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ABSTRACT

The AISC Specification Chapter F I-section member flexural resistance equations are a central part of structural steel design in the United 
States. The provisions of Sections F4 and F5 address general singly and doubly symmetric I-section members. Analytical studies and 
experimental tests subsequent to the implementation of these provisions within the 2005 AISC Specification suggest that the corresponding 
inelastic lateral-torsional buckling (LTB) and tension flange yielding (TFY) resistance equations can be improved, resulting in significantly 
larger predicted strengths in certain cases and somewhat smaller predicted strengths in other cases. Additional large-scale experimental 
tests, specifically pushing into the inelastic LTB range, need to be conducted to further investigate these predictions. The broad objective 
of the additional tests is to achieve a target reliability index of β = 2.6 for building design at a live-to-dead load ratio of 3.0 throughout the 
design space involving all types of statically determinate I-section flexural members.

This paper discusses the need for these tests, specifically focusing on the details of how the test fixtures and bracing systems were config-
ured to minimize incidental restraint, which is a critical consideration when conducting flexural experimental testing. The paper discusses 
the validation of the testing system by comparison of elastic buckling experimental results to analytical and numerical solutions.

Keywords: lateral-torsional buckling, experimental testing, incidental restraint.

INTRODUCTION

The Chapter F equations in the AISC Specification for 
Structural Steel Buildings, hereafter referred to as the 

AISC Specification (AISC, 2016b), provide a broad charac-
terization of the flexural resistance of all types of I-section 
members, including rolled and welded members; members 
with doubly and singly symmetric cross-section profiles; 

and members with compact, noncompact, or slender flanges 
and/or webs, failing by plastic, inelastic, or elastic lateral-
torsional buckling (LTB). Closely related equations exist 
within the AASHTO LRFD Bridge Design Specifications 
(AASHTO, 2020).

Relatively comprehensive assessments of analytical stud-
ies and experimental test results conducted to date have 
raised concerns that AISC Specification Sections F4 and 
F5 flexural resistance provisions may not satisfy accepted 
target reliability indices in certain cases pertaining to the 
LTB of I-section members (Subramanian et al., 2018; Sub-
ramanian and White, 2017). However, the experimental test 
data are quite sparse within a number of “regions” of the 
corresponding design space. Additionally, AISC Specifica-
tion Sections F4 and F5 can be enhanced by eliminating 
the current tension flange yielding (TFY) limit state pro-
visions. Allowing for development of significant reserve 
capacity involving yielding in flexural tension by incorpo-
rating early tension yielding effects into the calculation of 
the cross-section yield moment to the compression flange, 
Myc (Toğay and White, 2018).

Quality experimental data is critical for the validation 
of refined shell finite element analysis (FEA) procedures 
that can be employed to investigate the flexural resistances 
within the design space more comprehensively.

This paper focuses on the validation of the testing con-
figuration used to conduct inelastic tests to achieve the 
above objectives. Lateral-torsional buckling experimental 
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results can be sensitive to incidental restraint in the testing 
configuration (Ziemian, 2010). The testing configuration 
described in this paper utilizes polytetrafluoroethylene- 
(PTFE-) coated spherical bearings for multi-rotational 
degree-of-freedom releases, mechanical bearings for the 
single rotational degree-of-freedom releases (as part of a 
Watt’s linkage bracing system), and lubricated roller packs 
for single translational degree-of-freedom releases. The 
effectiveness of these “releases” of rotational and transla-
tional constraints is evaluated directly by testing a speci-
men in the elastic LTB range and comparing the measured 
responses to various analytical and numerical solutions.

TEST CONFIGURATION

The experimental test setup was designed to minimize inci-
dental restraint and remove load-height effects. Inciden-
tal restraint can have a measurable impact on large-scale 
experimental LTB beam results by increasing the capacity 
beyond that based on the ideal boundary conditions (Zie-
mian, 2010). The test configuration was designed to fully 
release or fix selected degrees-of-freedom at the bearing, 
load, and bracing points. Load-height effects at the load 
points can make the calibration of design equations to 
observed specimen behavior more complex. To eliminate 
load-height effects, the lateral and torsional displacements 
were restrained at the bearing and load points in all the 
experiments conducted in this research. The design of the 
test setup involved an extension of the concepts discussed in 
the Structural Stability Research Council (SSRC) Technical 
Memorandum No. 9 on flexural testing (Ziemian, 2010).

