
A Unified Approach to the Elastic Lateral Buckling of Beams 
D. A: N E T H E R C O T AND K. C. ROCKEY 

T H E LATERAL BUCKLING of beams is a complicated 

phenomenon, the maximum elastic bending stress neces
sary to cause buckling being dependent upon the geomet
rical and material properties of the beam, the type and 
position of the loading, and also the support conditions. 
This paper presents a design procedure which enables 
all of these factors to be allowed for, in an accurate yet 
simple and direct manner, for 41 different cases of load
ing and support. The proposed method is both more 
accurate and more versatile than existing methods used 
in design codes. 

NOMENCLATURE 

A — Coefficient 
A' = Coefficient 
aL = Distance from support at which load is applied 
B — Coefficient 
B' — Coefficient 
b = Flange breadth 
C\ — Coefficient 
C2 = Coefficient 
Dr — Coefficient 
d = Depth of beam 
E = Modulus of elasticity 
F = Coefficient 
F' = Coefficient 
/ = Height of point of application of load above 

tension flange 
G = Modulus of rigidity 
h = Distance between flange centroids 
I0 = Second moment of area of compression flange 
Ix = Second moment of area of beam about its major 

axis 
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Second moment of area of beam about its minor 

axis 
Torsion constant 
Coefficient 
GJ/L = torsional stiffness of beam 
Plate buckling coefficient 
Coefficient 
Span 
Critical moment for lateral buckling 
L2GJ/ECW = torsional parameter for beam 
Least radius of gyration 
Radius of gyration about the minor axis 
Flange thickness 
Web thickness 
Lateral buckling coefficient 
End moment ratio 
Warping constant 
" Equivalent" warping constant for monosym-
metrical I-sections 

IJIy = area ratio for monosymmetrical I-sec
tions 
Poisson's ratio 
Critical stress 

INTRODUCTION 

Since stability considerations greatly influence the design 
of structural components, it is not surprising that a great 
deal of research has been conducted on the various 
buckling problems which are encountered in civil en
gineering. As a result of these studies, in the case of 
both column and plate buckling, there has evolved a 
standard form of presentation of the relationship which 
exists between the buckling stress and the physical propor
tions of the structural component. Unfortunately this 
has not occurred to the same extent in respect to the 
lateral buckling of beams. In this paper, the authors pre
sent a summary of the available theoretical solutions in a 
form which it is hoped will lead to a better understanding 
of the stability problem and facilitate the use of the ex
tensive data which are available. 
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For column buckling the critical elastic buckling stress 
is normally expressed in the form of Eq. (1) : 

ccr = k(^E)(r/LY (1) 

where 

acr = critical compressive stress 
k = non-dimensional buckling coefficient 
L/r = ratio of length of member to the least radius of 

gyration 

Similarly for plate buckling, the critical elastic stress 
is given by Eq. (2): 

where 

k •-

b/t --
non-dimensional buckling coefficient 
ratio of width of plate to thickness of plate (see 
Fig. 1) 

I t will be noted that Eqs. (1) and (2) are similar in 
form, each involving three terms, a non-dimensional 
buckling coefficient k, a term containing the material 
properties of the component, and a third term involving 
a "slenderness rat io." 

Now with plate structures, buckling does not auto
matically result in collapse, since the plates are capable 
of developing a membrane type action. However, in the 
case of the lateral buckling of beams this is not the case, 
the elastic buckling load providing a close upper limit to 
the beam's load carrying capacity. The availability of a 
design procedure which will provide an accurate assess
ment of this buckling load is therefore desirable. 

Because of its importance, the phenomenon of lateral 
buckling has received a great deal of attention from re
searchers, and solutions are available for most of the 
important loading and support conditions. Unfortu
nately much of this information has been presented in 
either graphical or tabular form and cannot, therefore, 
be used directly in any computerized design procedure. 

Much of the work published prior to 1959 has been 
briefly summarized by Lee1, while a more recent and 
extensive survey is presented in Ref. 2. In addition, in 
1960 Clark and Hill3 made a critical appraisal of the 
current design procedures used in connection with the 
lateral buckling of beams. 

In this paper, the authors present a method which 
permits a rapid estimation of a beam's resistance to 
lateral buckling. It is based upon the concept of using a 
lateral buckling coefficient a similar to the more familiar 
plate buckling coefficient k. 

