Discussion

The Effective Length of Columns in
Unbraced Frames

Paper presented by JOSEPH A. YURA (April, 1971, issue)

Discussion by PETER F. ADAMS

The solutions proposed by Yura could be of great
significance in the design of tall steel structures; the
purpose of this discussion is to point out implications of
the solutions which may not have been intended, and
also to question certain of the techniques suggested in the
paper.

Yura has discussed two different aspects of column
design. In the first situation, the column yields before
buckling; in the second, stiffer portions of the structure
are used to support more flexible portions. Although the
examples used in the paper relate to the design of axially
loaded columns, it must be emphasized that the K-factor
determined for a member is used more often in the inter-
action equations relating to beam-column design.!

In the 1969 AISC Specification, for example, the
following interaction equation must be satisfied :*

ﬁ+ Cnf < 1.0

TR

It has been clearly shown that Eq. (6) correlates well
with the computed strengths of columns in “sway per-
mitted” frames and this equation has been recommended
for the design of such members.!® In Eq. (6) the K-factor
(used in the terms F, and F,’) is computed on the basis
of elastic action, even though the actual member may
yield significantly before reaching its ultimate strength.!®

The adjustment of the K-factor as now suggested by Yura
could lead to a significant overestimate of the strength

(6)
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of the member, resulting in an inadequate design. For
example, the difference in strength for a member having
the proportions of the column in Design Example 1 can
be seen in Fig. 5.22 of Ref. 11. If the capacity of a mem-
ber were based on KL/r = 23 (K = 1.0), as implied by
Yura, it would appear to be much greater than the actual
capacity based on KL/r = 54 (K = 2.35 as determined
from the nomograph.)

In the less frequent case of axially loaded columns, it
is again doubtful whether an attempt should be made to
reduce the effective length factor by considering the
inelastic action of the column. For the column of Design
Example 1, significant yielding will certainly occur (due
to residual stresses) before the column buckles. The beams
may also yield before the column buckles, however, and
at the instant of buckling the end restraint may actually
be decreased instead of increased.

If the designer can be assured that column buckling
will occur before the restraining girders yield, then the
effective length factor could be reduced. The bending
stiffness of the partially yielded column (the effective
EIvalue) has been determined as!?

E.I =EI \/L'l (1 — P/P) ™
Or¢

where P represents the axial load on the column at the

instant of buckling and P, represents the yield load (P, =

Ag,). The yield stress is denoted by ¢, and the maximum

compressive residual stress by o, .

The effective column stiffness predicted by Eq. (7)
is substantially higher than that implied by Eq. (5) and
thus the K-factor obtained will be greater than that ob-
tained by Yura’s procedure. For the member used in
Design Example 1, K = 1.72 using Eq. (7), instead of
1.0 as determined by Yura. In the above calculation,
it was assumed that o,, = 0.3 ¢, and that®

P AF,[5 3 (KL)r 1 /KL/r\?
roanlsta(e) (8] @
P, AF,[3 8\ C, 8\ C,
Yura has correctly shown that for mixed framing
systems such as that shown in Fig. 8, the buckling




strength is relatively independent of the distribution of
axial loads on the various columns. This leads to his
suggested design procedure, that is, to increase the axial
loads on the rigidly framed columns so that these columns
are subjected to the full story loads (the pinned columns
are designed to resist their own axial loads). The process
(if the pinned columns carry most of the vertical load)
leads to the columns being designed for almost twice
the vertical load on the story. For example, in Fig. 8
the columns have been designed to resist a total vertical
load of 500 kips, rather than the actual total load of
290 kips. This is not particularly desirable, since the
rigidly framed columns (which must be designed for the
increased load) have a K-factor of 2.0, while the pinned
columns use K = 1.0. In other buildings where the K-
factor for the rigidly framed columns may be larger, the
additional material required by Yura’s solution would be
correspondingly increased.

In addition, the proposed procedure fails to account
for the actual internal forces for which the structure
must be designed.”® Columns B in Fig. 8 would be de-
signed using interaction equations, such as Eq. (6).
When the frame is deformed in a sidesway mode, the
rigidly framed portions of the structure would be sub-
jected to the additional moments and shears produced
by the PA/L forces from the pinned columns.® These
forces would increase the bending stresses throughout the
rigid portions of the structure and thus influence the
bending term, f,, in the interaction equations. The pro-
posed solution influences only the axial force term, f, .