Figure 1 provides an elevation view of a test specimen, 
discussed throughout this paper, under three-point bend-
ing. The elevation view and measured section dimensions 
in Figure  1 are drawn to scale and show instrumentation 
locations and the corresponding moment diagram.

Figure  2 is a photograph of the test specimen within 
testing frame. The white member is the test specimen, 

the blue members are the bracing reaction system, and the 
gray members are the load frame. The loading and support 
fixtures and bracing details are discussed in the following 
sections.

Load and Bearing Fixtures

Roller boundary conditions were provided at the bearing 
locations. The overall boundary conditions were symmetric 
about the mid-length of the test specimens. Longitudinal 
translation was permitted via a lubricated roller pack com-
posed of four 2.5-in.-diameter solid steel rods. A 100-kip 
load cell was located above each roller pack. Transverse dis-
placement was restrained at the bearing locations via Watt’s 
linkage braces discussed in the following section. The three 
rotational degrees-of-freedom at the supports were released 
via PTFE-lined spherical thrust bearings. The PTFE thrust 
bearings allowed free in-plane rotation due to the major-
axis bending of the specimens and free out-of-plane rota-
tion associated with flange warping and/or lateral bending. 
The spherical bearing was seated in a counter-bored plate 
on top of the load cell. Weld beads were placed on the 
flange of the specimen to securely seat the opposite side of 
the spherical bearing on the specimen. Figure 3 provides a 
conceptual drawing of the bearing detail used for all tests 
as well as a photograph of the final bearing detail prior to 
placing the spherical thrust bearing at the top.

In addition, a PTFE spherical thrust bearing was located 
at the point of load application (e.g., at the midspan of the 
three-point bending test specimens). Load-point bracing 
was provided via a Watt’s linkage system. Figure 4 shows 
the conceptual and implemented boundary condition at the 
point of load application.

Bracing

The bracing system was designed using a mechanical system 
known as a Watt’s linkage. The Watt’s linkage restrains dis-
placement perpendicular to the girder web, while allowing 

8.5 ft 17 ft 17 ft 8.5 ft

SP-1 SP-2 & 
SP-3

SP-4

SP-6 SP-5SP-7

SP-8

Cb = 1.38, Ke = 0.82

Mmid

= horizontal string pot.
= vertical string pot.

Brace point (typ.)

Fyf  = 58.2 ksi
Fyw = 61.9 ksi

bf  = 4.963 in. 
tf = 0.307 in.

h = 29.993 in. 

tw =  0.246 in.

Fig. 1. South-facing elevation view of the elastic test specimen showing the instrumentation locations,  
corresponding moment diagram, measured section dimensions and properties, and key design parameters Cb and Ke.
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Fig. 2. Perspective view of the test configuration.

Fig. 3. Bearing boundary condition detail: schematic (left) and implementation (right). The  
spherical bearing was excluded in the photo to show the counter-bore. The roller pack was chocked  

in the photo to prevent incidental movement during installation of the test specimen.
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the linkage system to prevent deflections in the direction 
perpendicular to the girder webs (i.e., the horizontal direc-
tion in the figure) under large longitudinal displacements 
(i.e., displacements in the vertical direction in the figure). 
In addition, girder vertical deflections (i.e., deflections into 
and out of the page in the figure) are accommodated by the 
rotation of the center link about a vertical axis.