Now the value of a varies with the shape of the beam, 
the type of loading and the level of application of this 
loading and also with the conditions of lateral support. 
I t was decided to use as a reference da tum the simplest 

(a) Column Buckling 

(b) Plo+c Buckling 

(c) Basic L a t e r a l Buckling Proble 

Fig. 1. Types of buckling 

m. 

form of the lateral buckling phenomenon which is that 
of a simply supported bisymmetrical I-beam loaded by 
equal end moments applied in the plane of the major 
axis. This loading and support case is shown diagram-
matically in Fig. 1(c). 

Provided the beam is elastic and free from initial im
perfections, then the critical moment is given by Eq. (3): 

Mc. -T <*>*»»[*+ WT (3) 

where 

EL, minor axis flexural rigidity 
GJ = torsional rigidity 
ECW = warping rigidity 
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Fig. 2. End support conditions 

T h e appearance of two terms in the square brackets is a 
consequence of the manner in which the beam resists 
twisting, par t of this resistance being derived from the 
shear stresses set u p by St. Venant torsion and par t from 
the differential bending of the flanges. While the second 
term is negligible compared with the first for the majority 
of hot rolled sections, the reverse is true for light gage 
sections, which derive most of their resistance to tor
sional deformation from the warping action. Since the 
beam's length also appears in the second term, it too 
has a considerable influence upon the relative magni
tudes of the two terms. Therefore, a formula which is to 
be of general application must involve all of the terms 
in Eq. (3). Equation (3) may, however, be rewritten in 
the simpler form shown in Eqs. (4) and (4a): 

Mc - . (EW^i (, + £)"] (4) 

where R2 = 
DGJ 

ECW 

or alternatively 

M„ = a(EIyGjyAy 

w h e r e 7 = T L l + ~ j 

(4a) 

I t should be noted that a = 1 in the case of this particular 
loading and end support condition [see Fig. 1(c)] . The 
relationship between 7 and R2 has been plotted in Fig. 3. 

Note that Eq. (4a) contains three terms similar to the 
of Eqs. (1) and (2). W e shall see in the following sectic 
that the first term, a, varies with loading and supp 
conditions, while the second term varies with matei 
properties and the shape of the beam. The third, 
since it contains terms which vary with the length 
the beam, may be considered as a slenderness paramel 

A study of the probable values of R2 for a series 
commercial beams embracing both hot rolled and c 
formed sections reveals that elastic lateral buckling > 
occur when R2 is greater than 4. Beams for which R 

re • «yl 

Fig. 3. Effect of variations in end support conditions on the 
relationship for beams loaded with equal end moments 
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Table 1 

Symmetrical I-Beams Loaded with Equal End Moments 

Type of Support 
Conditions 

Simply supported 
Type I 

Warping fixed 
Type II 

Lateral bending fixed 
Type III 

Fixed 
Type IV 

Rigid central support 
Type V 

Formula for a 

a = 1 

0.304 , 1.778 

0.787 1.134 

L . 
Use - in place of L in 

Eq. (4) 

Use - in place of L in 

Eq. (4) 

Maxi
mum 
Error 
(%) 

0 

1 

0 

0 

less than 4 will probably start to yield before they be
come unstable. 

Now providing Mcr is taken as the maximum moment 
occurring in the beam and the value of a is chosen so that 
it allows for the loading and support conditions, then 
Eq. (4a) may be regarded as the basic equation for 
lateral buckling. 

In Fig. 3, the relationship between ye = a(yL) andi? 2 

is given for the case of beams loaded by equal end mo
ments and supported at each end in four different ways. 
I t will be noted that as the restraining action of the sup
ports is progressively increased, the value of ye increases 
significantly. Table 1 gives the simple relationship be
tween a and R2 for the cases shown in Fig. 3. These rela
tionships will be discussed in detail in later sections. 

Figure 4 shows how ye varies with R2 for different 
loading conditions, the support conditions being kept 

IO 

8 

v e - a yL 

4 

2 

r 
y—Central Concentrated Load 

/ y—Uniformly Dist r ibuted Load 

^ - ^ / .— Equal End Moments 

— 1 1 1 

Y« • a y L 

- B o t t o m Flanqe Loadino, 

—Shear Centre Loodina, 

—Top Flanqe Loading 

Fig. 4. Effect of variations in the type of loading on the ye-R
2 rela

tionship for simply supported beams 

Fig. 5. Effect of variations in the level of application of the loading 
on the ye-R2 relationship for simply supported, centrally loaded beams 

constant, while Fig. 5 shows the effect of altering the 
level of application of the load with respect to the shear 
center (see also Table 2). 