To replace the procedure proposed by Yura, a second
order analysis could be performed using standard com-
puter programs. A more convenient (approximate)
technique might be to modify the results of the normal
first order elastic analysis by introducing additional
loads at each floor level equal to the sum of the story
shears produced by the PA effect. In a given story the
shear is equal to ZPA/L, where ZP represents the sum of
the axial loads in the columns of the story.® This tech-
nique introduces additional moments into the structure
(beams as well as columns) which are resisted in propor-
tion to the flexural stiffnesses of the various portions of
the bent or bents. Since PA/L forces for all columns have
then been included in the analysis, the effective length
factors may be computed as for the braced frame!! (or
conservatively taken as unity).

In summary, the use of the inelastic buckling solution
to determine the K-factor is dangerous for the case of
beam columns and is of doubtful validity even in the case
of axially loaded columns. Yura’s approach to the design
of systems containing columns of widely varying stiffness
(including pinned columns) does not account for the
actual internal forces developed by the supported
columns; it is suggested that an approximate second
order solution be used in its place.
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Response by JOSEPH A. YURA

Professor Adams basically disagrees with all major
points in the paper. While much of the discussion relates
specifically to the use of the interaction equations for
beam-columns, which was beyond the scope of the ori-
ginal paper, Adams also contends that the methods have
doubtful validity for axially loaded members. This dis-
cussion will answer those points which question the
validity of the methods as related to structures loaded
primarily by gravity loads and also show how the pro-
cedures in the original paper can be extended to beam-
columns.

Concerning the effect of inelastic column behavior
on the evaluation of K, Adams states that the beams may
also yield before the column buckles, which could in-
crease K. The possibility of beam vyielding prior to
buckling is real, but it is no greater for inelastic columns
than for elastic ones. In fact the effect of beam yielding
would be much more important if the columns buckled
in the elastic range. But usually this is ignored in design.

There are valid reasons why column inelasticity
should be considered while ignoring yielding in the
beams. Beam yielding is generally confined to small
regions (plastic hinge locations). If plastic hinges form
at the ends of beams due to gravity load, and then
buckling occurs in a sway mode, the restraint at the
“leeward” end will theoretically be zero (like a pinned
end), while the hinge at the “windward” end will un-
load elastically. Consequently the beam stiffness will be
only one-half that for a purely elastic sway situation
(3EI/L vs. the 6EI/L used in the nomographs). On
the other hand the inelastic effects in columns affect
the rigidity along the entire length of the column. For
a column with an L/r of 20, the stiffness is approxi-
mately 14oth of the full elastic value. In addition,
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numerous tests have shown that the plastic hinges are
actual idealizations at the ends of the beams where the
moment gradient is large. When the plastic moment is
reached, there is no sudden reduction in stiffness as
implied by simple plastic theory. Rather, the end re-
straint remains reasonably close to that for a rigid con-
nection for moments up to 15 percent greater than the
plastic moment. So the actual beam stiffness will gen-
erally be close to its elastic value up to the theoretical
ultimate load of the structure.

Adams indicates that the inelastic bending stiffness
of a column is given by Eq. (7) and that this stiffness is
substantially higher than that used by AISC in the
establishment of the allowable column stresses. A com-
parison of the AISC column strength (factor of safety
removed) with Eq. (7) is shown in Fig. 1. The writer
would hesitate to use the phrase ‘“‘substantially”’ higher
to describe the difference between the two curves, but
that is unimportant. Equation (7), which was derived
almost twenty years ago', is based on an assumed dis-
tribution and magnitude of residual stress. The im-
plication that Eq. (7) gives the correct stiffness is un-
justified.

Strong Axis (Eq.7)

L Weak Axis

160
Ly

Fig. 1. Basic column strength

It is well known that the magnitude and distribu-
tion of residual stress can vary substantially. The AISC
equation is based on the recommendations of the Column
Research Council. For most residual stress patterns, the
AISC equation provides a reasonable lower limit to the
theoretical column strength!. For the assumed distribu-
tion and magnitude used by Adams, buckling about the
weak axis plots below the AISC equation, as shown in
Fig. 1. As stated in Ref. 1, the AISC equation “provides
a suitable compromise between weak and strong axis
buckling of wide-flange sections having an average
maximum compressive residual stress of 0.3F,”.