The Watt’s linkage system does an excellent job of releas-
ing incidental constraint. Annotated photos describing the 
system are provided in Figure 6 and 7. Several additional 
unique features added to the design of the bracing system 
include the following:

free translation in the longitudinal and vertical directions. 
Watt’s linkage bracing has been used previously by Yarimci 
et al. (1967), Smith et al. (2013), and others. For the cur-
rent study, the system was comprised of two 4-ft-long tie 
rods with ball joint rod ends attached to the stiff reaction 
frames (painted blue in Figure 2) and a 6.5-in.-long center 
link. The center link is free to rotate about a vertical axis 
and transfers lateral forces to the girder through a cylindri-
cal mechanical bearing referred to as a flange block. The 
center link is attached at its mid-length to a pillow block on 
each side of the 2.5-in.-thick plate containing the counter-
bore at the load and support points and to a flange block 
at the other brace points. Figure 5 illustrates the ability of 

Fig. 4. Load point boundary condition detail: schematic (left) and implementation (right).

Longitudinal axis of 
the test specimen

Fig. 5. Plan view illustration of a Watt’s linkage movement under a large deflection along the axis of the test specimen. The heavy 
dashed blue lines represent the initial geometry of the linkage, the solid black lines represent a deformed geometry of the linkage, and 

the red dashed line illustrates the path of the brace point (i.e., the middle of the center link) between the two geometries.
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NUMERICAL MODELING

Finite element methods can predict incipient buckling 
(bifurcation) by calculating the lowest eigenvalue using the 
equation

 Ke. ff f{ } = Kg. ff f{ }ΔΔ λ −⎡⎣ ⎡⎣⎤⎦ ⎤⎦  (1)

where Ke.ff is the elastic stiffness matrix only considering 
free degrees of freedom, Kg.ff is the geometric stiffness 
matrix calculated from element forces (or stresses) from a 
linear elastic analysis for a known reference load Pref, Δf is 
the displacement vector associated with the free degrees of 
freedom, and λ is the lowest eigenvalue representing the 
ratio of the elastic critical load to Pref (McGuire et al., 2000).

Iterating Pref until λ goes to 1.0 results in a predicted 
elastic linear buckling strength. For the test specimens, 
self-weight and the weight of the bracing components are 
a constant value, so it is inappropriate to scale a constant 
reference applied load, Pref, solely by λ. That is, the load-
ing on the system includes a constant load due to the ini-
tial self-weight of the specimen and bracing attachments 
to the specimen, plus the reference load multiplied by the 
applied load parameter, λ. Once the initial load due to the 
self-weight is established, then either Pref can be varied and 
an eigenvalue solution sought such that λ = 1.0, or a con-
stant applied reference load can be specified and an eigen-
value multiple of this reference load sought corresponding 
to the buckling of the specimen. In either case, the internal 
forces are the sum of the constant forces due to the initial 

• Each end of the tie rods was threaded—left-hand threads 
on one end and right-hand threads on the other. The 
opposing threads allowed for quick length adjustments 
via rotation of the rod about its axis, without having to 
unbolt the ends, allowing for fine adjustments to ensure 
the test specimen was plumb at each brace point.

• Jam nuts were used to ensure the tie rod length did not 
change during the loading of the test specimens.

• A rail system was implemented for rapid reconfiguration 
between different unbraced lengths and bracing 
configurations. The tie rods were bolted to vertical WT 
members containing a series of holes accommodating 
varying specimen heights. The bracing reaction frame 
was composed of wide flange rails that extended the 
entire length of the test setup. Friction-based connections 
by Lindapter (2019) were used to connect the vertical 
WT sections to the wide flange rails. Each WT slid along 
the rails to accommodate a range of specimen unbraced 
lengths.

• Each brace point, including the Lindapter friction-based 
connection, was designed to accommodate a transverse 
force of 20 kips. A flange block (a housed cylindrical 
bearing) was used to release the rotation about the vertical 
axis at the girder flanges for the Watt’s linkage system. At 
the load application and bearing locations, pillow blocks, 
with a different housing but the same internal cylindrical 
bearing, were selected. To prevent pull-out, the outside 
diameter of the stem connecting the center link to the 
pillow block was match-machined to the inside diameter 
of the bearing for a press-fit connection. Additionally, 
four set screws bear on flats on the center-link stem.