I t will be noted that all of the curves in Figs. 3, 4, and 
5 are similar in form and it is this fact which enables one 
to use the second coefficient a in conjunction with the 
basic expression for Mcr given in Eqs. (3) and (4a). 

In the following sections, expressions for the values of 
a will be developed for a variety of loading and support 
conditions. 

INFLUENCE OF SUPPORT CONDITIONS ON BEAMS 
WITH EQUAL END MOMENTS 

The support conditions assumed in the derivation of 
Eq. (3) provide the lowest measure of lateral restraint 
and consequently yield the lowest value of a ( = 1). I t is 
possible, however, that the beam may be supported in 
such a manner that other, more beneficial, support con
ditions may be assumed. By allowing for the increased 
stability which results from the use of such support con
ditions, considerable economies in structural weight can 
be achieved. In this section the variation of the buckling 
coefficient a with the support conditions is examined for 
beams loaded in pure bending. 

Since lateral buckling implies three kinds of deforma
tion (twisting, lateral bending and warping), it is possible 
to imagine several types of end conditions. If the support's 
resistance to each of these actions is such as to only pro
vide a partial restraint, then the problem becomes ex
ceedingly complex. Several solutions to this problem 
exist (Refs. 4-8), but for the purposes of this paper only 
supports which may be assumed either completely to 
prevent, or alternatively offer no resistance to, each type 
of deformation will be considered. 

It is usual in all problems of lateral buckling to as
sume that the end supports completely prevent end 
twisting (see Fig. 2). I t may be shown (Refs. 7 and 8) 
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Table 2 

Symmetrical I-Beams Simply Supported at Each End 

Type of 
Loading Formula for a 

Maxi
mum 
Error 
(%) 

(a) Beams loaded by end moments 

M (3M 

a = 1.16+ [0.6 —jS]— [/3 —0.6]2 

for 1 £ |3 £ - 0 . 8 
and 
a = 2.56 for 0 $ - 0 . 8 

N.B. Terms in square 
brackets are used only 
when positive. 

(b) Beams loaded with transverse loads 

Load at top 
flange 

Load at shear 
center 

Load at bottom 
flange 

1 

^ ^ - ^ • ^ / - N 

aL[ [aL 

a = A/B 

a = A 

a = A X B 

A 

1.35 

1.123 

1 + a2 

B 

1.779 2.039 
1 ~W R 

1.522 , 1.681 
1 — 

R2 R 

4.59a 5.14a 
R2 R 

2 

2 

5 

that supports which possess a torsional stiffness in excess 
of 20 times the torsional stiffness of the beam, defined as 

KT = GJ/L 

may be assumed to provide complete support with regard 
to end twisting. The multiple of 20 is not large and it is 
felt that practical supports will be capable of exerting 
at least this measure of torsional restraint. If the end 
supports exert no resistance to end twisting, then clearly 
the beam will be highly unstable and the work of Flint7 

and Schmidt8 shows it to be incapable of supporting any 
load. Therefore, in all subsequent work reported in this 
paper it will be assumed that end twisting is prevented 
completely. 

The four types of end supports that are considered in 
this paper are illustrated diagrammatically in Fig. 2 and 
consist of: 

1. Those which prevent completely both lateral deflec
tion and twist but offer no restraint either to warping 
or lateral bending—termed simply supported (Type I ) . 

2. Those which prevent completely lateral deflection, 
twisting and warping but offer no restraint to lateral 
bending—termed warping fixed (Type I I ) . 

3. Those which prevent completely lateral deflection, 
twisting and lateral bending but offer no restraint 
to warping—termed lateral bending fixed (Type III). 

4. Those which prevent completely lateral deflection, 
twisting, warping and lateral bending, termed com
pletely fixed (Type IV) . 

If the ends are fixed completely and the loading cor
responds to a uniform moment, then Timoshenko9 has 
shown that the beam buckles laterally in a mode which 
requires the formation of inflection points at its quarter 
points. This situation is identical to the Euler buckling 
of a strut which is built-in at each end and may be ana
lyzed in the same manner , i.e., by using the basic formula 
for simple supports employing a length equal to one-half 
of the span. 

The analysis of beams for which end warping is pre
vented but no restraint is offered to lateral bending is 
rather more complicated. Flint10 has obtained solutions 
to this problem both by solving the governing differential 
equation and also by the application of the energy 
method of analysis. These solutions agree quite well with 
a different energy solution obtained by Trahair .4 Flint's 
solution may be expressed in closed form as: 

«., = ^ (E/GW, + igff (5) 

If instead of Eq. (5), Eq. (4a) is used together with 
the corresponding expression for a given in Table 1, then 
in no case is the error in MCT greater than 5 percent. 