The writer followed the Column Research Council
and AISC recommendations as a practical estimate of
stiffness. However, this does not mean that the writer’s
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approach is invalid if expressions other than the AISC
equation are used for column stiffness. For example,
if Eq. (7) is specified or wused for the column
stiffness, the procedure for determining Gipeiesisc Would
be to adjust G, by the ratio of the inelastic column
strength derived from Eq. (7) to the elastic Euler stress
at the particular KL/r under consideration, as stated in
the paper. Adams claims that if Eq. (7) is used for the
inelastic column strength in Design Example 1, K =
1.72 will result. This is not true. The way Adams ap-
plied the method using his Eq. (8) is incorrect and he
does not follow the procedure described in the paper.
His approach is shown graphically in Fig. 2. Adams
starts with elastic G = 5.72 and elastic KL/r = 54, but
instead of getting F,/F, at this KL/r, so that Gi,e1z500c =
(0.96/2.73) X Gorgs1:c = 2.02, he actually follows the path
shown by (. At elastic KL/r = 54, he moves vertically
until the AISC column strength curve is reached and
then moves horizontally to the right at this stress level
until the strength curve from Eq. (7) is reached at a
KL/r = 69. The F,,/F, at KL/r = 69 is obviously in-
correct. The inelastic G after the first cycle is determined
by Adams to be 3.12, whereas the correct value is 2.02.
After two cycles of this incorrect procedure, a K of
1.72 is established. However the correct procedure gives
K = 1.3 after two cycles, which is exactly the same as that
derived in the paper. A few more cycles show that X
approaches 1.0 when Eq. (7) is used for the inelastic
column stiffness. Adams’ error resulted from the use of
the AISC column formula for strength and separately
using Eq. (7) for stiffness. It is well known that stiffness
and strength are directly related for column buckling.

.
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Fig. 2. Adams inelastic K solution



For beam-column design, Adams feels that the de-
sign will be inadequate if the K which is adjusted for
inelastic action is used in the interaction equation. His
conclusion is based on the statement that Ref. 10 shows
that K should be based on elastic action, even though
the column may vyield significantly before reaching
ultimate strength. Since the writer was the principal
author of Ref. 10, he has complete knowledge of the
calculations involved in the development of the paper.
In all cases except those involving infinitely stiff beams,
the axial load was in the elastic range of column action,
where the elastic K is valid. For the cases where infinitely
stiff beams were used, G = 0 and no amount of inelastic
column action can change K from its elastic value. Near
ultimate load, yielding occurred at the tops of the
columns due to the bending moments, but this yielding
was confined to very small regions of the columns, so
the column length was primarily elastic. Contrary to
Adams’ statement, the structures were not highly yielded
at all and the inelastic K concept would not make a
single change in any of the comparisons in Ref. 10.

In Eq. (6) the first term relates to the strength of the
column under axial load alone. Since the inelastic K
has been developed for this situation, it is reasonable to
use the inelastic K in calculating F,. On the other hand,
F,’ is related to the bending moment, so the writer sug-
gests that the elastic KL be used in evaluating F,’, at
least until further studies can be completed to deter-
mine the effect of inelastic column action on the bend-
ing term.

(a) (b)