Fig. 6. Components of the boundary conditions. Fig. 7. Components of the bracing system.
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self-weight plus the forces due to the additional applied load 
at buckling. In this research, these elastic buckling calcu-
lations were conducted using the finite element software 
system SABRE2 (White et al., 2020) based on thin-walled 
open-section (TWOS) beam theory considering warping 
torsion.

The elastic effective length factor, Ke, is back-calculated 
by equating the maximum internal moment within the criti-
cal unbraced length, at the elastic buckling load level deter-
mined by the computational solution, to the equation for the 
elastic critical moment, Mcr, from recommended and AISC 
Specification (2016b) provisions:

 

Mcr =
CbSxc

2E

KeLb rt( )2
1+ 0.078 J

Sxcho

KeLb
rt

2π ⎛
⎝

⎞
⎠

 

(2)

An expedient process to determine Ke is to employ the goal-
seek root-finding capability in Excel to iteratively solve for 
the value of Ke that satisfies the equality.

In Equation  2, Cb is the moment gradient factor, E is 
the elastic modulus, Sxc is the section modulus, Lb is the 
unbraced length of the critical section, rt is the radius of 
gyration for LTB, J is the St. Venant torsion constant, and 
ho is the distance between the flange centroids. For the 
slender-web members, J was taken equal to zero in Equa-
tion  2, as well as in the calculation of the buckling load 
from SABRE2. The calculated value of Ke is used in all rec-
ommended and AISC Specification strength calculations of 
this research to directly account for the end restraint from 
adjacent less-critical unbraced lengths due to continuity 
effects. An alternative means of calculating Ke is to use an 
approximate method such as that proposed by Nethercot 
and Trahair (1976). However, with the increased availabil-
ity of software capable of conducting basic elastic linear 
buckling analysis (ELBA), the “exact” calculation of Ke is 
the more appropriate solution for research evaluations.

ABAQUS Version 6.13 (Simulia, 2021) finite element 
analysis software was employed for developing GMNIA 
(geometric nonlinear material linear-elastic analysis with 
imperfections) finite element simulations in this research. 
The finite element mesh consisted of B31 beam elements 
for transverse stiffeners and S4R nonlinear shell elements 
for all other components. The B31 is a two-node, three-
dimensional beam element that allows for transverse shear 
deformation. The B31 element is based on linear-order 
displacement interpolation and is compatible with the 
S4R shell element. The S4R is a four-node, quadrilateral 
displacement-based shell element with reduced integration. 
Both the B31 and the S4R elements are based on large-
strain formulations. The shell finite element mesh for the 
I-section specimens was generated using 12 elements across 
the flange width and a minimum of 16 elements through 
the web depth. The dimension of the shell elements along 

the length of the members was selected such that the aspect 
ratio of the web elements was close to 1.0. This mesh den-
sity has been determined to be sufficient for convergence of 
full nonlinear FEA solutions of various I-section members 
in prior research—for example, Prado and White (2015)—
as well as in these research studies.

The nonlinear shell FEA solutions in ABAQUS were 
implemented through a modified RIKS arc length proce-
dure. The modified RIKS algorithm is particularly useful 
in obtaining the post-buckling response for cases where the 
loading is proportional—that is, where the load magnitudes 
are governed by a single parameter (Simulia, 2021). The 
modified RIKS algorithm conducts a load-deflection analy-
sis where the load is incremented by scaling the reference 
load, or a set of applied reference loads, by the load parame-
ter. The definition of initial residual stresses, and the appli-
cation of the applied loads to the test specimens starting 
from their loaded state under their self-weight, was accom-
plished by subdividing the analysis into multiple steps. Note 
that the residual stress pattern follows half the magnitude 
of the best-fit Prawel pattern based on recommendations 
from Subramanian and White (2017), who state that this 
provides reasonable correlation with the mean results from 
experimental tests. A first step was employed to solve for 
the equilibration of the initial residual stresses on the geo-
metrically imperfect model (the initial residual stress pat-
tern generally does not satisfy equilibrium on the imperfect 
structure geometry, nor at free-ends of the specimens). A 
second step was then employed to apply the constant self-
weight loads. Finally, the modified RIKS algorithm was 
applied in a third step to place the applied load incremen-
tally on the model.