If lateral bending of the beam's end sections is pre
vented and end warping is unrestrained (see Fig. 2), then 
the relationship between ye and R2 will be of the form 
shown in Fig. 3. Again, this may be described by using 
Eq. (4a) together with the appropriate expression for a 
from Table 1, the maximum error in this case being less 
than 1 percent. 

A convenient method of increasing any beam's lateral 
stability consists of providing it with a number of inter
mediate lateral supports. Provided these supports are 
sufficiently rigid, then buckling will occur in a mode 
requiring the formation of nodes at the supports. 

Timoshenko9 has considered the lateral buckling of a 
beam simply supported at each end, loaded with a uni
form moment, and provided with a central support which 
is assumed to be capable of completely preventing lateral 
deflection and twisting. In this case each span buckles 
with no interaction at the central support, i.e., as if 
simply supported at that section. This behavior is anal
ogous with that observed for a simple pin-ended Euler 
strut provided with a rigid central support and may be 
investigated by using a span of L/2 in place of L. 
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Y» - a-YL-

Fig. 6. The ye-R
2 relationship for simply supported beams loaded 

with unequal end moments 

INFLUENCE OF TYPE OF LOADING ON SIMPLY 
SUPPORTED BEAMS 

Unequal End Moments—The lateral stability of a 
simply supported beam loaded with end moments of 
magnitude M and (3M, where /3 may take any value be
tween + 1 and — 1 , has been studied by both Home1 1 

and Trahair,12 the latter having given the expression for 
the critical moment as: 

Mc, <£^»M(F + i^Ff OS) 

where F and F' are constants, values of which are given 
in Ref. 11 for a series of values of fi. 

The relationship between y e , /3 and R2 is given in Fig. 
6. For every value of /3, the ratio of ye to the value of ye for 
|8 = 1 remains nearly constant over the complete range 
of R2 under consideration. In fact the ratio varies by no 
more than 5 percent at a value of /3 equal to —0.7 and 
becomes constant for values of /3 in excess of 0.3. 

I t is proposed, therefore, that in this case a be taken 
as a function of /3 only. A suitable expression for a is given 
in Table 2. The resulting values of ye are given in the 

Fig. 7. The ye-R
2 relationship for a simply supported beam loaded 

with two concentrated loads applied at the level of the bottom flange 

graphs in Fig. 6, where they are compared with the orig
inal values obtained by Home.1 1 I t will be noted that the 
proposed procedure gives excellent results. 

Transverse Loads—For the. case of a beam loaded by 
a concentrated vertical load, Timoshenko9 has tabulated 
values of the buckling load. Provided the load is ap
plied at the level of the shear center, then the values of 
ye corresponding to the centrally loaded beam are in a 
constant ratio with those for the uniformly bent beam, 
whatever the value of R2 (see Fig. 4). Therefore, a has a 
constant value A as shown in Eq. (7), the value of A being 
1.35 in this particular case, as shown in Table 2. 

= A (7) 

Raising or lowering the point of application of the 
load results in decreased or increased stability, respec
tively. This effect is illustrated in Fig. 5 for the two ex
treme loading positions, i.e., load applied at the level of 
the top flange or load applied at the level of the bottom 
flange. Since the ratios of ye (top flange loading) to ye 

(shear center loading) and ye (shear center loading) to 
Ye (bottom flange loading) are almost identical for any 
particular value of R2, though the actual ratio varies 
with R2, this may be allowed for in the expression for a as 
shown below: 

a = A/B for top flange loading 

a = A X B for bottom flange loading 
(7a) 

Because the magnitude of this effect is itself dependent 
on the value of R2, the coefficient B will be a function of 
R2. Expressions for B for the three loading conditions 
are given in Table 2. 

A similar case exists when the loading is uniformly 
distributed over the span. The ye-R

2 relationship for this 
type of loading may again quite accurately be defined 
by employing a as given by Eqs. (7) and (7a), the ex
pressions for A and B being given in Table 2. The maxi
m u m deviation between the value of Mcr so obtained 
and the theoretical value as given in Ref. 9 is no more 
than 2 percent. 

Schrader13 has presented a solution in which the 
loading consists of two point loads, each of magnitude 
P, applied at a distance ah from the end supports. 
Schrader's13 expression for the critical load is given in 
Eq. (8). 

