost. This is shown in Table 2 and, as expected, 
the two-dimensional plane stress solution is least costly. 
Note that the finite element mesh for the web is essen­
tially identical for all models. Probably of more impor­
tance is the input preparation time where it was the author's 
experience that an even greater advantage lay with the 
two-dimensional model. This was in spite of the use of 
a mesh generator and band width optimizer. For exam­
ple, the application of the correct boundary conditions 
to the finite element model gave the authors much more 
trouble with the three dimensional models than the two-
dimensional. 

However, the shear lag behavior of short-wide flange 
beams produces serious doubts about accuracy. There­
fore, the question of accuracy of the predicted stresses 
must be addressed carefully. 

COMPARISON OF THE BULKHEAD STRESSES 

Since the state of stress in an element is complicated, it 
is convenient to perform the comparison using stress in­
tensity, defined as (CT2 —a^, (a2 — a3) or (0-3 — 0-!) where 
one of the three principal stresses is always zero for the 
situation here. The maximum value of the stress intensity 
was calculated at the center of three elements (see 
Fig. 4): 

• Location 1 at the hole edge (45° off vertical), where 
the tensile/compressive stress in the reinforcing ring 
reaches the highest value, 

• Location 2 at the reinforcing weld, and 
• Location 3 below the hole, where a state of almost 

pure shear occurs. 

Examination of Table 3 reveals that Model I (two-
dimensional plane stress model) predicts stresses about 
four to six percent less than the three-dimensional models, 
Models II and III, which produce very similar results. If 

Table 3. Comparison of Stresses in the Two-dimensional and 
Three-dimensional Models. L = 50 in., W = 25 in., H = 50 
in., t = tR — 1 in., WR = 6 in., tf = 2 in., Manhole Opening 

Dimensions (clear distances): End Radius = 8.33 in., 
Total Depth = 25 in. 

Location 
Number 

1 

2 

3 

Model 

I 
II 

III 
IV 

I 
II 

III 
IV 

I 
II 

III 
IV 

Principal 

<*\ 
-0 .45 
-0 .48 
-0 .52 
-0 .48 

- 8 . 5 
- 9 . 0 
- 8 . 8 
- 8 . 9 

18.0 
19.0 
18.8 
18.7 

Stresses 

o-2 

-24.1 
-25 .6 
-25 .4 
-25 .4 

-15.7 
-16.5 
-16 .3 
-16 .3 

-19 .6 
-20 .6 
-20 .4 
-20 .4 

Maximum 
Stress 

Intensity 

24.1 
25.6 
25.4 
25.4 

15.7 
16.5 
16.3 
16.3 

37.6 
39.6 
39.2 
39.1 

Model I 2-D plane stress, Type 4 elements 
Model II 3-D membrane, Type 3 elements 
Model III 3-D plate, Type 6 elements 
Model IV 3-D Type 3 web elements, Type 6 flange elements 

one assumes that the Model II/III results are essentially 
correct and the difference in the results represents error 
in the Model I representation, then the accuracy of the 
Model I results is satisfactory, considering the degree of 
approximation already introduced and the approximate 
nature of the allowable stresses (particularly allowable 
ranges fatigue stress). If one could accept this last state­
ment, then the only remaining step is to recognize that 
the Model I formulation is significantly more economical 
in both input preparation time and computer cost and is 
the most reasonable way to proceed. 

However, such a procedure is unacceptable without 
further study. If a six percent error occurs in one ex­
ample, then in a different configuration the error might 
be larger. Further, one cannot be sure that the Model 11/ 
III results are accurate. Therefore, it is necessary to study 
the models further to try to understand why the differ­
ences exist and attempt to determine if greater differ­
ences could occur. First, consider the results from Models 
II and III. They are very close, with only slightly higher 
stresses produced in the Model II results. This indicates 
the ability of the flange to resist shear out away from the 
web is insignificant in this problem. There is also another 
factor which must be taken into account in this compar­
ison. The membrane formulation used in the SAP Type 
6 plate elements is different from that used for the SAP 
Type 3 elements (assembly of four constant stress tri­
angles versus a single isoparametric quadrilateral). Thus 
the Type 6 elements are stiffer as membrane elements 
than the Type 3, which could modify the stress results 
in a way such as to place the conclusion above in doubt. 
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To investigate this effect, another run was made in 
which membrane, Type 3, elements were used for the 
web and plate, Type 6, for the flange (Model IV). The 
resulting stresses from this model (Table 3) are much 
closer to those for Model III than Model II, which in­
dicates the difference in the element formulations is in­
significant in this application. 