VALIDATION OF THE TEST SETUP  
THROUGH AN ELASTIC LTB TEST

A benchmark elastic LTB experiment was conducted to 
evaluate the effectiveness of the translation and rotational 
releases in the test setup. Figure  1 provides an elevation 
view of the test specimen as well as the moment diagram. 
The elevation view and measured section dimensions 
in Figure  1 is drawn to scale and shows instrumentation 
locations. For the critical unbraced lengths adjacent to the 
mid-span, Cb  = 1.38 from AISC Specification Commen-
tary Equation C-F1-2b (AISC, 2016b) and Ke = 0.82 for the 
critical unbraced lengths adjacent to the mid-span (back-
calculated from an elastic buckling analysis conducted 
using SABRE2). The resulting configuration slenderness 
was well within the elastic LTB range.

It is important to note that due to stable elastic post-
buckling response in the governing LTB mode, the speci-
men potentially can develop a maximum load capacity 
larger than the elastic critical load, due to the large LTB 
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slenderness for the elastic LTB testing arrangements. Any 
actual post-buckling strength is directly dependent upon the 
extent of early yielding due to the combined effects of the 
girder loads, the initial geometric imperfections, the initial 
residual stresses, and the amplified lateral bending of the 
compression flange as the theoretical elastic critical load 
is approached. The peak load at which the elastic LTB test 
reached is compared directly to the theoretical elastic LTB 
resistance and to the capacity predicted from shell FEA test 
simulation. The FEA simulation models included the evalu-
ation of the post-peak response. Additionally, plots of the 
horizontal displacement of the flanges versus the load were 
employed to estimate the theoretical elastic LTB moments 
via Southwell, Meck, and Massey plots (Mandal and Cal-
ladine, 2002).

The test specimen was fabricated by a prominent metal 
building manufacturer and is representative of main frame 
members in typical metal building frames. The web-to-
flange welds are minimum size single-sided fillet welds. 
Both flanges are fabricated from rolled bar stock, while 
the web was cut from a coil. In addition, the specimen has 
double-sided stiffener plates at all the brace points, includ-
ing load and bearing locations, to control cross-sectional 
distortion.

Measured compression flange sweep and web out-of-
flatness of the test specimen are shown in Figures 8 and 9, 
respectively. Geometric imperfection measurements were 
taken after the beam was installed and plumbed. Allowable 
tolerances of Lb/480 for compression flange sweep and h/72 
for web out-of-flatness are specified in the Metal Building 

Fig. 8. Measured compression flange sweep.

Fig. 9. Measured web out-of-flatness.
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Systems Manual (MBMA, 2018). These tolerances are 
approximately double the imperfection limits given by the 
AISC Code of Standard Practice (AISC, 2016a). The other 
measured imperfections—that is, tension flange sweep, 
combined flange warpage and tilt, and web off-center—
were documented but are not specified in this paper. A 
detailed force and moment tabulation is summarized in 
Table  1, including the influence of all self-weights of the 
testing specimen and bracing components, load applied 
prior to zeroing the load cells at the start of the experiment, 
and the measured peak load during the experiment.

The experimental strength of 1,600 kip-in. is normal-
ized by the moment corresponding to compression flange 
yielding, Myc, of 4,760 kip-in. and plotted in Figure 10 at 
the effective length, KeLb = 13.9 ft. Furthermore, Figure 10 

shows numerical strength predictions from an ABAQUS 
nonlinear shell FEA test simulation and from a thin-walled 
open-section (TWOS) beam theory inelastic buckling anal-
ysis using SABRE2, as well as estimates of the theoretical 
elastic buckling load from a Southwell plot based on the 
measured experimental displacements.