D L 2 
/ 2 
1y (k - 2/) + (A + 2{Y '-J- + 

/ 2 GT 
S ' / ^ + i) '—7„z; 

4 E n (8) 

where / is the height of the point of application of the 
loads above the bottom flange and A\ B'\ and Df are 
coefficients whose value depends on a. 
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T h e relationship between ye and R2 has been evalu
ated and plotted for four different values of a in Fig. 7 
for the case where the loads are applied at the level of the. 
lower flange. Once again Eqs. (7) and (7a) may be used 
to calculate the appropriate value of a, the expressions 
for A and B being obtained from Table 2. In Fig. 7, 
values of ye, as determined from Eq. (4a) used in conjunc
tion with the appropriate equations for a, are compared 
with those calculated from Eq. (8) for four different 
values of a. In all cases excellent agreement may be ob
served, the maximum deviation being less than 2 per
cent. The error does, however, increase to 5 percent in 
certain cases of top flange loading. 

BEAMS WITH ENDS COMPLETELY FIXED 

Earlier in this paper, for the specific case of a beam 
loaded by equal moments at its ends, the increased 
lateral stability that results from fixing completely the 
beam's ends in the lateral plane was discussed. I t was 
shown in that particular case that the appropriate value 
of Mcr could be obtained simply by using L /2 in Eq. (4a). 

Salyadori14 has considered the stability of beams 
whose ends are fixed in the lateral plane and which are 
loaded by unequal end couples of magnitude M and 
fiM. This solution may be incorporated in the present 
procedure provided a is determined using the expression 
given in Table 3. This method is identical to that pro
posed earlier for a simply supported beam subjected to 
unequal end moments, except that L/2 must be used in 
place of L in Eq. (4a). 

For a fixed-ended beam loaded with either a central 
concentrated load or a uniformly distributed load, the 
solutions given in Refs. 9 and 12 may be used to calcu
late the critical load. These solutions include the effect 
of altering the level of the load with respect to the beam's 
shear center. When the present method is applied to 
these cases, the form of a for each type of loading and 
each of the load positions considered corresponds to that 
given in Eqs. (7) and (7a), the expressions for A and B 
being given in Table 3. In these particular cases it will 
be noted that the coefficient A, like B, now varies with 
the ratio R. 

Although complications due to both load and support 
conditions are now involved, using the proposed method 
it is still possible to obtain results which are in error by 
no more than 3 percent. 

BEAMS WITH ENDS RESTRAINED AGAINST WARPING 

This type of end condition is illustrated in Fig. 2 and in 
Fig. 3 its stabilizing influence is shown to lie between 
that of a simple support and a fully fixed support. 

When the beam is loaded with either a central con
centrated load or a uniformly distributed load, the 
energy solution of Trahair4 may be used to obtain a 

4 io too P 3 ( , » - 2 G T ) l o o ° 

Fig. 8. ye-R
2 relationship for simply supported, transversely loaded 

beams with a central lateral support 

reasonable estimate of its lateral stability. Provided the 
appropriate expressions for A and B given in Table 3 are 
used, then the lateral buckling coefficient a correspond
ing to either type of loading may be obtained from Eqs. 
(7) and (7a), Eq. (7) being used for loading applied at 
the level of the shear center and E q . (7a) for loading 
applied to either flange. The results of using this pro
cedure are again extremely accurate, being in error by 
no more than 4 percent. 

BEAMS WITH ENDS RESTRAINED AGAINST 
LATERAL BENDING 

When the beam's ends are restrained against lateral 
bending (see Fig. 2), the condition of lateral support is 
again somewhere between fully fixed and simply sup
ported; this is illustrated in Fig. 3 for the case of a beam 
loaded in pure bending. 

T h e results for the case of the buckl ing of a beam 
supported in the above manner and loaded by either a 
concentrated load or a uniformly distr ibuted load are 
given in Ref. 4. Once again Eqs. (7) and (7a), in con
junction with Table 3, may be used to calculate the 
lateral buckling coefficient a. 

LATERALLY SUPPORTED BEAMS 

When loaded with a uniform m o m e n t , a simply sup
ported beam which is rigidly lateral ly supported at its 
center buckles into two half-waves w i t h no interaction at 
the support; this case was discussed earlier . 