Fig. 3. Equivalent frame concept

Salem has shown that the buckling strength of the
two frames shown in Fig. 3 is almost identical. It should
be obvious that for Case (a) the stability of the system in
a sway mode is controlled by the stiffness of column A
and the beam. The size of column B has no effect on the
sidesway stability load because both ends are pinned, but
column B must at least have the size necessary to pre-
vent buckling as an Euler column as shown in Fig. 3c.
Thus, for Case (a) column B must be designed as an
Euler column in order to support the applied load P.
In addition, column A must be at the size required to
produce a sidesway buckling strength of P or greater.
To get the required size of column A, an engineer could
use the charts developed by Salem, which solve Case
(a) exactly. The size of column A required to support
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the load in a sidesway mode would be almost identical
to the size required for the loading copdition shown in
Fig. 3b. A comparison of the size required for Cases
(a) and (b), as determined by the exact Salem solutions,
is given in Fig. 4. The comparison shows that when the
beam is infinitely stif (G = 0), the replacement of
Case (a) by Case (b) will result in a required moment of
inertia that is 20 percent conservative. However, for
G greater than 2, the difference between the two solu-
tions is less than 5 percent. For large G, the two condi-
tions produce identical results. The advantage of this
observation is that Case (a), which apparently is beyond
the scope of the alignment chart solution, can be re-
placed by Case (b), which can be solved by the charts.
Of course the engineer might just use the exact Salem
solutions if they are available.

"zs\\
1.0

0.5F

ﬂ"v

L

Fig. 4. Required Moment of Inertia for Column A

Adams’ comments related to the procedures for the
design of columns with different buckling loads over-
looks the fact that the structure must be able to safely
support both types of instability. In the sway mode,
pinned end columns have no stability. K is not 1.0 in
the sway mode; it is . So the stability in a sway mode
must depend on other portions of the structure. The
stiffer columns are those with rigid connections. The
method given in the paper places the loads on the stiffest
columns to check the sway mode of buckling. For
structures loaded primarily by gravity loads, where
column stability affects the size of the members, the
procedures given in the paper are valid. The implica-
tion by Adams that the design requires larger member
sizes than necessary is untrue. The size of the members
in a structure must be sufficient to prevent buckling.
Adams’ contention that the proposed procedure fails
to account for the actual internal forces is incorrect for
determining the buckling load. The procedure is based
on Salem’s exact solutions, which consider the shears
produced by the PA/L forces from the pinned column.
The design procedure assesses the stability of the sys-
tem.

When the columns are subjected to bending moments
in addition to axial loads, the interaction equations
must be used to check the member. It is well known
that bending moments have little influence on the
buckling of the structure, and that the interaction
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equation checks the individual strength and stability
of the member. Because the interaction equation as
generally used for unbraced frames assumes that all
columns buckle simultaneously, some adjustment is
necessary when this condition is not satisfied. The stability
of such a system should be assessed separately from the
interaction equations using the procedure outlined in the
paper and the strength of an individual member in the
story checked by the following interaction equation:

E Cmfb
F, T it = @pzpaim =

)

where f, is calculated for the actual axial load on the
member (not the equivalent load), F, is based on KL
from the nomograph, =P is the sum of the loads on the
story, and ZP,” = ZF,” X A for all the members in the
story, using KL for calculating F,’. The only difference
between Eq. (9) and Eq. (6) is that the summation of
the story loads is used in the bending amplifier rather
than the individual load. If the columns of the frame are
in the elastic range, the term [ — (ZP/ZP,’)] auto-
matically checks the stability of the system as designated
in the paper. If all the columns in a story buckle simul-
taneously, Eq. (9) reduces to the standard Eq. (6). The
procedure just suggested may at first appear to be com-
plicated, but actually it is rather straightforward. Note
that the term [1 — (ZP/ZP,’)] is a constant for all the
columns in a story. The use of Eq. (9) will be illustrated
in the following example.

Design Example 4.—The frame shown in Fig. 5 is
similar to that used in Design Example 2 of the original
paper. But in this case, a wind load of 10 kips is also
acting on the structure. Design the columns using F, =
36 ksi. Assume out-of-plane buckling of column B is
prevented by girts.

40k 70 70 70 40
!o_lg__ W16x45 l l ‘ l

16’
B A A A B
5.0 5.0
e o
37.7 1 67.7 70 t‘—‘ 35'—412.3 42.31

Fig. 5. Design Example 4

Gravity load: Same as design used in the original paper.
Columns A: W8 X24; P,;,, = 73 kips
Columns B: W12X31; P,;,, = 145.2kips, KL/r = 75

Note: Some advantage of inelastic column action
could have been considered in the evaluation of K, but
the procedure was not used for clarity of presentation.
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This design was governed vby stability:
Applied load = 290 kips
Sidesway buckling strength:
3 Cols. A (W8X24): 0
2 Cols. B (W12X31):
2 X 145.2 = 290.4
290.4 > 290 kips ok
Gravity plus wind: The AISC Specification permits ¢