In addition, Figure 10 shows the normalized theoretical 
elastic buckling curve from Equation 2 for a range of mem-
bers having the same configuration as in Figure 1 but with 
different effective unbraced lengths, using the calculated 
finite J for the specific specimen. This is the dashed black 
curve in the figure. Also shown in light gray is the LTB 
strength curve from the recommended provisions presented 
in Slein et al. (2021). This curve is based on J = 0 since 
the web for this cross section classifies as slender using 
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Fig. 10. Comparison of experimental test results to numerical results from ABAQUS and SABRE2 to a  
Southwell plot estimate of the elastic buckling load and to elastic LTB and design strength curves.

Table 1. Peak Moment Contributions

Maximum Moment at Mid-Span Due to Dead Loads

Dead Load Calculation
Moment 

kip-ft (kip-in.)

Girder self-weight (0.036 klf) (51 ft)2/8 11.6 (139)

Mid-span attachments (0.38 kip) (51 ft)/4 4.95 (59.4)

Bracing attachments (0.07 kip) (8 ft) 0.540 (6.50)

Maximum Moment at Mid-Span Due to Applied Loads

Applied Load Calculation
Moment

kip-ft (kip-in.)

Initial seating preload (0.50 kip) (51 ft)/4 6.38 (76.5)

Actuator load at failure (8.51 kips) (51 ft)/4 109 (1300)

Maximum moment at mid-span 133 (1600)
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the recommended provisions. The “exact” elastic critical 
moment for the specimen is determined using SABRE2, 
and the Ke value is determined using Equation 2 (using the 
solution based on J = 0 for this member because its web is 
classified as slender in the recommended provisions).

Figure  11 shows the measured moment versus vertical 
displacement for SP-2, overlaying the predicted moment-
maximum vertical displacement from the shell FEA. 
Figure 12 shows the measured moment versus lateral dis-
placements for SP-7 and SP-8, overlaying the predicted 
moment-maximum horizontal displacement of the com-
pression flange and the corresponding horizontal displace-
ment of the tension flange from the shell FEA. Figure 13 

shows the measured moment versus section twist at the 
cross section where SP-7 and SP-8 are attached, overlaying 
the predicted moment-twist from the shell FEA.

The GMNIA solution from ABAQUS is capable of cap-
turing a capacity in the elastic test that is larger than the 
theoretical elastic LTB strength due to the stable elastic 
post-buckling response of the member. The contributions 
from elastic post-buckling strength are negligible for most 
practical LTB slenderness values; however, given the large 
slenderness in this elastic LTB test, strengths larger than 
the theoretical elastic LTB resistance are possible. Fig-
ure 14 shows the midspan moment versus the compression 
flange lateral deflection from the GMNIA solution, a shell 

Fig. 11. Moment-vertical deflection.

Fig. 12. Moment-horizontal deflection of both flanges.
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FEA geometric nonlinear (material linear-elastic) analysis 
with imperfections using the same model as in the GMNIA 
solution (referred to in the literature as a GNIA solution), 
and the ELBA solution obtained from SABRE2.

As the theoretical elastic critical moment is approached, 
the compression flange lateral displacement increases 
rapidly, both in the full nonlinear (GMNIA) and the geo-
metrically nonlinear (GNIA) shell FEA solutions. The cor-
responding rapid increase in the compression flange lateral 
bending strains induces the onset of yielding within the 
compression flange, resulting in a limit load in the GMNIA 
solution. This behavior was observed during the experi-
ment, that when the rate of change of the compression 

flange lateral displacements increases abruptly, the mem-
ber was very close to maximum capacity. The second-order 
amplifications of the girder lateral displacements and twists 
in the experiment matched well with the theory.

Experimental Estimation of Elastic Buckling Load by 
Southwell, Meck, and Massey Plots

As a final evaluation of the test setup effectiveness— 
specifically the minimization of incidental restraint— 
measured displacements and loads were used to generate 
Southwell, Meck, and Massey plots for the elastic tests. 
These plots allow estimation of the elastic critical moment 

Fig. 13. Moment-twist of the section.