Now consider the difference between the results of 
Model I and those of Models II and III. Because Models 
II and III are closer to agreement does not imply these 
results are closer to the correct solution than those of 
Model I. However, one good reason to suspect the re­
sults of Models II and III are better is that these models 
are capable of reflecting the shear lag behavior of the 
short, wide-flanged beam. Shear lag behavior has the 
effect of reducing the bending stresses in the outer por­
tion of the flange relative to the value predicted by sim­
ple beam theory. 

It is important to observe the nature of this particular 
problem is such that the total internal resisting moment 
and total resisting shear at any given section is fixed by 
statics. Therefore, the net result of the occurrence of 
shear lag is not a change in the total moment or shear at 
a section but rather results in a redistribution of the stresses 
which integrate to the total moment or shear. The influ­
ence of shear lag on the stress concentration in the web 
will be discussed later after enumeration of some other 
possible causes of differences between the Model I re­
sults and those of Models II/III. 

Unfortunately, the move to the three-dimensional for­
mulation (Models II and III) introduces other approxi­
mations. Due to the finite width of the flange, there is 
a "gap" between the edge of the web and the middle 
surface of the flange. It is possible (though not with SAP 
IV) to "tie" the edge of the web to the flange middle 
surface by the use of constraint equations (rigid links) 
which would not contribute area to resist bending nor 
shear stresses. This would clearly reduce the shear re­
sisting capability of the flange. The modeling procedure 
used herein for Models II and III was to utilize another 
row of elements (same thickness as web) between the 
web edge and the flange middle surface. This introduces 
some shear resisting capability. But is it a realistic model? 
Another row of web elements could have been added 
above the flange middle surface extending to the outer 
surface of the flange. 

It can be seen that, in adding the ability to include the 
effect of shear lag, other errors/approximations are added. 
Consider first the shear lag effect. As mentioned above, 
shear lag produces a reduction in the bending stress in 
the flange, with the greatest reduction occurring at the 
outer edge of the flange (furthest removed from the web). 
This is somewhat equivalent to an imaginary flange that 
is fully stressed in accordance with beam theory, but 
which is not as wide. Hence the effect of shear lag on 
the result can be estimated by considering the effect of 

a reduction in width of the flange on the shear stresses 
in a simple prismatic beam. 

An evaluation of the relative magnitudes of shear stress 
shows that for a prismatic beam section, but with no 
hole, similar to the section under consideration, a halv­
ing of the flange width produces an increase in the max­
imum shear stress (at the neutral axis) of about five percent. 
However, the increase in total shear resisted by the web 
is less than one percent. Of course, the "beam" consid­
ered in this paper is not prismatic but contains a large 
hole in the web. Nevertheless these results suggest that 
the reduced effective width of the flange could be the 
major source of the stress difference in the models. 

Consider another approximation associated with both 
Models II and III. These models concentrate all the flange 
area at the flange midsurface with a slight extension to 
the web depth (between web edge and flange middle 
surface). Considering a simple prismatic beam with zero 
thickness but finite area flanges, it is seen that all shear 
must be resisted by the web. However, the web is slightly 
deeper, hence has more area. Computation of the shear 
stresses using simple beam theory shows the shear stress 
at the neutral axis is unchanged (to three significant fig­
ures) relative to a cross-section with the true flange thick­
ness. In addition, the shear stress in the web at the location 
of the true edge of the web (inside edge of flange) is 
also about the same for both the zero thickness flange 
and the finite thickness flange. This suggests this partic­
ular modeling error of Models II and III is insignificant. 

Finally there is a difference between Models I and 11/ 
III which is associated with the stress condition in the 
flange transverse to the bulkhead span. Model I, by def­
inition, assumes zero stress in that direction (a plane 
stress approximation). However, the boundary condi­
tions (Table 1) place the flange in a state of plane strain 
which is imposed in Models II/III. To evaluate this ef­
fect, Model II was rerun with the plane strain condition 
(8^ = 0) at the flange edge (edge e-d of Fig. 3) removed. 
The differences in the resulting stresses were very small, 
as indicated in Table 4. Hence, this difference can be 
disregarded. 