339, increase in allowable stress. This is more easily
accomplished by designing for 34 of the applied loads:

Columns A: P,,, = 72.3 X 0.75 = 54.3 kips;
M = 0 .. gravity load governs
Columns B: P,,, = 42.3 X 0.75 = 31.8 kips
M = 80 X 0.75 = 60 kip-ft
Try W12X31:
KL
—rj =
A4 =913in.2; §,=39.5in3
fa = 31.8/9.13 = 3.48 ksi
f» = 60(12)/39.5 = 18.25 ksi

ZP = 290 X 0.75 = 218 kips
ZP,’ (use sidesway K):
3 Cols. A (W8X 24, pinned ends, K = =):
P’ = Okip

75; Fo=15.90ksi; F,” = 26.55ksi;

2 Cols. B (W12X31, K = 2.0):
2 X 26.55 X 9.13 = 485
3P, = 485kip
Check Eq. (9):
3.48 0.85(18.25)

= 1.394 > 1.0
15.90 ' 24 [1 — (218/485)] > 10ng
Try W14 X34:
KL
K=23; ~“2=75 F,=1590ksi;
Ty

F, =2655ksi; A=11.2in% S, =54.7in’
f,=31.8/11.2 = 2.84 ksi
f, = 60(12)/54.7 = 13.16 ksi
2P = 218 kips
ZP, = 2 X 26.55 X 11.2 = 595 kips
Check Eq. (9):
2.84 0.85(13.16)

15.90 © 24[1 — (218/595)] = 0.914 < 1.0 ok

Check stability: Since 2P on a story is unchanged b
the wind load, a check for buckling under gravit
load only is sufficient.

Columns A: Use W8X24
Columns B: Use W14 X34



Adams suggests an approximate second order analysis
for systems containing columns with various stiffnesses.
Using the moment from the approximate analysis, the
interaction equations are used with the effective length
factors taken as 1.0. Using this procedure for the frame
shown in Fig. 5, the moment from the approximate
analysis after 5 cycles was 84.6 kip-ft. The first order
moment was 60 kip-ft. Using this moment and an
axial load of 30 kips, a W14X34 was required. The
sum of the terms of the interaction equation was 0.899,
which is similar to that obtained using Eq. (9), with a
first order analysis and KL.

The writer would like to point out some limitations
for the procedure suggested by Adams. These limitations
will be illustrated by designing the frame shown in
Fig. 6. The structure is loaded primarily by axial load.
The very small lateral load is placed on the structure to
permit an approximate second order analysis as sug-
gested by Adams.

156k 156
0.2k

20

01 ’A’.B'

Fig. 6. Design Example 5

Design Example 5—Design the columns using 7, =
36 ksi and a W8 section. The column webs are in the
plane of the frame. Neglect out-of-plane behavior.

AISC approach:
Neglect the very small moment (2 kip-ft). Treat as
axial load only. K = 2.0 for pinned end and very
stiff beams.

KL =2 X 20 = 40 ft.
From the column tables in the AISC Manual:
Use W8 X67 (Py110 = 178 > 156 kips)

Note: A W8X67 would also be required if the inter-
action equations were used with M = 2 kip-ft. The
bending term is only 3 percent.

Adams approach:

Try W8 X 40:
L/r = 68; F,=16.64ksi; F,’ = 32.3ksi;
§; = 35.51in.3; F, = 24 ksi; 4 =11.8in.?
M 15t oraer = 2 kip-ft
M ona oraer (after 10 cycles of analysis) = 6.7 kip-ft
f» = 6.7(12)/35.5 = 2.26 ksi

fo = 156/11.8 = 13.2ksi

Check the interaction equations as for a braced frame
(K = 1.0, C,, = 0.6), but use the moment from the
second order analysis:

132 2.26
16.64 ' 24[1 — (13.2/32.3)]