Fig. 14. Load-horizontal displacement curves from ABAQUS GMNIA  
and GNIA solutions compared to the ELBA solution from SABRE2.
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φ/M versus u) and β (the inverse slope of u/M versus φ)—
that is, the geometric mean of α and β,

 Mcr = αβ (5)

The Massey plot takes Mcr as the geometric mean of α 
(taken as the inverse slope of φ/M2 versus φ), and β (taken 
as the inverse slope of u/M2 versus u). The values of α and 
β for the Meck and Massey plots are defined by the slope 
of the corresponding plots, similar to Mcr on the Southwell 
plot. There is some complexity that is not captured by these 
methods since the critical unbraced lengths of the speci-
men are not flexurally and torsionally simply supported. As 
such, the second-order amplifications of the compression 
flange lateral deflection, u, and the twist, φ, do not have the 
same mathematical form as that of a simply supported col-
umn (for that matter, they do not have the same form when 
the LTB specimen is torsionally and simply supported, 
which leads to the consideration of the alternative estima-
tion procedures other than the basic Southwell plot). How-
ever, the methods agree reasonably well with each other 
for the elastic test. In the limit that the moment approaches 
the theoretical elastic buckling moment, it appears that the 
simple assumptions for the form of the second-order ampli-
fication of the displacements, embedded within the South-
well, Meck, and Massey plots, apply reasonably well. The 
calculated maximum moments are 1,660 kip-in. (0.348Myc), 
1,640 kip-in. (0.344Myc), and 1,570 kip-in. (0.329Myc) from 
the Southwell, Meck, and Massey procedures, respectively. 
These theoretical estimates show good agreement with 
the maximum moment of 1,600 kip-in. measured in the 
experiment.

of the specimen, Mcr. Mandal and Calladine (2002) discuss 
the effectiveness and theoretical underpinnings of these 
plots for LTB problems. Each of the methods plot a varia-
tion of a displacement divided by a load term versus dis-
placement, then use the inverse of the slope of this curve to 
estimate Mcr. The authors interpreted the application of the 
different estimation methods as described in the following 
discussion.

The Southwell plot for LTB was generated using the 
lateral displacement of the compression flange, u, as the 
abscissa versus u/M as the ordinate. The lateral displace-
ment was measured using a linear string potentiometer, 
located at the expected position of the maximum com-
pression flange lateral displacement. The estimate is not 
sensitive to the specific selected location as long as the 
magnitude of the instrumentation noise is low compared to 
the magnitude of the measurement. The maximum moment 
at mid-span was calculated as

 
M = PL

4
+Mo

 
(4)

where P is the summation of load cell measurements at the 
end supports, L is the distance between the end supports, 
and Mo is the mid-span dead load moment. Figure 15 shows 
the resulting Southwell plot for the elastic test.

The Meck plot was similar to the Southwell plot, but it 
also considers the twist of the cross section, φ. During the 
elastic test the tension flange had negligible out-of-plane 
motion, as shown in Figure 12; therefore, the twist of the 
cross section is directly proportional to the lateral displace-
ment of the compression flange. The Meck plot takes Mcr 
as the square root of the product of α (the inverse slope of  

Fig. 15. Southwell plot.
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QUANTIFICATION OF  
INCIDENTAL RESTRAINT

To quantify the ability of the testing system to minimize 
incidental restraint, the buckling load solutions from South-
well, Meck, and Massey are compared with the result from 
an elastic linear buckling analysis (ELBA). The effective 
length in the theoretical elastic buckling solution is back-
calculated directly from an ELBA in SABRE2, so the 
theoretical elastic buckling solution from Equation  2 and 
the SABRE2 ELBA are the same. The reported SABRE2 
solutions are from an inelastic nonlinear buckling analysis 
(INBA). Note that KeLb in the elastic test is much larger 
than Lr; therefore, the major-axis bending moment is at a 
level where there is not a significant onset of yielding prior 
to reaching the maximum capacity, resulting in a similar 
INBA solution as ELBA. Structural steels such as ASTM 
A572 Grade 55 generally have a mean elastic modulus 
close to 29,500 ksi with a small coefficient of variation 
(Hartmann, 2005). Using this larger elastic modulus in the 
ELBA solution gives a more accurate representation of the 
physical response. The elastic critical moment scales by 
29,500/29,000 given this change.