When the loading consists of transverse loads, al
though the beam still buckles in two half-waves, a certain 
amount of interaction takes place. Timoshenko9 has 
listed values of the buckling load for such beams when 
loaded with a central concentrated l o a d or a uniformly 
distributed load, and has shown t h e ye-R

2 relationship 
to be of the form given in Fig. 8. I t is of interest to note 
that for the centrally loaded b e a m the loaded cross-
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Table 3 

Symmetrical I-Beams Loaded and Supported in Various Ways 

(a) Beams loaded by end moments 

M 0M 
/ - 1 £ 0 £ 1 \ IV 

a = 1.16 + [0.6 - 0] - \fi - 0.6]2 for 1 ^ / 3 ^ - 0 . 8 
and 
a = 2.56 for 0 $ - 0 . 8 

Use - in place of L in Equation (4) 

N.B. Terms in square brackets are used only when positive. 

Load at top flange 
Load at shear center 
Load at bottom flange 

1 

r^rv~^v^\ 

I 

rw^rw\ 

i 

^ - ^ ^ • ^ ^ 

1 

rv^srv^^ 

(b) 

IV 

IV 

II 

II 

III 

III 

V 

V 

Beams loaded with transverse loads 

a = A/B 
a = A 
a = A X B 

A 

A _ 4.186 , 5.814 

t , „ 4 , 5.563 
1M3 " S + -R-

^ /?2 ^ R 

4^06 L263 
T i? T « 

0.726 , 0.955 

1.184 , 0.02 
1.9 

R* ^ R 

11.284 , 12.787 
2-9S--w- + ^r 
*„no 9.344 , 9.792 
2-093 ~ - ^ + - r 

B 

4.602 2.899 
R2 R 

3.342 1.964 
#2 + /J 

3.13 1.945 
"tf2" + i? 

2.217 1.794 
#2 + /? 

2.045 3.289 

#2 /e 

0.991 2.531 
R2 + /? 

1 

0.137 
1.073 + _ 

4 

3 

4 

4 

3 

4 

3 

4 

section cannot deflect laterally. Consequently, altering 
the level of application of the load with respect ,to the 
shear center has no effect and a will always be given by 
Eq. (7), where A is given in Table 3. 

However, if the loading is uniformly distributed over 
the span, then its position does affect the beam's lateral 
stability. In this case a can be determined using either 
Eq. (7) or (7a), the appropriate A and B being given in 
Table 3. A series of values of ye so calculated are plotted 
in Fig. 8, together with the theoretical values given by 
Timoshenko; the degree of agreement is excellent. 

CANTILEVERS 

In all of the cases studied so far, the beam has been as
sumed to be supported against lateral deflection and 
twisting at both ends. However, lateral buckling may 
also be of importance in connection with the design of 
cantilevers. Solutions9 '15 exist for two cases of loading: 
point load at the free end and a uniformly distributed 
load. The ye-R

2 relationship for each of these cases may 
be described by using Eq. (4a) in conjunction with a as 
determined from Eq. (7), the expression for A corre
sponding to each type of loading being given in Table 4. 
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Table 4 

Cantilevers 

Type of Loading 

1 1 

r^v^T^rs 

Formula for a 

- " " - » + £ 
-'•»-^+!F 

Maximum 
Error 
(%) 

5 

4 

UNSYMMETRICAL I-SECTIONS IN PURE BENDING 

Although the majority of both hot-rolled and cold-
formed I-sections in common use are symmetrical about 
both the major and minor axes, it is sometimes necessary 
to use a section which is symmetrical about the minor 
axis only. An example of this is the heavy buil t-up sec
tions used as crane girders. Indeed, provided the larger 
flange is in compression, then the monosymmetrical 
section will always be more stable than a bisymmetrical 
one having the same total flange area (see Fig. 9). 

The analysis of the lateral buckling of such sections 
is considerably more complex than that for a bisym
metrical section, even for the simplest conditions of load
ing and support. In view of this it is hardly surprising 
that much less work has appeared on this subject. 

Because the shear center and the centroid no longer 
coincide, the warping constant Cw may not be taken as 
Iyh

2/4, and in the limiting case of a tee section disappears 
altogether. I t is therefore not possible to automatically 
relate y to R2 for these sections. However, if an "equiva
lent warping constant", C w , equal to Iyh

2/A is used in 
place of Cw in calculating JR2, then the relationship be
tween ye and R2 will be of the form shown in Fig. 9. 