Table 4. Comparison of Stress Results in Model II with and 
without Imposition of Plane Strain Conditions on Flange 

Location 
Number 

1 

2 

3 

Model 

II 
II* 

II 
II* 

II 
II* 

Principal 

-0 .48 
-0 .48 

- 9 . 0 
- 9 . 0 

19.0 
19.1 

Stresses 

0"2 

-25 .6 
-25.7 

-16.5 
-16.5 

-20.6 
-20.7 

Maximum 
Stress 

Intensity 

25.6 
25.7 

16.5 
16.5 

39.6 
39.8 

*Model II with §x boundary condition removed on flange edges. 
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Some other minor problems plagued this investiga­
tion, which are mentioned only for the sake of complete­
ness. One must be careful that the predicted stresses 
compared are for the same physical point in the models. 
Since automatic mesh generators were used, it was nec­
essary to be sure the elements where stresses were com­
pared had identical nodal coordinates. Also, it was 
necessary to insure the shear load was applied at the 
same distance from the hole center for all models, due 
to the moment stresses generated. The moment induced 
stresses are not large in this problem, but comparisons 
involving nearly equal numbers can be distorted in puz­
zling ways by reasonably small changes in this stress. 
Finally, one must be careful about the use of "incom­
patible modes", or non-conforming deformations be­
tween elements, when using the SAP finite element 
program. Since the Type 6 element does not have this 
capability, the incompatible modes were not used in any 
model. However, evaluation using them in Models I or 
II showed a change in stress (in the elements checked) 
of less than one percent. 

12.50 

Distance from Web Centerline (in) 
Fig. 6. Variation of bending stress across flange at different sta­

tions along span of section of multi-celled girder with manhole 

SHEAR LAG 

In the section above, it was suggested the major cause 
of differences in predicted stresses between Models I and 
II/III was the inability of Model I to account for shear 
lag in the flanges. This phenomenon, referred to as "shear 
lag" (or "diffusion"), is due to the shear deformations 
of the flange in the plane of the flange. The resulting 
warping of the cross-section affects the longitudinal dis­
placements in such a way that the longitudinal strains in 
the flange away from the web are reduced. The greater 
the distance from the web, the greater the reduction. 
Since the bending stresses in the flange depend, through 
Hooke's Law, on strains, this brings about a reduction 
of the flange stresses. For an in-depth discussion of the 
shear lag effect, the reader is referred to Refs. 2 to 11. 

The shear lag effect on the problem was investigated 
by examination of the results of the three-dimensional 
models described earlier. From the results of Models II 
or III, the change in the bending stresses in the flange 
(Fig. 6), is significant. Hence, an attempt was made to 
determine the effective width of the flange for this prob­
lem. 

Several authors have determined the effective width 
on the basis of equal forces in the actual flange and the 
transformed one (Fig. 7). 

It 
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where: cr0 = the maximum value of bending 
stress in flange 

a = value of bending stress at any 
point in flange 

W — actual width 
WeJf = effective width 

t = flange thickness 
x — distance from center of web 

1-
J 

p w e 

4 V 

ff 1 

II11 11II11 + 

v — > 

i 
i 

Fig. 7. Definition of terms used in equivalent width determination 
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For the work here, a slightly different version of the 
above concept was adopted which lent itself better to the 
models under consideration. The effective width was de­
fined as the width which, if assigned to the two-dimen­
sional model flange, produced the same total flange force 
as exists in the three-dimensional model flange. Unfor­
tunately, there is still one variable left to fix which is 
the location, along the span of the panel, to make the 
evaluation. In this case, a location about one third the 
distance from directly under the hole to the panel edge 
was chosen. This location was chosen since it was di­
rectly under the edge of the hole, hence in the depth 
transition zone. However, investigation showed that 
moving the evaluation location to another point did not 
change the results significantly. 