Use W8X 40

= 0.889

The Adams approach gives a section considerably
lighter than the buckling solution (W8X47), yet this is
not possible since the buckling solution, X = 2.0, is
exact for the problem shown in Fig. 6. There are a num-
ber of reasons why the Adams solution gives poor results
for this case. First, an elastic structural analysis is used,
yet the column is loaded into its inelastic range. (For
F, = 36 ksi, the AISC Specification assumes inelastic
action starts when f, = 9.5 ksi.) Consequently the actual
deflections will be larger. Second, the Adams approach
does not really check the stability of the structure if the
structural analysis is performed at the working load.
The structure must be able to support at least a 67 per-
cent overload (or closer to a 92 percent overload if
buckling governs in the elastic range) before material
failure. A second order elastic analysis shows that for the
W8X 40, the cross section will reach its ultimate strength
at an overload of only 35 percent. At this overload level,
the maximum moment at the top of the column is
61.4 kips, which is more than nine times the value at
working load.

Additional calculations show that a W8X48 could
carry an overload of 70 percent based on the approxi-
mate analysis. A W8X58 would be satisfactory up to
a 110 percent overload, which appears very safe. But
the approximate structural analysis is about 20 percent
unconservative when beams are rigid and axial loads
dominate. When G is greater than 2.0, the approximate
analysis will be satisfactory for elastic structures.

Thus the following limitations should be imposed on
this second order analysis approach:

1. The analysis can not be performed at just working
load. The structure must also be checked at an
overload level of at least 67 percent, so that there is
an added factor of safety against instability. If
buckling occurs in the elastic range, the overload
should be closer to 92 percent in order to corre-
spond to the factor of safety implied by the speci-
fications.

2. When checking at the overload level, the analysis
must consider inelastic column action. An elastic
analysis may be incorrect. The inelastic structural
analysis becomes quite difficult.

3. When axial loads are significant, numerous cycles
of structural analysis are necessary to converge on
the proper deflection.
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The points listed above are illustrated in Design
Example 5. The limitations significantly curtail the use-
fulness of the approximate second order elastic analysis
for multistory frames where axial loads are usually high.
Generally, if bending predominates and the axial loads
are less than 80 percent of the buckling load, the second
order approach will produce satisfactory results.

In summary the writer has indicated how the methods
developed for axially loaded members can be extended to
beam-columns. In addition, Adams’ statements con-
cerning the validity of the inelastic buckling solution were
shown to be unjustified. The inelastic K can be used for
evaluating the strength of axially loaded members and
used in the axial load term of Eq. (6) for beam-columns.
The suggested design procedure for columns and beam-
columns in structures with various column stiffnesses
does not produce designs that are unduly conservative,
and the internal forces are correctly considered. On the
contrary, the method suggested by Adams may produce
unsafe designs in structures with significant axial loads
if the analysis is conducted at working load only and/or
inelastic column action is not considered in the structural
analysis.
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Discussion by BRUCE G. JOHNSTON

In the April, 1971 issue of Engineering Journal, Pro-
fessor Yura discusses two important matters related to
the Effective Length of Columns in Unbraced Frames:
(1) The effect of column inelasticity in reducing effective
length factors as computed by the use of the Lawrence
alignment charts, and (2) the bracing effect of adjacent
columns that are not loaded in as great a proportion of
the buckling load as the column being designed. Both
of these concepts are valid ones.

Professor Yura goes on to suggest that through an
iterative procedure “When the elastic KL/ is reasonably
low (about 50 or less), the actual K will usually converge
to 1.0....” A numerical design example is given and
the reader is referred to Yura’s paper for further details.

The writer cautions against the use of the iterative
procedure, as the conclusion reached is obviously invalid.
In the sidesway buckling of a column in a multistory
building under vertical load (assuming simultaneous
buckling of all columns in a floor), the buckling load
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may be determined on the basis that in the laterally
deflected position the sum of the moments at the top anc
bottom of the columns are in equilibrium with the ex-
ternal moments, PA, produced by the column loads.
The columns must develop sufficient bending streng'h tc
provide this equilibrium, regardless of whether they are
in the inelastic range or the elastic. Thus, in the first
increment of buckling, moments are introduced into the
beams and there is some joint rotation at both the top and
bottom. Thus, X is greater than 7 and no amount of mani-
pulation of the nomographic charts can alter the fact.
As the stiffness of the beams unrealistically approaches
infinity, K approaches unity, but in tall buildings the
columns may be considerably stiffer than the beams and
K, even though properly corrected for the inelastic reduc-
tion effect, will be very appreciably greater than unity.