Several solutions exist to the problem of the lateral 
buckling of a simply supported monosymmetrical I-
section acted upon by equal end moments (Refs. 16 -
20), the most exact of these solutions being those of 
Goodier and Timoshenko. However, their solutions were 
not given in closed form, although the ye-R

2 relationship 
has been plotted in Ref. 21 for values of R2 less than 40. 
Therefore, in the present work the Goodier-Timoshenko 
values have been used for the range 4 < R2 < 40 and 
values of y for higher values of R2 evaluated from Win
ter's formula for Mcr, which is given below: 

„.-!.Vw[(r + *g£f + 

(2e - 1) 
2L 

VGJ\ 

The resulting ye-R
2 relationships are plotted in Fig. 9 for 

six different values of e. These relationships may be ex-

Te * «TL 

© "Exact" References (it>. 2 l ) 

Au+hors' Method 

. £ - 0.7 

e « 0.5 

Fig. 9. The ye-R
2 relationship for simply supported monosymmetri

cal I-beams loaded with equal end moments 

pressed in the form of Eq. (4b), where the values of A 
and B depend only upon the shape of the section as 
characterized by the parameter e and may be calcu
lated with the aid of the expressions given in Table 5. 

7 = 7T + 
A 

+ 
B_ 

~R 
(4b) 

The values of y obtained from Eq. (4b) are plotted 
in Fig. 9 for comparison with the more exact values. Over 
most of the range of both R2 and e the proposed method 
yields values of y which are in error by no more than 
± 5 percent. However, for extreme values of e and low 
values of R2, the errors do increase to between 13 and 15 
percent in a few instances, the error always being on the 
unsafe side; these are, however, much less than the 
errors involved in the current British Standard. This 
will be discussed in detail later. 

When e = 0.5 and the section is bisymmetrical, the 
difference between the values of ye given by Eqs. (4b) 
and (4a) is nowhere greater than 1 percent. In fact, 
should anyone prefer to use Eq. (4b) instead of Eq. (4a) 
in all of the preceding work, then the resulting error in 
so doing will be very small. 

Table 5 

Unsymmetrical I-Sections 

Type of 
Loading 

M M 

Type 
of 

Sup
ports 

I 

Formula for y 

where 
A = 8.85 - 0.942(0.5 - e) 
B = 1.126 + 18.78(0.5 - e) 
N.B. a = 1 

Maxi
mum 
Error 
(%) 

5 
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IMPLICATIONS FOR DESIGN 

In the preceding sections it has been shown that the 
theoretical moment which causes a beam to buckle 
laterally may be calculated quite simply for a wide 
variety of loading and support conditions. In every case 
the critical moment is given by Eq. (4a), while the cor
responding maximum bending stress may be obtained 
from Eq. (9). 

and 

Mcr = a(EIyGJ)1Ay 

MCTd 

2IX 

(4a) 

(9) 

where Ix is the major second moment of area and d is 
the depth of the beam. 

Now with the exception of the warping constant Cw 

and the torsion constant J, each of the properties occur
ring in Eqs. (4a) and (9) is normally given in tables of 
sections. I t is felt that in future each of these quantities 
might also be tabulated, but until such tables are avail
able both J and Cw may be calculated using the methods 
indicated below. 

For any section composed of a number of flat plate 
elements, the value of J may be obtained from Eq. (10): 

j = y^bt* (10) 

where t is the thickness of each plate element and b is 
the width of each plate element. 

Therefore for a symmetrical I- or channel-section, J 
will be given by 

j = y3(2bt/ + htj) 

If a more accurate value of the torsion constant is re
quired, then the methods given in Ref. 22 may be used. 

For a symmetrical I-section, the warping constant 
may be taken simply as 

L"w — 
4 

(11) 

I t has previously been shown that Eq. (11) may also be 
used to calculate an ' 'equivalent warping constant" in 
the case of a monosymmetrical I-section. Equation (11) 
is not strictly correct for channel sections, but Hill23 has 
shown that its use will not result in an error in Mcr of 
more than 6 percent. If greater accuracy is required, 
the exact formula for Cw given in Eq. (12) should be 
used. 

^w — 
tsbW 3btf + 2htw 

12 6btf + htw 

(12) 

Since all of the equations used to calculate the critical 
stress have been given in closed form, the proposed 
method is ideally suited to programming for a digital 
computer. Such a program has been written in F O R -

INPUT total number of cases 

INPUT case number 

INPUT material properties, span 
and either section 
properties or beam 
dimensions for ail cases 

CALCULATE/?2 and y 

CALCULATE a using appropriate expression 

CALCULATE ye>MCT<acr 

OUTPUT type of loading and support condition 
R2 and y 
ye'MCT and acr 

STOP 

Fig. 70. Details of computer program 

T R A N IV, and the flow chart employed is given in Fig. 
10. Its availability reduces the labor required of a de
signer to specify simply a control number corresponding 
to the conditions of loading and lateral support together 
with the necessary material and geometrical properties 
of the beam. Alternatively, the beam's dimensions may 
be input and the sectional properties evaluated directly 
by the computer, this feature being particularly useful if 
tables of sectional properties are not available. 