For the elastic test, the Southwell, Meck, and Massey esti-
mates give Mcr/Myc ranging from 0.329 to 0.348. The ELBA 
eigenvalue result from SABRE2, with E = 29,500 ksi, gives 
Mcr/Myc of 0.312. Therefore, in terms of elastic buckling 
load, the test shows an influence of incidental constraint of 
5 to 12%, depending on which estimates are used for deter-
mining the elastic critical moment experimentally.

To a lesser extent, the ability of the testing system to 
minimize incidental restraint can be quantified by compar-
ing the experimental load to the shell FEA load-deflection 
solution. The Mtest/MnFEA value was 1.03 for the elastic test. 
However, the elastic test was halted prior to reaching the 
limit load (when the compression flange lateral bending 
started to increase significantly) to ensure that no signifi-
cant yielding occurred, since the specimen is subsequently 
used for an inelastic LTB test, resulting in slightly low 
measured experimental strengths. This is more of a prob-
lem when KLb is in the proximity to Lr, due to the greater 
propensity for the onset of yielding due to the addition of 
amplified flange lateral bending stresses as the theoretical 
elastic buckling load was approached. Additionally, poten-
tial overprediction of MnFEA can be a source of error. The 
shell FEA test simulation potentially could have overpre-
dicted the strength, for example, by its use of one-half of 
the best-fit Prawel residual stress profile (i.e., by assuming 
residual stresses that are relatively small and symmetric 
about the mid-width of the flanges), as well as by exclud-
ing the web off-center imperfections in the modeling of the 
specimen geometry, in this test. The maximum strength 

obtained in the FEA solution can be sensitive to varia-
tions in the residual stresses and geometric imperfections 
when the compression flange major-axis bending stress is 
relatively large at the LTB strength condition. The expected 
sensitivities of Mtest and MnFEA to the residual stresses 
and geometric imperfections when KLb is close to Lr, and 
the uncertainties in the precise values of these quantities, 
makes the use of Mtest/MnFEA less of a useful measure of 
incidental constraint within the testing system.

CONCLUSIONS

Incidental restraint can have a measurable impact on exper-
imental LTB test results. Substantial attention was given 
to minimizing the constraint in the experimental setup 
described in this paper. The setup design consists of ide-
ally released degrees of freedom, while restraining speci-
fied degrees of freedom, using mechanical bearings in a 
Watt’s linkage bracing system. PTFE spherical thrust bear-
ing allowed for free flange lateral bending and major-axis 
and weak-axis rotation. Complications of load height were 
bypassed with placing stiffeners at points of load application 
and bearing, along with a lateral brace of both flanges. For 
an accurate comparison to strength predictions, numerical 
solutions were modeled to be representative of the physical 
specimen and manual predictions utilized a rigorously cal-
culated effective length factor.

To validate the effectiveness of the testing setup, an elas-
tic LTB test was conducted and compared to analytical 
and numerical predictions, as well as to theoretical elastic 
critical moment estimates. The most direct prediction of 
the effectiveness of the setup is believed to be the compari-
son of the buckling load solutions from Southwell, Meck, 
and Massey to an elastic linear buckling analysis. Result-
ing data indicated an influence from incidental restraint on 
the LTB strength ranging between 5 and 12%, depending 
on the methodology. The nominal difference can be attrib-
uted to the small amount of remaining restraint as well as 
other factors influencing the predictions, such as discrete 
measurements of plate dimensions, material properties, 
and geometric imperfections. Ultimately, the results dem-
onstrate the designed test configuration minimizes inci-
dental constraint, resulting in accurate experimental LTB 
test data.
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