The correct procedure for reducing K to some valut
between the elastic prediction and unity has not, to the
writer’s knowledge, yet been developed. A single em:
pirical reduction, using the Yura approach, should bt
acceptable. In the meantime, the more rational studs
of the complete frame, involving the equilibrium betweer
column and beam end moments in the laterally de
flected position, including the effect of lateral wind o
earthquake loads, is proceeding at Lehigh and else
where. Presumably this will sidestep the need for the
calculation of K. But, so long as the AISC interactior
formula is used, with one of the limiting situations being
the determination of F, for the axial loaded condition
the value of K should not be arbitrarily assumed a
unity for any laterally unbraced building frame.

Response by JOSEPH A. YURA

Professor Johnston suggests that the iterative pro
cedure outlined in the paper is improper because of thi
writer’s statement that the K-values usually converg
to 1.0 when the elastic KL/r is about 50 or less. Hi
conclusion is based on the fact that during buckling
moments must develop at the ends of columns. Th
moments cause some joint rotation, therefore K i
greater than 1.0. This is true but the amount of join
rotation is related to the ratio of the column stiffness tc

beam stlﬂheSS .
<EL 1>€Ol’llmn

()
L beam

As G approaches zero, the amount of end rotation ap
proaches zero and K converges to 1.0. Now G can ap
proach zero in two fundamental ways. One way is fo.
the beams to approach infinite stiffness compared to th
column /L, but Johnston states that this is unrealisti
in a multistory frame and the writer agrees. However
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Johnston ignores the other way in which G can approach
zero, that is, E; can become quite small. The tangent
modulus E, at KL/r = 20 is only one-twentieth of the
full elastic value E. In fact the concept that the column
stiffness EI/L is less than the full elastic value for KL/r <
C,was the major point in the paper.

Actually the writer would have been more correct
if the statement read *. . . is reasonably low (about 50
or less), the actual K will usually converge to values
close to 1.0....”, but the intent is the same. However,
Johnston claims that the “proper” K will be very ap-
preciably greater than unity while simultaneously in-
dicating that he has no knowledge of a correct procedure
for determining K for the inelastic cases. On the con-
trary, the procedure suggested by the writer is well docu-
mented. References 1, 2, and 3 contain theory and de-
sign examples to calculate the inelastic K.

The results of a study on the stability of columns
with equal restraints at both ends, which represents
columns in multistory frames, are shown in Fig. 1. Two
values of G were chosen, one fairly large to represent
large columns relative to the beams. The exact solutions
to the buckling equation are shown by the solid lines.
F, = 36 ksi was used. When G = 10 and L/r is greater
than 40, the solution is elastic (o,, < F,/2) and K =
3.01. As the column slenderness ratio reduces, the
buckling stress is greater than the elastic limit and the
column is in the inelastic range. The K-values are less
than 3.01. At L/r = 38, K = 2.93 and the buckling
coefficient continues to reduce, down to K = 1.04 at
L/r = 10. The buckling solution using just the story
height is shown as a dashed curve. At elastic KL/r = 50
(K = 3.01), the true solution and the story height (K =
1.0) solution are coincident. Consequently, when KL/r
= 50, K = 1.0. The effective length is not substantially
greater than the story height. A similar observation can
be made for the case of G = 2.5. Studies by Lu* have
also shown that at low slenderness ratios the sidesway
buckling solutions coincide with no sway behavior (K =
1.0).

The solid points shown Fig. 1 are buckling solutions
based on the iterative procedure outlined in the April
1971 paper. The results are almost exactly the same as
those given by the solid curve. Contrary to Johnston’s
comments, the iterative procedure does not manipulate
the nomographs. It uses the nomographs to solve the
buckling equation. The solutions shown in Fig. 1 pro-
vide evidence that the writers observation was correct
and no restrictions need be placed on the iterative pro-
cedure as suggested by Johnston.