While it is appreciated that the equation for lateral 
buckling [see Eq. (13)], which forms the basis of the 
design method21 incorporated in the current British 
Standard 153 is rather simpler than Eq. (4a), it was ob
tained by rewriting Eq. (4) in terms of the critical 
stress and then substituting a series of approximate 
expressions for the sectional properties, a device which 
decreases its accuracy. 

170,000 

\L/rvY {[>+MS)!M«» 
where K^ is a coefficient whose value depends upon the 
value of e (K2 = 0 for e = 0.5). 

Indeed, Table 1 of Ref. 21 shows that it predicts 
values of acr which may be in error by as much as 35 per
cent for the basic loading and support conditions, and 
when it is applied to unsymmetrical I-sections Tables 2 
and 3 of the same paper21 show errors approaching 100 
percent in certain cases. 
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Variations in loading were provided for by simply 
specifying an effective length of 1.2L for all cases of top 
flange loading, no provision being made for bottom 
flange loading, unequal end moments, or any of the 
other cases considered. T h e effect of different types of 
end supports was allowed for by specifying an effective 
length of 0.7L for fixed ends and 0.85L for partially 
fixed ends. Even when used in conjunction with the ex
tended range of effective length factors proposed by 
Trahair12, this method is neither as accurate nor as 
versatile as that outlined in this paper, due mainly to its 
neglect of the influence of R2 on the effective length 
factors. 

In the United States, a general equation [see Eq. 
(14)] for elastic lateral buckling has been presented by 
Clark and Hill3: 

In Eq. (14) values of the coefficients Ci, C2, and K 
all depend upon the conditions of loading and support, 
but in certain instances are also dependent upon the 
beam's geometry. Clark and Hill provided values of 
these coefficients for several types of loading and simply 
supported and fixed end conditions, but in instances 
where their value depends upon R2 only, the range of 
values was given; no relationship between the value of 
each particular coefficient and R2 was quoted. 

I t is felt that Eq. (4a) is considerably simpler to use 
than Eq. (14), since the value of ye corresponding to any 
of the conditions of loading and support considered 
may be calculated quite simply from the expressions 
given in Tables 1-4. Moreover the variety of loading and 
support conditions considered in this paper, numbering 
41 different cases in all, is much more comprehensive 
than that dealt with in Ref. 3 or any other previous 
work. 

CONCLUSIONS 

A method has been advanced which enables a designer 
to calculate rapidly the maximum bending stress which 
will cause a beam to buckle laterally for an extensive 
range of loading and support conditions. T h e method 
only requires a knowledge of certain standard geo
metrical properties and, in those cases where certain of 
these properties are unavailable in current sectional 
tables, methods for evaluating them have been given. 
Because the critical stress may always be expressed di
rectly in terms of the beam's material and geometrical 
properties, the method may easily be programmed for a 
digital computer. 

The proposed design procedure permits a more ac
curate assessment of the influence of the type of loading 
and the support conditions than is at present possible 
using the methods of the Codes of Practice. 
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A NEW AISC PUBLICATION 

Problems and Solutions for Structural Steel Detailing 

American Institute of Steel Construction, New York, N . Y. Price: $5.00 

Prepared primarily for use in technical schools or on-the-job training of structural steel draftsmen, 
this 2-unit set of exercise books is also a valuable reference for engineers, students and others 
interested in structural steel detailing practice. 

The problems and their solutions are keyed to the basic textbook, the 2nd edition of A I S C s 
Structural Steel Detailing and to the 7th edition of the AISC Manual of Steel Construction. They are 
designed to provide supplementary exercises in the analysis, procedures and calculations fre
quently required in detailing practice. Numerous sketches of partial details illustrate both the 
problems and solutions. 

The pages of both the Problems booklet (Part 1) and the Solutions booklet (Part 2) are 3-hole 
punched and are easily detachable for transfer to a ring binder. 

For further information, write to AISC, 101 Park Avenue, New York, N . Y. 10017 for a 
"Problems and Solutions brochure." 
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