Figure 8 shows the results of this investigation. For 
each of several flange widths, the total flange force as 
predicted by the two-dimensional model was calculated 
and plotted vs. the flange width. As would be expected, 
the larger widths resulted in larger flange forces. The 
total flange force for the three-dimensional model (Model 
III) was calculated to be 131.5 kips. The intersection of 
this value with the previous curve gives an effective width 
of 18.4 in. Hence it can be seen that the effective width 
is about 74% of the actual width. 
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Table 5. Comparison of Stress Results Between Finite 
Element Models Using Actual and Equivalent 

Widths for Flange 

Location 
Number 

1 

2 

3 

Model 

I 
la 

I 
la 

I 
la 

Principal Stresses 

CTj CT2 

- . 4 5 
- . 4 6 

- 8 . 5 
- 8 . 6 

18.0 
18.2 

-24.1 
-24 .6 

-15.7 
-16 .0 

-19 .6 
-19 .9 

Maximum 
Stress 

Intensity 

24.1 
24.6 

15.7 
16.0 

37.6 
38.1 

Fig. 8. Variation of bending force in flange as function 
of flange width 

Notes: Model I: same as before - plane stress 
Model la: Model I with flange width adjusted for equivalent width 

CORRECTED SOLUTION 

The discussion above suggested that the major portion 
of the difference between the two-dimensional and three-
dimensional stress results was due to shear lag effects. 
To check this, another two-dimensional solution was made 
using the reduced width found above for the flange and 
the results are compared with the three-dimensional Model 
III results in Table 5. The results are closer than before, 
although the "correction" made up less than half of the 
previous difference. Therefore, one must conclude the 
shear lag error is only partially responsible for the dif­
ference. It is not clear precisely what causes the remain­
ing differences, but they could just as well lay with the 
three-dimensional models as with the simpler plane stress 
model. 

GENERAL APPLICATION OF RESULTS 

If the error associated with the two-dimensional model 
using the true dimensions is felt to be unacceptable, then 
a correction can be applied by using an effective width 
for the flange in place of the actual one. Clearly, this is 
an easy correction to make to the plane stress model. 
However, it places the burden on the designer to deter­
mine the effective width. 

Many investigators have studied the shear lag problem 
for a prismatic beam. In most of these results the effec­
tive width is expressed as a function of the beam length, 
and in some the flange thickness also affects the result. 
The work in Ref. 11 provides an estimate of the effective 
width for a simple beam (similarly loaded) of 31% of 
the span length independent of the flange thickness. This 
would give an effective width of 15.5 in., which is rea­
sonably close to the result above. Other effective width 
estimates for various loading conditions are given in Refs. 
12 to 15. Unfortunately, further investigation showed the 
effective width as determined here varied with the flange 
thickness (Table 6) which indicates a stronger depen­
dence on flange thickness than might be hoped for. The 
size of the hole in the web, as well as other geometric 
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Table 6. Change in Effective Width Due to Change 
in Flange Thickness 

Flange Thickness 
(in.) 

1 
2 
3 
4 

Effective Width at Flange 
(in.) 

21.1 
18.4 
15.0 
10.8 

variables such as the amount of hole reinforcing, most 
likely also affect the effective width. Therefore, it ap­
pears an accurate determination of the effective width is 
quite difficult. Fortunately, the stress concentration in 
the web is not strongly dependent on the effective width. 
Thus, a reasonable choice of the effective width for this 
type of configuration would seem to be about one third 
of the span length. 

SUMMARY 

This paper has addressed the problem of determining an 
accurate but economic finite element model which will 
permit determination of the stress concentration in the 
vicinity of a reinforced hole present in a multi-celled 
girder web. It was pointed out that simulation of the 
entire structure in sufficient detail to adequately predict 
the stress concentration is impractical. Instead, cruder 
models of the entire structure are used after which the 
resulting shear carried by each bulkhead can be imposed 
on a smaller model with much greater detail. However, 
several alternatives exist regarding the type of finite ele­
ment model to use. Three different finite element models 
were compared with regard to economy and accuracy. 
The primary errors associated with the use of those models 
were discussed, and it was found that the difference be­
tween results of the various models considered was not 
great, and no significant reasons for those differences 
other than shear lag could be found. Thus, it follows that 
a reasonable estimate for the effective width used in con­
junction with the two-dimensional model should be suf­
ficient for most design applications. The authors believe 

an effective width of about one third of the panel span 
would provide acceptable results for configurations sim­
ilar to the one here. 
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