Johnston’s final comment concerning current work
which will presumably sidestep the need for calculating
K is indeed just a stability analysis with a different
name. The results given in the nomographs are based
on equilibrium between column and beam end moments
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Fig. 1. Inelastic buckling solutions

in the laterally deflected position. Calculating K and
performing a buckling analysis is same thing. The
writer concurs with Johnston’s statement that the value
of K should not be arbitrarily assumed as unity. Nowhere
in the paper does the writer make such a suggestion.
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Discussion by ALFRED ZWEIG

In Professor Yura’s very interesting paper he made
reference to a discussion by the writer of a paper by T. R.
Higgins which was published in the July 1965 issue of
the AISC ENGINEERING JOURNAL. In this discussion the
suggestion was made to apply the method developed by
T. R. Higgins to the case of a rigid frame with alternately
turned columns. To demonstrate the advantage of such
an arrangement the writer used an example which was

Alfred Zweig is a Consulting Engineer, Birmingham, Mich.
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also used by Yura as Design Example 3; Yura arrived
at the same answer as the writer did in 1965, namely that
it is possible to reduce the column size from a W12X65
to a W12X53 section by turning adjacent columns
alternately.

Being cognizant that in the method developed by
Higgins only the buckling resistance of the strong axis
column was utilized, the writer published in September,
1968, in the Journal of the Structural Division of the ASCE,
a paper entitled “Buckling Analysis of One Story
Frames,” with a more exact and more generally ap-
plicable analysis of the buckling problem in question.
Referring to this paper, it can be shown that a W10X49
section will suffice for Yura’s Design Example 3.

The reason for this difference lies in the fact that
Yura’s suggestion is based on Salem’s discussion to the
writer’s above-mentioned paper. In this discussion
Salem suggested a simplified approach which is always
on the safe side. Using the writer’s more accurate analy-
sis, however, it is sometimes possible to obtain a some-
what smaller column size than with Salem’s approxima-
tion.

Applying the more accurate analysis to Design
Example 3, we find for a W 10X49 with r = \/I,,/I, =

4/93/273 = 0.583, and with reference to Table 2 of the
writer’s paper, by interpolations, K = 1.43. This coeffi-
cient corresponds to a theoretically friction-free pin at
the column base.

This ideal condition does not exist in the actual detail
of a column base in an industrial building; to account,
therefore, for this fact, the Commentary to Sect. 1.8 of
the AISC Specification recommends in Fig. C.1.8.2 for
the G-value, in lieu of the theoretically required infinity,
a value of 10. Applying this G-value to a rigid frame with
equal column stiffness results in the reduction of the
theoretical K-value from 2 to 1.65. This 82.5 percent
reduction in the K-value was, therefore, used by the
writer and by Yura in his Example 3.

Applying, for the same reason, the same reduction
of 82.5 percent to the above established theoretical K-
value of 1.43, we find a K-value of 0.825 X 1.43 = 1.18.
For KL,/r, = 1.18 X 240/2.54 = 111, F, = 11.54
kips per sq in., and the allowable column load is 11.54 X
14.4 = 166 kips or 10 kips more than the actual loac
used in Example 3.

Summarizing, Salem recognized the fact that the
total buckling load of a rigid frame with an infinite stif]
horizontal member equals approximately the sum of the
buckling loads of each frame column. This approxima-
tion is on the safe side. Yura’s suggestion to utilize this
fact for practical design purposes is a significant help tc
the designer especially since it does not require any
additional design aids. The writer’s more accurate
method, however, as developed in the above quotec
ASCE paper, permits frequently further steel economy a:
demonstrated in the example of this comment.

24th Annual AISC National Engineering Conference

May 4, 5, 1972 / Waldorf-Astoria / New York, N. Y.

Leading authorities in the fields of steel design, research and construction will meet in New York City on May
4 and 5 to exchange ideas and information about steel design, research, and construction. The engineer or archi-
tect who wishes to keep informed about the continuing developments in these fields will find this conference a

valuable and exciting experience.

A special feature of the program will be a charter boat tour around the island of Manhattan, on which the fa-
mous “Buildings and Bridges of New York” will beé described from an engineer’s point of view.

Contact AISC, 107 Park Avenue, New York, N.Y. 10017 for information about registration.
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